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Foreword 


Beginning with now classical ideas of H. Grassmann and W.K. Clifford, Geometric 
Algebra has been developed in recent decades into a unified algebraic framework 
for geometry and its applications. It is fair to say that no other mathematical 
system has a broader range of applications from pure mathematics and physics to 
engineering and computer science. 

Geometric computing is the heart of advanced applications. The more complex 
the application the more evident the need for computing that goes beyond number 
crunching to generate insight into the structure of systems and processes. This 
book develops representational and computational tools that enhance the power of 
Geometric Algebra to generate such insight. It demonstrates that power with many 
examples of automated geometric inference. 

Computational geometry began with the invention of coordinate-based analytic 
geometry by Descartes and Fermat, and it was systematized by the invention of ma- 
trix algebra in the nineteenth century. Coordinates are the primitives for computer- 
based computations today, but they are not the natural primitives for most geomet- 
ric structures. Consequently, the geometry in computations with coordinates is of- 
ten difficult to divine. Though matrix methods are most common today, alternative 
approaches to computational geometry have developed almost as separate branches 
of mathematics. Especially noteworthy is Invariant Theory, which evolved from 
the theory of determinants into a combinatorial calculus called Grassmann-Cayley 
algebra. The present book continues that evolution by integrating the insights, 
notations and results of Grassmann-Cayley algebra into the more comprehensive 
Geometric Algebra. The result is a system that combines the geometric insight 
of classical synthetic geometry with the computational power of analytic geometry 
based on vectors instead of coordinates. The reader is referred to the text for many 
surprising examples. I predict that the tools and techniques developed here will 
ultimately be recognized as standard components of computational geometry. 


David Hestenes 
Physics & Astronomy Department, ASU 
September, 2007 
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Preface 


The demand for more reliable geometric computing in mathematical, physical and 
computer sciences has revitalized many venerable algebraic subjects in mathematics, 
and among them, there are Grassmann-Cayley algebra and Geometric Algebra. 
As distinguished invariant languages for projective, Euclidean, and other classical 
geometries, the two algebras nowadays have important applications not only in 
mathematics and physics, but in a variety of areas in computer science such as 
computer vision, computer graphics and robotics. 

This book contains the author and his collaborators’ most recent, original devel- 
opment of Grassmann-Cayley algebra and Geometric Algebra and their applications 
in automated reasoning of classical geometries. It includes the first two of the three 
advanced invariant algebras: Cayley bracket algebra, conformal geometric algebra, 
and null bracket algebra, together with their symbolic manipulations, and applica- 
tions in geometric theorem proving. 

The new aspects and mechanisms in integrating the representational simplicity of 
the advanced invariant algebras with their powerful computational capabilities, form 
the new theory of classical advanced invariants. It captures the intrinsic beauty of 
geometric languages and geometric computing, and leads to amazing simplification 
in algebraic manipulations, in sharp contrast to approaches based on coordinates 
and basic invariants. 

As a treatise offering a detailed and rigorous mathematical exposition of these 
notions, at the same time offering numerous examples and algorithms that can 
be implemented in computer algebra systems, this book is meant for both mathe- 
maticians and practitioners in invariant algebras and geometric reasoning, for both 
seasoned professionals and inexperienced readers. It can also be used as a refer- 
ence book by graduate and undergraduate students in their study of discrete and 
computational geometry, computer algebra, and other related courses. For the first- 
time reading, those sections marked with asterisks are suggested to be skipped by 
beginners. 

The author wishes to express his heartfelt gratitude towards his family, for their 
full support of the author’s mathematical career. He warmly thanks his former 
postdoc supervisors W.-T. Wu and D. Hestenes, for their persistent support and 
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encouragement all these years. He thanks his colleagues H. Shi and X.-S. Gao for 
their great encouragement to the author in writing this book. 

The manuscript of this book has been read by the author’s Ph.D. students 
Y.-L. Shen, L. Huang, Z. Xie, D.-S. Wang, J. Liu, Y.-H. Cao, R.-Y. Sun, L.-X. 
Zhang, Y.-J. Liu, et al., in a seminar lasting for six months. The author sincerely 
appreciates their valuable suggestions and proof-reading. He expresses his deep 
gratitude to Prof. Z.-Q. Xu who recommended this book for publication. His 
apology for repeatedly postponing the submission of the camera-ready version of 
the manuscript, and his appreciation for being granted every time to postpone the 
submission, are both to the editor, Ms. J. Zhang of World Scientific. 


Hongbo Li 


Beijing 
September, 2007 
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Chapter 1 


Introduction 


“In his famous survey of mathematical ideas, F. Klein champi- 
oned ‘the fusion of arithmetic with geometry’ as a major unifying 
principle of mathematics. Klein’s seminal analysis of the structure 
and history of mathematics brings to light two major processes 
by which mathematics grows and becomes organized. They may 
be aptly referred to as the algebraic and the geometric. The one 
emphasizes algebraic structure while the other emphasizes geomet- 
ric interpretation. Klein’s analysis shows one process alternatively 
dominating the other in the historical development of mathemat- 
ics. But there is no necessary reason that the two processes should 
operate in mutual exclusion. Indeed, each process is undoubtedly 
grounded in one of two great capacities of the human mind: the ca- 
pacity for language and the capacity for spatial perception. From 
the psychological point of view, then, the fusion of algebra with 
geometry is so fundamental that one could well say, ‘Geometry 
without algebra is dumb! Algebra without geometry is blind 


Ip ” 


— D. Hestenes, 1984. 


1.1 Leibniz’s dream 


The algebraization of geometry started with R. Descartes’ introduction of coordi- 
nates into geometry. This is one of the greatest achievements in human history, 
in that it is a key step from qualitative description to quantitative analysis. How- 
ever, coordinates are sequences of numbers, they have no geometric meaning by 
themselves. 

Co-inventor of calculus, the great mathematician G. Leibniz, once dreamed of 
having a geometric calculus dealing directly with geometric objects rather than with 
sequences of numbers. His dream is to have an algebra that is so close to geometry 
that every expression in it has a clear geometric meaning of being either a geo- 
metric object or a geometric relation between geometric objects, that the algebraic 
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manipulations among the expressions, such as addition, subtraction, multiplication 
and division, correspond to geometric transformations. Such an algebra, if exists, 
is rightly called geometric algebra, and its elements called geometric numbers. 

Then what is a geometry? In his classic book Three-dimensional Geometry and 
Topology [180], Fields Medalist W. Thurston wrote: “ Do we think of a geometry as 
a Space equipped with such notions as lines and planes, or as a space equipped with 
a notion of congruence, or as a space equipped with either a metric or a Riemannian 
metric? There are deficiencies in all of these approaches. The best way to think of 
a geometry, really, is to keep in mind these different points of view all at the same 
time.” 

Thurston defined a geometry as a space X equipped with a group G of congru- 
ences. Technically, X is a manifold that is connected and simply connected, and G 
is a Lie group of diffeomorphisms of X, whose action on X is transitive and whose 
point stabilizers are compact. For a classical geometry, the geometric space X is 
embedded in a real vector space V”, and the transformation group G of X is a 
subgroup of the general linear group GL(V”). 

To search for a geometric algebra dreamed of by Leibniz, we start with the 
most fundamental geometry, Euclidean plane geometry. The geometric space is 
R? = RxR. Points are represented by vectors starting from the origin of R?, 
so they can be added, and be multiplied with a scalar of R. The transformation 
group is the Euclidean group, where each element can be decomposed into two parts 
(R, t), such that 


xt Rx+t, Vx € R? (1.1.1) 


is the group action on the geometric space, with R being a 2D rotation matrix, and 
t € R? being a vector of translation. 

Two vectors can be multiplied using the complex numbers product, if (21,72) € 
R? is identified with x, + iz. € C: 


XY = (£1, ©2)(Y1, Y2) = (f1y1 — Lay2, Tiy2 + L2y1). (1.1.2) 


Although the result is still a vector (complex number), it lacks invariance under 

the Euclidean group. In other words, the geometric information encoded in the 

product is unable to be separated from the interference of the reference coordinate 

frame. Regarding this aspect, we can say that the complex numbers product is 

geometrically meaningless, because its geometric interpretation is always related to 

the real axis of the specific complex numbers coordinate system of the 2D plane. 
If we change the product of x, y to 


Xy = (21, —©2)(Y1, y2) = (T1y1 + Layo, T1y2 — L241), (1.1.3) 


then under any 2D rotation f : x +> xe’? centered at the origin, (xe’)(ye”) = xy 
is invariant, in the sense that 


f(x) f(y) = xy. (1.1.4) 
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Since any reflection in the plane with respect to a line passing through the origin 
is the composition of a rotation and the complex conjugate z + Z for z € C, by 
xe (Fe) = xy = Xy, we get that the product (1.1.3) is conjugate-invariant under 
any reflection g: 


g(x)g(y) = Xy. (1.1.5) 

So the product (1.1.3) can be called a geometric product of 2D orthogonal ge- 

ometry, where the geometric space is still R? but the transformation group is the 

2D orthogonal group O(2). For the geometric interpretation, let x = |x|e’~ and 
y =lyle’y, then 


Ky = |x|ly|er-%) = |x|ye<O), (1.1.6) 


where Z(x,y) is the angle of rotation from vector x to vector y. 

The two components of the geometric product (1.1.3) are also invariant by O(2). 
They are both geometrically meaningful, and can also be termed as being “geomet- 
ric’. To distinguish among the three products, the real part of the geometric 
product Xy is called the inner product between x and y, denoted by x-y; the pure 
imaginary part of the geometric product is called the outer product between x and 
y, denoted by x/A y: 


1 


x-¥ = 5(x¥ + Xy), 
' (1.1.7) 
xAy= 5 (RY — xy). 


One can immediately recognize that x-y is exactly the inner product of vectors 
x,y in vector algebra, and x X y = (a1y2 — weyi)n = —i(x A y)n is the cross 
product of the two vectors in space, where n is the unit normal direction of the 
plane described by complex numbers. In trigonometric form, 


xy Ix|ly| cos Z(x,y), 


1.1.8 
xAy = i|x|ly|sin Z(x,y). ( ) 


All complex numbers form a field, so any nonzero vector in R? is invertible. The 
geometric division of x by y is just the geometric product of x and y~!, where the 
inverse is with respect to the geometric product (1.1.3) instead of the usual complex 
numbers product: 


ya, xy a = [ally Pei“, (1.1.9) 
yy 

The above analysis leads to the following theorem: The complex numbers 
equipped with the scalar multiplication, addition, subtraction, geometric product 
(1.1.3) and geometric division (1.1.9), are a geometric algebra of 2D orthogonal 

geometry. 
For Euclidean plane geometry, Leibniz’s dream is partially realized by complex 
numbers when the transformation group is restricted to the orthogonal group. His 
dream cannot be fully realized by complex numbers, because neither (1.1.3) nor 
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(1.1.9) is invariant under translation. With the increase of the dimension of the ge- 
ometric space and the generalization of the transformation group, realizing Leibniz’s 
dream becomes more and more difficult. 

Can Leibniz’s dream of geometric algebras be realized for nD classical geome- 
tries? The answer is affirmative: 


e For nD projective geometry, the geometric algebra is Grassmann-Cayley 
algebra. 


e For nD affine geometry, the geometric algebra is affine Grassmann-Cayley 
algebra. 


e For nD orthogonal geometry, the geometric algebra is Clifford algebra, also 
called Geometric Algebra by Clifford himself. 


e For nD Euclidean geometry, nD similarity geometry, nD conformal ge- 
ometry, nD spherical geometry, nD hyperbolic geometry, and nD elliptic 
geometry, the geometric algebras are the same. It is conformal geometric 
algebra, which is composed of conformal Grassmann-Cayley algebra and 
conformal Clifford algebra. 


1.2 Development of geometric algebras 


In 1844, H. Grassmann published his book Linear Extension Theory [68], where he 
proposed the very original concepts in linear algebra such as linear independence, 
nD linear space, and linear extension of linear subspaces. Grassmann and A. Cayley 
are the two co-founders of linear algebra. While Grassmann established the concept 
of linear space, Cayley set up the matrix representation of linear maps. However, 
the algebra now bearing both their names, Grassmann-Cayley algebra, is not an 
algebra of matrices. It is an integration of Grassmann algebra, also called exterior 
algebra, and the dual of Grassmann algebra called Cayley algebra [57]. 

In Grassmann’s vision, a point is zero dimensional, and can be represented by 
a vector, or a 1D direction. A line is generated by two points on it, and should be 
represented by a product of the two vectors representing the two points. The value 
of the product of two vectors should be a 2D direction. Two vectors in the same 
direction cannot span a 2D direction, so their product should be zero. Likewise, a 
plane is generated by three points on it, and should be represented by the product 
of the three vectors representing the points. The value of the product of three 
vectors should be a 3D direction. Three linearly dependent vectors cannot span a 
3D direction, so their product should be zero. The product should be associative, 
as the plane spanned by line 12 and point 3 is identical to the plane spanned by 
point 1 and line 23. 

For any vector space Y”, there exists a unique associative product, denoted 
by “A”, satisfying the requirements that the product of any vector a € VY” with 
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itself is zero, and the product is linear with respect to every participating vector. 
This is Grassmann’s product, nowadays called the outer product, or the exterior 
product. Vector space V" supplemented with the linear combinations of all kinds of 
outer product results, becomes a Z-graded vector space of dimension 2”, called the 
Grassmann space over base space ”. 

The Z-grading in a Grassmann space is induced by the outer product. The outer 
product of r vectors represents an rD direction, and its grade is r. The operator 
extracting the r-graded part is called an r-grading operator. 

In modern terms, Grassmann’s point is a projective point, or a 1D linear sub- 
space. His lines and planes are projective lines and planes respectively, or in other 
words, 2D and 3D linear subspaces respectively. His product is the direct sum ex- 
tension of linear subspaces: if the intersection of two linear subspaces is just the 
zero vector, or in other words, they have zero intersection, then their outer product 
is their direct sum; if the two linear subspaces have nonzero intersection, their outer 
product is zero. 

For example, in R?, the outer product of two vectors x = (1,22), y = (y1, y2) 
is, by (1.1.3) and (1.1.7), 


xAy= i(a1y2 — @2y1). (1.2.1) 


Grassmann took 7 as a unit 2D direction representing the complex numbers plane, 
which is also a real projective line, so that x,y — x2y1 is the scale, or coefficient, 
of the outer product x A y with respect to the unit 2, the latter serving as a basis 
vector of the one-dimensional linear space of 2D directions. 

Since i(x/Ay) equals the signed area of the parallelogram spanned by vectors y, x, 
it is invariant under any affine transformation of the plane. Under any general linear 
transformation T of the plane, the outer product changes by a scale independent of 
x,y: 

T(x) AT(y) = det(T)xAy. (1.2.2) 


It is called a relative invariant in classical invariant theory, and is meaningful in 
projective geometry. 

However, there is no way for one vector to divide another in Grassmann algebra, 
because no vector in R? is invertible with respect to the outer product: for any two 
vectors a, b, their outer product is never a scalar. 

In (n — 1)D projective geometry, the geometric space is composed of all 1D 
linear subspaces of an nD vector space V”, the transformation group is the general 
linear group GL(V”). Addition and subtraction of two generic vectors in V” are 
purely algebraic operations without any meaning in projective geometry, because 
by arbitrarily rescaling one vector while fixing the other, the sum of the two vectors 
can be in any 1D subspace of the 2D space spanned by the two vectors. 

Grassmann algebra is a geometric algebra of projective geometry where the 
product of vectors represents the extension of linear subspaces. However, this ge- 
ometric algebra is incomplete both algebraically and geometrically: algebraically, 
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it lacks the division operation; geometrically, it does not have any operation that 
represents the intersection of linear subspaces. 

To provide the Grassmann algebra with an algebraic operation representing the 
geometric intersection, Cayley proposed a second product called the meet product, 
which is algebraically dual to the outer product. Geometrically, the meet product 
of two linear subspaces of VY”, whose dimensions when summed up are not less 
than n, represents the intersection of the two linear subspaces. A Grassmann space 
equipped with both the outer product and the meet product is an algebra called 
Grassmann-Cayley algebra. 

Grassmann-Cayley algebra is a geometric algebra for nD projective geometry 
whose two products represent the extension and intersection of linear subspaces. 

For example, in R?, the meet product of two vectors x = (21,22), y = (y1, y2) 
is, using the complex numbers representation, 


T1 Y1 
T2 Y2 
The bracket [xy] is the short-hand notation of the determinant formed by the two 
vectors x,y. It is just the coefficient of the 2D direction x A y with respect to the 
unit 2. 

To define a division operation in the Grassmann-Cayley algebra over R?, we need 
to find the inverse of vector y € R?. This is possible only for the meet product. For 
vector 


XVY'=21y2 —Loy1 = := [xy]. (1.2.3) 


Y2 Y1 
t- (eat eB” we 
since y Vz = 1, z is a right inverse of y with respect to the meet product. It is 
not a left inverse because z V y = —1. Such a right inverse is not unique, because 
any z+ Ay for  € R is also a right inverse of y. Nevertheless, the right inverse is 
unique modulo y, t.e., any right inverse of y is of the form z+ Ay. 

If we require that the right inverse of y is orthogonal to y, 7.e., its inner product 
with y equals zero, then (1.2.4) is the unique right inverse of y with respect to the 
meet product, called the orthogonal right inverse of y, and denoted by +y~!. The 
division of vector x by vector y from the right, can be defined by 


x/y =xA(ty7!) =xAz=i- 4 Be (1.2.5) 
Yt YE 
which congrues with i times the inner product between x and y~! = y/(yy) in 


complex numbers notation, according to (1.1.3) and (1.1.9). 

Similarly, if we define the division of x by y from the left as the outer product 
of the left inverse of y with x, the result is still (1.2.5). So (1.2.5) can be uniformly 
called the division of x by y. This division operation is elegant, but lacks invariance 
under G'L(R?), so it is meaningless in projective geometry. However, it is meaningful 
in orthogonal geometry, because it is invariant under O(2). 

Projective geometry does not have a geometric algebra in which the division 
operation is geometrically meaningful. 
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The above construction of the O(n)-invariant division by the outer product and 
the meet product, indicates a new way of constructing the geometric algebra C of 
2D orthogonal geometry: by denoting 

Lee \ 
ay = x(y') t= “(To p) * = (—y2, 91); (1.2.6) 
we have 
Ky = (x1y1 + Lay2, T1y2 — T2y1) 

= (x1yi + Layo) + t(xiy2 — L241) 
= —ix/y"'+xAy (1.2.7) 
=xVx*y+xAy 
=x:yt+x/y. 


The last expression of (1.2.7) as a geometric product of two vectors x,y € R? 
can be extended to more than two dimensions. Historically, in 1843, W.R. Hamil- 
ton established the theory of quaternions, a geometric algebra of 3D orthogonal 
geometry as the extension of the complex numbers to space. In 1873, W.K. Clifford 
extended quaternions to dual quaternions, a geometric algebra of 3D Euclidean ge- 
ometry. Both can be taken as extensions of the left side of (1.2.7) to some geometric 
products of 3D geometry. 

In 1878, Clifford established the general theory of Clifford algebra, which he 
originally called geometric algebra, as “an application of Grassmann’s extensive 
algebra”. It is an extension of the last expression of (1.2.7) to a geometric product 
of nD orthogonal geometry. Quaternions and dual quaternions are both Clifford 
algebras. 

Clifford algebra is a geometric algebra of nD orthogonal geometry in which the 
division operation is geometrically meaningful. Its product after decomposition also 
gives the extension and intersection of linear subspaces. 

From now on, we only call the product in Clifford algebra the geometric product. 
A Grassmann space equipped with the geometric product is called a Clifford algebra. 
Formally, for any vector space VY” equipped with an inner product structure, the 
Clifford algebra over base space VY” is the universal associative algebra generated 
by the relation aa = a-a for any vector a € VY”, if the product, denoted by 
juxtaposition, is linear with respect to every participating vector. 


Example 1.1. Clifford algebra CL(R”) over the Euclidean plane R?. 


Is it just the algebra C of complex numbers? Certainly not. The dimension 
of CL(IR?) as a real vector space is 2? = 4, while C as a real vector space is of 
dimension 2. Let e,,e2 be an orthonormal basis of R?. Their geometric product is 

ey@p =e, C2 +e; Neg =e; A eo. (1.2.8) 
It represents a 2D direction, and so is called a 2-vector. In complex numbers nota- 
tion, e1eg = (1,0)(0,1) = 7 is the pure imaginary unit. 

As a vector space, CL(R?) is the direct sum of three vector subspaces: 
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e the subspace R of scalars, or 0D directions (0-vectors); 
e the subspace R? of vectors, or 1D directions (1-vectors); 
e the subspace of 2-vectors, or 2D directions, spanned by 7 = ee. 


The direct sum of the first and the third subspaces is composed of elements of the 
form «+ ye1e2 = x +iy, where x,y € R. It is a subalgebra of CL(R?) isomorphic 
to C. 

So CL(R?) is composed of both the real representation R? and the complex 
representation {x + yee. |x,y € R} of the Euclidean plane. As an algebra it is 
isomorphic to the algebra M2 x2(R) of 2 by 2 real matrices: 


(“ > a+d a-—d b+e b—c¢ 


A =— + er+ e€2+ €1€2. (1.2.9) 


2 2 2 2 

The algebraic isomorphism between CL(R?) and M2,2(R) is not a coincidence. 
By a theorem of BE. Cartan, any real Clifford algebra is isomorphic to a matrix 
algebra over either the real numbers, or the complex numbers, or the quaternions. 

Although created as a geometric algebra for orthogonal geometry, Clifford alge- 
bra did not attract more attention than quaternions in the 19th century. At that 
time, it was generally taken as a mathematical curiosity of being an algebra of “hy- 
percomplex numbers”, meaning that its elements, called Clifford numbers, are just 
complex numbers in high dimensional space. 

The relation between a Clifford algebra and the corresponding Grassmann- 
Cayley algebra over the same base space is as follows: first, they are isomorphic as 
linear spaces, or more accurately, as Z-graded linear spaces; second, both the meet 
product and the outer product can be expressed as polynomials of the geometric 
product in Clifford algebra, called the ungrading of the two products; third, the ge- 
ometric product can always be decomposed into a polynomial of the two products 
in Grassmann-Cayley algebra, called the grading of the geometric product. Because 
of the latter decomposition, Grassmann-Cayley algebra provides a natural repre- 
sentation for Clifford algebra, and can be taken as a version of Clifford algebra if 
its base space has an inner product structure. 

In the 20th century, with the development of spinors and their representations in 
Clifford algebras in the first half of the century, by great mathematicians E. Cartan, 
H. Weyl, C. Chevalley, M. Riesz, et al., and by great physicists W. Pauli, P. Dirac, 
et al., with the applications in index theorems and gauge theory in the second half of 
the century, by M. Atiyah, I. Singer, N. Seiberg, E. Witten, et al., with the extension 
of complex analysis to Clifford numbers to form an alternative theory of several 
complex variables called Clifford analysis, by A.C. Dixon, F. Klein, R. Delanghe, 
L. Ahlfors, et al., with the development into a universal geometric algebra by D. 
Hestenes and his school, and with many other accomplishments and applications 
by mathematicians, physicists and computer scientists, Clifford algebra has become 
a conflux of algebra, analysis and geometry, with wide range of applications in 
mathematics, theoretical physics, computer science and engineering. 
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It is hard to imagine that the reason behind so many successful applications of 
Clifford algebra is other than the intrinsic property that it is a geometric algebra 
describing the incidence and metric properties of linear subspaces. Just quote one 
comment from differential geometers: 


“It is a striking (and not commonplace) fact that Clifford alge- 
bras and their representations play an important role in many fun- 
damental aspects of differential geometry. These algebras emerge 
repeatedly at the very core of an astonishing variety of problems 
in geometry and topology. 

Even in discussing Riemannian geometry, the formalism of Clif 
ford multiplication will be used in place of the more conventional 
exterior tensor calculus. The Clifford multiplication is strictly 
richer than exterior multiplication; it reflects the inner symme- 
tries and basic identities of the Riemannian structure. The effort 
invested in becoming comfortable with this algebraic formalism is 
well worthwhile.” 

— H. Lawson Jr. and M.-L. Michelson, 1989. 


Following the line of developing a universal geometric language out of Clifford 
algebra, D. Hestenes launched a new approach to Clifford algebra, and formulated 
a version of this algebra that is more “geometric” than any other version. He 
called this version Geometric Algebra, where the two initial capitals distinguish this 
specific geometric algebra from other geometric algebras [77], [78], [82], [83]. 

Hestenes regarded Clifford algebra as a geometric extension of the real number 
system to provide a complete algebraic representation of the geometric notions 
of high dimensional directions and magnitudes. The building blocks of Geometric 
Algebra are the outer products of vectors, called blades, or decomposable extensors in 
Grassmann algebra. The geometric product of blades describes relations among the 
spaces they represent. In classical geometries, the primitive elements are points, and 
geometric objects are point sets with properties. The properties are of two main 
types: structural and transformational. Geometric objects are characterized by 
structural relations and compared by transformations. Geometric Algebra provides 
a unified algebraic framework for both kinds of properties. 

There are two main differences between Geometric Algebra and other versions 
of Clifford algebra. The first difference is “structural”, or representational. On one 
hand, in the versions of hypercomplex numbers and matrix algebra, any expression 
representing a geometric object or property is a linear combination of a fixed set 
of basis expressions. In the Grassmann-Cayley algebra version of Clifford algebra, 
an expression representing an orthogonal transformation of a geometric object is in 
the form of a polynomial of outer products and meet products. 

On the other hand, in Geometric Algebra, any expression representing a geo- 
metric object or property is a graded Clifford monomial, 1.e., a monomial generated 
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by vectors using the geometric product and Z-grading operators. The inner prod- 
uct, outer product and meet product are secondary operations. They can all be 
expressed as compositions of Z-grading operators and the geometric product. 

Structurally, Geometric Algebra is more “geometric” than other versions of Clif- 
ford algebra, because geometric objects or properties are expressed more multiplica- 
tively than additively in this algebra. In symbolic form, more addition leads to 
more algebra, and more multiplication preserves more geometry. While the geo- 
metric product and many of the Z- grading operators are geometrically meaningful, 
the decomposition into a sum of expressions is a way of getting more “algebraic”, 
and often breaks up the high dimensional relations among geometric objects. 

To be more specific and exemplary, coordinatization is a typical way of alge- 
braization by decomposing (or “discretizing” ) a high dimensional geometric object 
into a sequence of one-dimensional representations. Let e1,€2,...,@n be a basis 
of Y”, then the coordinate representation of any vector x € V”, (%1,¥2,...,%n) = 
rye, + ©2e2 +--+ +2pnen, expresses x by scalars x; each measuring the affinity of x 
with a basis vector e;. For two vectors x,y € V”, their relation in VY” is decomposed 
into the sum of 1D relations between the x; and y;, with the basis vectors e; as 
external agencies. 

The second difference between Geometric Algebra and other versions of Clifford 
algebra is “transformational” , or computational. Other versions emphasize the mul- 
tilinear nature of Clifford algebra, so expansions based on multilinearity are common 
and frequent in manipulating expressions. The idea behind such manipulations is 
to normalize the expressions into canonical forms, just like the normalization of the 
multiplication of two polynomials by expanding it into a sum of monomials. Multi- 
linear expansion is a way of decomposing a high dimensional multiplication into the 
sum of lower dimensional multiplications. It inevitably decreases the “geometric” 
feature of Clifford algebra. 

Multiplication and division operations are the gist of Geometric Algebra. They 
are the only two geometrically meaningful operations upon algebraic expressions 
having geometric meaning, and are always preferred to addition and subtraction. 
Consequently, as manipulations inverse to expansions and normalizations, factor- 
izations for the multiplicatively decomposed form and contractions to reduce the 
number of terms are common and frequent in Geometric Algebra. Symbolic com- 
putations of geometric problems based on factorizations and contractions prove to 
be more efficient and effective than those based on expansions and normalizations. 


1.3. Conformal geometric algebra 


Having surveyed the history of Clifford algebra from the viewpoint of developing a 

geometric algebra for nD orthogonal geometry, we return to the original problem of 

Leibniz’s dream, 7.e., developing a geometric algebra for nD Euclidean geometry. 
The Euclidean group E'(n) is the semi-direct product of the orthogonal group 
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O(n) and the translational group R”. To find a homogeneous space embedded in a 
real vector space Y™ for E(n) to act on as a transitive transformation group, the 
orthogonal group O(V™) of the surrounding space V™ should contain E(n) as a 
subgroup. The only (n+ 1)D real vector space having this property is the space 
R”°+ spanned by R” and a null vector e orthogonal to R". A nonzero vector is 
said to be null if its inner product with itself is zero. 

The orthogonal group of R™° is isomorphic to the similarity group of R", which 
is generated by the Euclidean group F(n) and dilations 


Dy: xt Ax, Vx ER", (1.3.1) 


for all \ € R— {0}. When n = 3, the algebra of even-graded elements in CL(R™®') 
is isomorphic to the algebra of dual quaternions. 

The product in dual quaternions is invariant under E(3), so it is a Euclidean 
geometric product. However, the dual quaternion representations of primitive ge- 
ometric objects such as points, lines and planes in space are not covariant. More 
accurately, the representations are not tensors, they depend upon the position of 
the origin of the coordinate system irregularly. As a consequence, the compositions 
of Z-grading operators and the geometric product in CL(R*°!) have rather poor 
geometric meaning, because they are all related to the origin in use. The alge- 
braic properties of C£(R*°+) are also poor. Because the inner product in R*°+ is 
degenerate, many important invertibilities in non-degenerate Clifford algebras are 
lost. 

To find covariant representations of geometric objects, we need to go up one 
more dimension. In the (n + 2)D Minkowski space R"*!+, there is a well-known 
result [22], [35], [130], [147], saying that the orthogonal group of R”*! is a double 
covering of the conformal group M(n) of R”, the latter being composed of angle- 
preserving diffeomorphisms called Mobius transformations in R”. Since E(n) is a 
subgroup of M(n), it can be represented by orthogonal transformations in R"*11. 

The geometric space on which E(n) acts is neither a linear subspace of R"*11, 
nor an affine subspace. Instead, it is a quadric surface of dimension n. This surface, 
denoted by Ng, is isometric to R” as distance space. This model of nD Euclidean 
geometry has its origin in the work of F. Wachter (1792-1817), a student of Gauss 
[70]. A revised version of this model, called the Lie model, was developed by S. 
Lie in his Ph. D. dissertation (1872) to study contact geometry, also known as Lie 
sphere geometry. In applications, this model is often called the conformal model 
[18], [56], [151], [168). 

The Geometric Algebra CL(R"t!) established upon the conformal model is 
called conformal geometric algebra. It is an integration of the previously developed 
conformal Clifford algebra [5], [44], [72], [80], [130], [136], [184], with the recently 
developed conformal Grassmann-Cayley algebra [110]. 

Conformal Clifford algebra studies the conformal transformations in R” using 
various versions of Clifford algebra, ranging from hypercomplex numbers and Clif- 
ford matrices to Geometric Algebra. It provides a “transformational” geometric 
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algebra for nD conformal geometry. 

Conformal Grassmann-Cayley algebra, on the other hand, provides primitive 
Euclidean geometric objects such as points, lines, circles, planes and spheres, with 
covariant representations in CL(R"*'). It represents and computes geometric con- 
structions such as the intersection, extension, contact, and knotting of primitive ge- 
ometric objects, by combining the meet product, outer product, inner product, and 
geometric product. It provides a “structural” geometric algebra for nD conformal 
geometry. 

As an integration of conformal Grassmann-Cayley algebra and conformal Clif- 
ford algebra, conformal geometric algebra provides the first geometric algebra for 
nD conformal geometry, including Euclidean geometry as a special case. 

Another classical result on conformal groups is that the conformal groups of 
nD Euclidean space, nD spherical space, and nD hyperbolic space respectively, 
are isomorphic to each other [35], [147]. Besides the conformal model Ne of Eu- 
clidean geometry, the conformal models Vy and Na of nD spherical geometry and 
hyperbolic geometry respectively also can be established as nD quadric surfaces in 
Minkowski space R"t++ [111], [113]. 

To unify the three conformal models, the whole set NV of null vectors in R’+"! 
must be put into service. This space when equipped with a conformal distance 
function, provides a universal homogeneous model for Euclidean, spherical, and 
hyperbolic geometries [112]. By “homogeneous” we mean that two vectors in NV 
represent the same point if and only if they differ by scale. Because of the homo- 
geneity, the model is conformal instead of isometric, hence can represent various 
classical geometries of different metrics. 

The Geometric Algebra established upon the universal homogeneous model, still 
called conformal geometric algebra, is a unified geometric algebra for classical ge- 
ometries. 


1.4 Geometric computing with invariant algebras 


The purpose of developing geometric algebras is to use them to compute geomet- 
ric problems and prove geometric theorems. Now that Leibniz’s dream has been 
completely realized, using geometric algebras to solve difficult unsolved problems in 
geometry seems highly prospective. However, to change the prospect into reality, a 
lot of developments are needed. 

What is geometric computing? Computing is an algebraic thing. In a suitable 
algebraic framework, a geometric problem can be translated into an algebraic one, 
and an algebraic result can be obtained by either symbolic or numerical comput- 
ing. If the result can be translated into geometric terms, then it is geometrically 
meaningful. Geometric computing refers to a procedure of algebraic manipulations 
generating a geometrically meaningful result from an input of geometric data. 

In the ancient times before algebra was invented, geometric terms such as 
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lengths, areas, ratios and angles were used directly in geometric computing. This 
synthetic approach to geometry has rather limited capabilities both in representing 
and in manipulating geometric objects and properties. 

By decomposing high dimensional geometry into a sequence of one dimensional 
geometries, Descartes’ introduction of coordinates into geometry greatly facilitates 
the representation and manipulation of geometric objects. A side-effect is that this 
factitious decomposition induces two hard-to-solve problems: 


(1) The results from algebraic computations based on coordinates are either difficult 
to explain geometrically, or geometrically meaningless because they are neither 
invariant nor covariant under coordinate transformations. In other words, their 
dependencies upon the specific coordinate systems are either difficult or impos- 
sible to be separated from the geometric properties they represent. 


(2) Even in the most favorable coordinate system, there is the following “middle 
expression swell” phenomenon: both the input expression and the output ex- 
pression are small in size, but the expressions in the middle computing steps 
are huge. Because of this, some computations are possible only theoretically. 


We shall see that geometric algebras can alleviate the above difficulties faced by 
coordinate methods. A geometric algebra can be represented either by coordinates 
or in a coordinate-free manner. In coordinate form, no result from algebraic com- 
puting by a geometric algebra is geometrically meaningless, owning to the invariant 
nature of the operations in such an algebra. Still the obtaining of a geometric inter- 
pretation may be possible only theoretically, because of the difficulty in translating 
the result from coordinate form to geometric terms. 

On one hand, the coordinate-free versions of geometric algebras have obvious 
representational advantage over coordinates. For example, for two vectors x, y € R?, 
by (1.2.3) and (1.2.2), bracket [xy] is a projective geometric invariant. By Laplace 
expansion, the determinant in (1.2.3) becomes a polynomial of two terms. By 
the same expansion, a single bracket monomial [a;ag][agaq] --- [a2x—1a2x], where 
a1, a2,..., a2, € R?, becomes a coordinate polynomial of as many as 2" terms. 

Recall that the geometric algebra of projective geometry is Grassmann-Cayley 
algebra. In this algebra, all brackets form an algebraic system by multiplication, 
addition and subtraction, called a bracket algebra. Bracket algebra is the coordinate- 
free version of the algebra of determinants. A theorem in classical invariant theory 
says that all projective geometric invariants are generated algebraically by such 
brackets. Bracket algebra is in fact the algebra of all projective geometric invariants. 

On the other hand, the representational advantage of brackets does not neces- 
sarily lead to any manipulational advantage. In bracket algebra, all brackets are 
indeterminates. Contrary to the coordinates of generic vectors, which are indepen- 
dent of each other, brackets composed of generic vectors are algebraically dependent, 
and their algebraic relations are called syzygies. 

In classical invariant theory, a syzygy refers to a polynomial of invariants that 
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equals zero when expanded into coordinate form. For example, in R?, brackets 
[aja;] for 1 <i<j <4 satisfy 

[ayag|[aga4] — [aya3][aza4] + [ara4|[aza3] = 0. (1.4.1) 
The left side is a syzygy among the six brackets. It becomes zero automatically 


when expanded into coordinate form using a; = (x;, yi)": 


(x1 y2 — Loy1)(@3y4 — Lays) — (@1y3 — F3Yy1)(Lays — Taye) 
+ (a1y4 — ayi)(Loy3 — L3y2) = 0. 


In the special case where aj = e€1, a2 = eg are an orthonormal basis of R?, and 
ag = X, a4 = y are two generic vectors, this sygyzy is just the Laplace expansion 
of bracket [xy], i.e., 


ZT Yi 
TQ Y2 


[e1€2]|xy] — [e1x][e2y] + [e1y][e2x] = r2(—y1) + yo(—21). 


The algebraic dependencies among bracket indeterminates pose two long-lasting 
problems to the invariant theory community: factorization of a bracket polynomial 
without resorting to coordinates, and reduction of a bracket polynomial to the least 
number of terms. Having been open for about a century, there is no sign that the 
two problems can be solved in the near future. 

In classical invariant theory, a bracket polynomial is changed into normal form 
by Young’s straightening algorithm proposed in 1928. In the straightening proce- 
dure, a bracket monomial is transformed many times into bracket polynomials of 
many terms. This “expansion” procedure does not have any control of the middle 
expression swell. 

Geometric interpretation is also a problem for bracket algebra. Although each 
bracket, as a determinant of homogeneous coordinates of the constituent points, 
can be interpreted in affine geometry as the signed volume of the simplex spanned 
by the points as vertices, a bracket polynomial is by no means easily interpretable 
with geometric terms. If the bracket polynomial can be written as a rational mono- 
mial in Grassmann-Cayley algebra, then it can be given a projective geometric 
interpretation based on the latter form. This translation from bracket algebra to 
Grassmann-Cayley algebra is called Cayley factorization. Except for some special 
cases [192], [117], this problem is still open. 

So in classical invariant theory, the two major problems faced by the coordinate 
approach are still alive, although in some cases the algebraic manipulations can be 
simplified because of the simplicity in algebraic representations. Due to the algebraic 
dependencies among brackets, new difficulties arise, which are by no means easy to 
handle. In the invariant-theoretic approach, people do not get rid of algebraic 
dependencies, otherwise it becomes a traditional coordinate approach. 

Bracket algebra is the algebra of invariants in projective geometry, and after 
some revision, also the algebra of invariants in affine geometry. For Euclidean ge- 
ometry, bracket algebra needs to be supplemented with inner products of vectors. 
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The resulting algebra, called inner-product bracket algebra, is the algebra of invari- 
ants in Euclidean geometry. The algebraic relations among inner products of vectors 
are much more complicated than those among brackets. The task to control middle 
expression swell is much heavier. 

The phenomenon that in classical geometries, the results computed using al- 
gebras generated by basic invariants such as determinants and inner products of 
vectors, are often big rational polynomials of the basic invariants, without any clear 
geometric meaning, indicates that the generating elements of such algebras are too 
low-level, both algebraically and geometrically. To control the expression size ef- 
fectively in middle computing steps, at the same time to alleviate the difficulty of 
translating algebraic results into geometric terms, more advanced invariant algebras 
are needed. 


1.5 From basic invariants to advanced invariants 


Advanced invariants are polynomials of basic invariants. By putting them into the 
algebra of basic invariants as new indeterminates, and treating their polynomial 
expressions by basic invariants as their defining syzygies, an algebra of advanced 
invariants is obtained. 

The purpose of proposing advanced invariants is to simplify algebraic compu- 
tation and keep geometric meaning. The criteria used in singling out advanced 
invariants from the polynomials of basic invariants, are the following: 


e an advanced invariant should have clear geometric meaning; 

e the system of advanced invariants should be hierarchical; 

e an advanced invariant should have relatively nice symmetry with respect to its 
vector constituents. 


(1) To keep geometric meaning, we can resort to the geometric algebra of the cor- 
responding geometry. Since the product in such an algebra is always geometrically 
meaningful, a scalar-valued monomial in such an algebra is naturally an advanced 
invariant with immediate geometric interpretation. Such monomials occur naturally 
in representing geometric constructions. If not expanded into polynomials of basic 
brackets, they can keep the geometric nature within their algebraic structures. 

(2) The structure of an algebra of advanced invariants has to be hierarchical: the 
bottom level is the basic invariants, and each higher level invariant is a polynomial 
of the lower level ones. The level of an advanced invariant is determined by the 
level of composition of geometric product operations that are used to construct the 
advanced invariant. 

The connections between high-level invariants and low-level ones are through 
expansions and factorizations. An expansion is the transformation of a high-level 
invariant to a polynomial of low-level ones, by eliminating at least one geometric 
product operation from the high-level invariant. The reverse procedure to produce 
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a high-level invariant in monomial form is called factorization. 

To distinguish the expansion and factorization here from those based on mul- 
tilinearity properties, the terminology usually bears the name of the associated 
geometric algebra. For example, in projective geometry — Cayley expansion and 
Cayley factorization, in orthogonal geometry — Clifford expansion and Clifford fac- 
torization, and in Euclidean geometry — null expansion and null factorization. 

(3) Advanced invariants when put in the form of monomials of the associated 
geometric algebra, are easy to be given geometric explanations, but are more difficult 
to manipulate than low-level ones if they do not have nice symmetries within their 
monomial structures. 

Symmetries within advanced invariants, if expressed by basic invariants, are 
generally complicated syzygies. They provide the most economical way of rein- 
ing syzygies. Employing the structural symmetries within advanced invariants can 
drastically, and in some cases, even magically, simplify the manipulation of syzygies. 


Example 1.2. Advanced invariants in projective geometry. 


All scalar-valued monomials in Grassmann-Cayley algebra generate an advanced 
invariant algebra, called Cayley bracket algebra. The monomials are graded by the 
number of meet products involved, and each monomial has clear geometric meaning 
by explaining the outer product as the geometric extension, and the meet product 
as the geometric intersection. 

The role played by symmetries within advanced invariants in simplifying alge- 
braic manipulations can be seen from the following typical example. In V?, bracket 

ay by C1 
[abc] := | a2 bo C2 (1.5.1) 
az b3 ¢3 
is a projective geometric invariant. Vectors a, b,c represent projective points in the 
plane. Ifa = x, x2Mx3X4, b = y1y2Ny3ya, € = 21Z2MZ3Z4 are intersections of lines, 
then in the Grassmann-Cayley algebra over V°, the three points have expressions 
a= (x1 A Xo) V (x3 mx Xa), 
b = (yi Aya) V (ys Aya), (1.5.2) 
c= (21 AZ2) V (43 A 24). 


Substituting them into bracket [abc], we get, in the notation of Cayley bracket 
algebra, the following advanced projective geometric invariant: 
((x1X2)(x3xX4)) ((yiy2)(ysy4)) ((41Z2)(Z3%4)). (1.5.3) 


It can be expanded into 16847 different bracket polynomials [117]! 

The equality between any two of the 16847 bracket polynomials is a nontrivial 
syzygy in bracket algebra. In the monomial form (1.5.3) of this advanced invariant, 
all these equalities are embodied in the following simple symmetries: 


(i) the product of each pair of vectors, e.g. X1X2 of x; and xg, is antisymmetric; 
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(ii) the product of each pair of 2-vectors, e.g. (x1X2)(x3X4) of x1X2 and x3X4, is 
antisymmetric; 

(iii) the product of (x1x2)(x3x4), (v1y2)(ysy4), (21%2)(z3%4), is both antisymmet- 
ric and associative; 

(iv) the product is invariant under any duality between vectors and 2-vectors: if 


XiXQt> uj, X3X4t>UQ, Yiy2'?* Vi, Y3y4'* V2, 421Z2'>* Wi, Z23Z4 +> Wo 


is a special linear map from the space of 2-vectors to V3, then (1.5.3) equals 
(uy Ug)(V1iV2)(WiWwo). 


In general, a representation of a geometric property by advanced invariants can 
be transformed fairly easily into a representation by basic invariants or coordinates. 
The converse transformation is usually much more difficult to be practically possible. 
As to computation, a computing procedure based on basic invariants or coordinates 
generally cannot be translated into one based on advanced invariants. The converse 
translation is generally also impossible, because basic invariants and coordinates 
have their own rules of computation, by either straightening or expanding into 
their own normal forms. 

The idea of advanced invariant computing is to manipulate advanced invariants 
by their own mechanism, without resorting to low-level invariants or coordinates. 
The following non-commutative diagram describes the relation among computations 
based on advanced invariants, basic invariants, and coordinates respectively. 


Representation Middle steps Result 
advanced invariants —?""" . advanced invariants """". advanced invariants 
| transtate | transtate | transtate 
basic invariants a basic invariants oo basic invariants 
| transtate | transtate | trenstate 
coordinates sll es coordinates coated coordinates 


Example 1.3. Advanced invariants in orthogonal geometry. 


The algebra of basic invariants in orthogonal geometry is inner-product bracket 
algebra. Geometrically, the inner product of two vectors represents the cosine of 
the angle between them. For the cosine of the angle formed by two planes or higher 
dimensional objects, its representation in inner-product bracket algebra is usually 
a complicated polynomial of inner products of vectors. 

Bracket algebra when supplemented with inner products of high dimensional 
directions, becomes an algebra of advanced invariants in orthogonal geometry, called 
graded inner-product bracket algebra [50], [51], [136]. In this algebra, the inner 
products of rD directions are naturally graded by the dimension r. Still this algebra 
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cannot provide simple representations for the cosines of sums of angles. To find 
monomial representations of such angle objects, we need the geometry of angles, 
which is the geometric algebra of orthogonal geometry — the Clifford algebra (or 
Geometric Algebra) over inner-product space Y”. 

Clifford bracket algebra [115] is generated by two scalar-valued Z-grading oper- 
ators acting on the geometric product results of vectors in Clifford algebra, called 
angular bracket operator and square bracket operator respectively, together with the 
graded inner products of vectors. The two brackets are naturally graded by the 
number of vectors in them. 

Algebraically, the angular bracket is the prolongation of the inner product of 
two vectors to a “hyper-inner-product” of any 2l vectors of V”, for any 1 > 1; 
the square bracket is the prolongation of the determinant of n vectors to a “hyper- 
determinant” of any n+ 21 vectors of ¥". They are often referred to as long brackets. 
Geometrically, the two brackets are trigonometric functions of the compositions of 
directed angles. 


Clifford bracket algebra is an advanced invariant algebra of orthogonal geometry. 
It is not an algebra of invariants in Euclidean geometry, where the transformation 
group is generated by orthogonal transformations and translations. While a transla- 
tion is numerically almost trivial, it leads symbolically to the exponential growth of 
the expression size in the traditional normalization approach. For a single monomial 
%12%2°++XLm, in indeterminates x71, %2,...,%m, the translation x; ++ x; +t changes 
the monomial into a polynomial of as many as 2™ terms after expansion: 

(x1 + t)(a2o +t) ++ (@m +t) = 0122 °++ Gm + teg+++ Bm tee + ayt™ +t”. 

To construct advanced invariants in Euclidean geometry, we need the univer- 
sal geometric algebra of classical geometries — conformal geometric algebra. In this 
algebra, all vectors representing points in Euclidean space are null vectors. The Clif 
ford bracket algebra generated by null vectors is called null bracket algebra (NBA). 
Being nilpotent, null vectors provide great benefits to algebraic manipulations, and 
as a result, long brackets composed of null vectors have much richer symmetries 
than those composed of other vectors. 

Null bracket algebra is a universal algebra of advanced invariants for classical 
metric geometries. It is also an algebra of advanced invariants for a class of non- 
classical geometry — contact geometry, where all points, hyperplanes and spheres 
are represented by null vectors. 


1.6 Geometric reasoning with advanced invariant algebras 


Geometric reasoning is a common task in mathematics education, computer-aided 
design, computer vision and robot navigation. Traditional geometric reasoning fol- 
lows either a logical programming approach in artificial intelligence, or a coordinate 
approach in computer algebra [96], [201], or a hybrid approach based on both basic 
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geometric invariants such as areas, volumes and distances, and dynamic geometric 
database management [40], [41]. 

In algebraic approaches to geometric reasoning and theorem proving, the input 
of a geometric problem is formulated by a set of symbols and their algebraic re- 
lations, and the algebraic computing of the conclusion expression, if geometrically 
meaningful, is called “symbolic geometric computing”. 

It has been widely known that algebraic methods such as the Shaw Prize win- 
ner W.-T. Wu’s method of characteristic sets, the Grébner base method, and the 
resultant method, are much more efficient than the logical programming approach 
to mechanical geometric theorem proving. In these methods, coordinates are intro- 
duced to formulate the geometric theorems in question. Because of the difficulty 
in providing geometric interpretations for algebraic expressions in coordinate form, 
much of the recent research on automated geometric deduction has focused on de- 
veloping high-level coordinate-free techniques. 

Using geometric invariants in symbolic geometric computing has been an active 
research subject since 1980’s. Apart from the benefit of better geometric inter- 
pretability when compared with coordinates, geometric invariants have a salient 
feature of reducing the size of symbolic manipulations. 

In the 1990’s, several invariant algebraic methods were proposed, including the 
bracket polynomial straightening method [175], the distance method [70], the area 
method [40], the biquadratic final polynomial method [148], and the vectorial equa- 
tion solving method [103]. From the viewpoint of advanced invariants, these meth- 
ods can all be classified as methods of basic invariants. 

The first successful method of advanced invariants for automated theorem prov- 
ing in projective geometry was proposed in 2003 [117]. Advanced invariants from 
Cayley bracket algebra are used together with basic invariants in an alternating 
manner, by eliminations of geometric constructions to get advanced invariants from 
basic invariants, and by Cayley expansions to get polynomials of basic invariants 
from advanced invariants. In projective incidence geometry, all the theorems tested 
by the method of advanced invariants are given binomial proofs, which means that 
at every step of the proving procedure, the conclusion expression as a polynomial 
of basic and advanced invariants, is always two-termed. 

In projective conic geometry, however, many theorems cannot be given binomial 
proofs. The reason is that the Grassmann-Cayley algebra over V” is on intersections 
and extensions of linear geometric objects such as points, lines and planes. For 
quadratic geometric objects such as conics and quadrics, the base space V” is too 
small. Recently (see Chapter 4), the Grassmann-Cayley algebra of nD projective 
quadric geometry, called quadratic Grassmann-Cayley algebra, is established. In the 
case n = 3, this is a geometric algebra of projective conic geometry, by which the 
algebra of basic conic invariants and the algebra of advanced conic invariants can 
be set up. 

For automated theorem proving in Euclidean geometry, a breakthrough was 
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made by the author in 2007 [124], during his preparation of this book. The author 
proposed a recipe for symbolic computing with conformal geometric algebra and 
null bracket algebra. The recipe is composed of three parts: 


e use long geometric product to represent and compute multiplicatively; 
e use “breefs” to control the expression size locally; 
e use Clifford factorization for term reduction and translation back to geometry. 


(1) Long geometric product: 

This strategy has two aspects. In representation, it refers to representing geo- 
metric constructions and relations multiplicatively, or more accurately, with as few 
terms as possible. In computation, it refers to eliminating most of the Z-grading op- 
erators from a graded Clifford monomial by generating a polynomial of long brackets 
with as few terms as possible, called least ungrading. 

Eliminating Z-grading operators is a way of prolonging the geometric product by 
breaking up the barriers to the associativity of the geometric product. The purpose 
is to replace complicated syzygy manipulations by simple symmetry manipulations 
of the long geometric product, with the cost of generating a minimal number of 
terms out of a monomial in Geometric Algebra. 


(2) Breefs: 

In most cases, the goal of algebraic computing is to make simplification to alge- 
braic expressions, %.e., to shorten the expressions by reducing the number of terms, 
and to make the expressions more decomposed by producing more factors. If at ev- 
ery middle step of the computing, a factored and shortest result is reached, then not 
only the goal of computing can be realized more easily, but the middle expression 
swell can be effectively controlled. 

The new guideline in invariant computing, called “breefs” — bracket-oriented 
representation, elimination, expansion for factored and shortest result, is contrary 
to the traditional guideline of computing by normalization, in that it does not trans- 
form an expression into normal form, which usually incurs middle expression swell, 
instead it seeks to squeeze the expression locally to make it more compact. The new 
guideline leads to a lot of unique techniques. For example, if a vector indeterminate 
representing a geometric construction occurs several times in an expression, it can 
be given different algebraic representations at different parts of the same expression. 


(3) Clifford factorization: 

It includes two new algebras grown out of the interplay of null bracket alge- 
bra, Grassmann-Cayley algebra and conformal geometric algebra. They are null 
Geometric Algebra (NGA) and null Grassmann-Cayley algebra (NGC). The former 
is used to make factorizations and term reductions in null bracket algebra, while 
the latter is used to represent geometric constructions multiplicatively and to make 
Cayley factorizations. 

About one hundred theorems in Euclidean geometry are tested, among which 
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about four-fifth are given monomial or binomial proofs. In particular, more than 
one third of the theorems are given monomial proofs, t.e., the conclusion of each 
theorem is represented by a single monomial, and keeps to be in monomial form till 
the end of the proof. This feature makes it impossible to find any analytic proof 
that is more elegant. 

We do not have enough space left in this book to further explore this recipe and 
its magic effect in simplifying invariant geometric computing, so we advertize the 
forthcoming sequel [125] of this book for reference. 


1.7 Highlights of the chapters 


Chapter 2 is an introduction of bracket algebra, Grassmann-Cayley algebra and 
coalgebra, and the advanced invariant algebra for projective geometry — Cayley 
bracket algebra. The highlights of this chapter are 


e the two new concepts total meet product and reduced meet product, 

e Cayley expansion theory, of which most of the contents are moved to Appendix 
A to ease reading difficulty; 

e Cayley bracket algebra. 


Chapter 3 is on simplification techniques in bracket algebra, and applications to 
automated theorem proving in projective incidence geometry. Highlights: 


e rational invariants, which are as important as classical invariants but seem to 
have been overlooked all the time; 

e bracket polynomial divisions, with the discovery that divisions of invariants 
generate covariants; 

e factorization and contraction algorithms. 


Chapter 4 is on invariant representations of projective conics, the breefs princi- 
ple, simplification techniques in conic computation, and applications to automated 
theorem proving. This chapter may be skipped by those not particularly interested 
in projective conics and quadrics. Highlights: 


e conic representations and computations based on Cayley bracket algebra; 

e quadratic Grassmann-Cayley algebra and quadratic bracket algebra, proposed 
by the author when he was an AvH Fellow at Christian-Albrechts Universitat 
zu Kiel in 1998, but never formally published; 

e breefs. 


Chapter 5 is on inner-product bracket algebra, Clifford algebra, and Clifford 
expansion theory. The highlight is the Clifford expansion theory of expanding a 
monomial of Clifford algebra into a polynomial of inner-product Grassmann algebra. 
This theory is the foundation of Clifford bracket algebra. The study of Clifford 
expansions was initiated in the second half of the 20th century, first by physicists 
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E. Caianiello [32], A. Lotze [129], and later by mathematicians G.-C. Rota and J. 
Stein [158], A. Brini [29], et ai. 

Driven by the need to find factored and shortest expansions of the geometric 
product of a sequence of elements into a polynomial of inner products and outer 
products, and totally ignorant of any existing work on this subject, the author re- 
derived the whole theory of Clifford expansions in 2001 [115]. In comparison, the 
author’s results contain not only all the formulas discovered earlier by other people, 
but also many new discoveries that can be taken as simplifications and extensions 
of the existing results. The author thanks B. Fauser and A. Brini for getting him 
to know of the earlier work on Clifford expansions. 

Chapter 6 is on Geometric Algebra, its main computing techniques, Clifford 
coalgebra, and Clifford bracket algebra. Among the computing techniques unique to 
Geometric Algebra, there are three prominent ones that prove to be very powerful: 
(a) symmetry and commutation, (b) ungrading, (c) monomial simplification. Below 
we present a short introduction to the latter technique. 

Monomial simplification is to reduce the redundancy of participating vectors in 
the geometric product. It includes monomial factorization to generate scalar-valued 
factors, and monomial compression to reduce the number of effective vectors. While 
monomial factorization techniques are to be developed in [125], monomial compres- 
sion is the highlight of this chapter. This problem seems rather interesting, and 
inspires a sequence of conjectures on the algebraic structures of Clifford algebras, 
e.g., the maximal grade conjectures. The author thanks D. Fontijne for putting up 
the invertible monomial (versor) compression problem to him. 

Chapter 7 is on algebraic models of affine, Euclidean, and contact geometries, 
and on the corresponding geometric algebras of describing their incidence construc- 
tions — affine Grassmann-Cayley algebra, conformal Grassmann-Cayley algebra, and 
the Grassmann-Cayley algebra upon the Lie model. There are two attractive dis- 
coveries: 

(1) The geometric exploration of the meet products of Minkowski blades in 
the conformal model, leads to an elegant characterization of the knotting relation 
between two objects. 

(2) Positive vectors and negative vectors in the Lie model have the geometric 
interpretations of representing pencils of intersecting Lie spheres and separating Lie 
spheres respectively. So besides the contact problem among points, hyperplanes 
and spheres, the intersection and separation problems can also be dealt with in the 
Grassmann-Cayley algebra upon the Lie model. 

Chapter 8 is on conformal Clifford algebra, dual Clifford algebra, and the uni- 
versal homogeneous model of classical geometries. Four kinds of representations of 
3D conformal transformations in conformal Clifford algebra are developed in full 
detail, for the purpose of applying them immediately to engineering problems: 


e the geometric product of Minkowski blades [110] is a representation of the 
conformal transformation by direct geometric constructions; 
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e the Cayley transform [130] provides a large-scale representation of the conformal 
transformation by a polynomial of degree four; 

e the outer exponential [130] provides a local representation of the conformal 
transformation by a polynomial of degree two; 

e the fractional linear form of nD conformal transformations [184] is a natural 
extension of the classical complex fractional linear function representation of 
2D conformal transformations. 


In each chapter, those sections and subsections marked with asterisks at the 
end of their titles, are suggested to be skipped by inexperienced beginners for their 
first-time reading. 
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Chapter 2 


Projective Space, Bracket Algebra and 
Grassmann-Cayley Algebra 


Projective geometry is the simplest classical geometry in that it is on the prop- 
erties of linear subspaces that are invariant under the general linear group. The 
generators of invariants in this geometry are called brackets, which are determi- 
nants of homogeneous coordinates. The geometric algebra of this geometry is called 
Grassmann-Cayley (GC) algebra. It provides a synthetic description to projective 
geometry through its two geometrically meaningful products: the outer product 
representing the extension of linear subspaces, and the meet product representing 
their intersection. 

The revitalization of this century-old mathematical language is due to the Rota 
school in the 1970-1980’s, cf. [14], [57], [69], [157], [158], [190]. The translation from 
GC algebra to bracket algebra is called Cayley expansion. It can be said to be a 
procedure of translating geometry to algebra. The translation from bracket algebra 
back to GC algebra is called Cayley factorization. It conglomerates basic invariants 
to advanced invariants. 

This chapter introduces the two algebras and their translations to each other. To 
make the concepts more easily accessible, we start with a homogeneous coordinate 
description of invariants and covariants. 


2.1 Projective space and classical invariants 


Since we only care for classical geometry, throughout this book we assume that the 
base field K has characteristic 0. 

An (n—1)D projective space P”~' is the set of 1D vector subspaces of an nD 
vector space VY” over K. A 1D subspace of V” is called a projective point in P”—!. 


Let {e1,e2,...,@,} be a basis of V". Then a projective point can be represented 
by the following homogeneous coordinates: 
(G7 2092 222. 28p); (2.1.1) 


such that vector 7,e; + r2e2 +---+ 2,2, spans the 1D subspace. 
A projective point can be represented by any vector spanning it. Two vectors 
represent the same projective point if and only if they are equal to each other up 


25 


FreeEngineeringBooksPdf.com 


26 Invariant Algebras and Geometric Reasoning 


to a nonzero scaling, or briefly, up to scale. When x is a vector and we say point x, 
we mean the 1D subspace spanned by x. 

If a geometric object can be represented by an algebraic expression, and the 
representation is unique up to scale, we say the representation is homogeneous. The 
algebraic representation of any object in projective space is homogeneous. In fact, 
any homogeneous representation can be written as a homogeneous function in its 
vector variables. 

Let f(x) be a function in vector variable x. If 


f(x) =A" f(x), for any AcE K, (2.1.2) 


then f is called a homogeneous function of degree r in x. An equality in vector 
variables is valid in projective geometry if and only if it is homogeneous in each 
vector variable. 

In this book, we always use boldfaced digits and boldfaced lower-case letters 
to denote vectors. We use boldfaced capitals to denote non-scalar and non-vector 
variables and functions, and use Greek letters to denote scalar parameters. 


Let 1,2,---,n+1 be vectors in V” such that no n of them are linearly de- 
pendent. Since the n + 1 vectors must be linearly dependent, there are scalars 
Ai, A2,--+;An+41, at least one of which is nonzero, such that 

Ay1 + A922 +--+» + Angi(n+ 1) =0. (2.1.3) 


If vector i is replaced by ju;i, the above equality remains valid only when every A; 
for 7 #7 is multiplied by ju;. So every A; is a homogeneous function of degree 1 in 
each vector variable i F j. 


Indeed, by linear algebra the equation (2.1.3) can be solved for indeterminates 
d’s as follows: let i= (%1;,22;,--., ni)’, then 
T11 12 +--+ Lyi—1) Li(itd1) +++ Vi(n+i) 
. | 21 022 --- VaG—1) Tait) +++ Va(n+ 
M=(-l'H| 2. ee ieee (2.1.4) 
Tn1 Un2--- Un(i-1) Vn(i+1) +++ Un(n+1) 


where yp is a free parameter independent of 7. 


Definition 2.1. [Definition of bracket algebra by coordinates] Let {e1,e2,...,en} 
be a basis of VY”. The bracket of a sequence of n vectors 1,2,...,n in V”, denoted 
by [12---n], is the determinant of their coordinates with respect to the basis: 


U1, 12... Lin 
ZQ1 ©22 +++ T2an 

(12---nJ:=|. . «Sd: (2.1.5) 
Tnl Und +--+. inn 


The nD bracket algebra generated by m > n vectors 1,2,...,m of V”, called 
atomic vectors, or generating vectors, is the commutative ring generated by the 
brackets of any n-tuples of the m vectors. 
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In bracket notation, (2.1.3) can be written as 
n+1 


S 0 (-1)'[12---i--- (m+ 1)ji=0, (2.1.6) 
i=1 
where i denotes that i does not occur in the sequence. (2.1.6) is the Cramer’s rule 
of vectors 1,2,...,n +1. If [12---n] 40, then (2.1.6) can be written as 
(-1)"(12---n](m +1) = $0(-1)"[12---4--- (n+ Di. (2.1.7) 
i=1 
It is the Cramer’s rule of vector n+1 with respect to vectors 1,2,...,n. By (2.1.7), 
a bracket can be interpreted as a component of the homogeneous coordinates of a 
point with respect to a basis of the vector space. 


Definition 2.2. Let f = f(x1,x2,...,Xm) be a polynomial in the homogeneous 
coordinates of vector variables x,,x2,...,Xm € V”. If under any general linear 
transformation T of VY”, 

f (T(x), T (x2), veg Dae) = det(T)* f (x1, X2,--- :Xm); (2.1.8) 


where k is a nonnegative integer independent of T, then f is called a classical 
invariant. If k = 0, then f is called an absolute invariant. If for some 1 <1 <m, 


f(T (x1), T (x2), -.., T(r), X41, X42, -- +) Xm) = det(T)" f (x1,x2,...5Xm); 
(2.1.9) 
then f is called a classical covariant. 


Projective geometry is the subject on the properties of geometric configurations 
embedded in Y” that are invariant under the general linear group GL(V"). Classical 
invariant theory is the subject on invariants and covariants of homogeneous polyno- 
mials [189]. The two subjects are closely related to each other by the homogeneous 
coordinates of projective geometric objects. 

By (2.1.5), under a transformation T € GL(V"), any bracket changes by scale 
det(T’). So the bracket is a classical invariant. The following theorem characterizes 
the essential role played by brackets in classical invariant theory. 


Theorem 2.3. [First Fundamental Theorem in Classical Invariant Theory] Any 
classical invariant is a polynomial of brackets, called bracket polynomial. 


In a bracket algebra, the brackets of the generating vectors are algebraically 
dependent, %.e., they satisfy some polynomial relations. The polynomial relations 
satisfied by classical invariants are called syzygies. For example, by substituting 
(2.1.7) into any bracket containing vector n+ 1, say [1'2’---(n—1)’(n+1)], we 
get 

n+1 
S 0 (-1)'[12---i--- (a+ 1)]1’2’--- (n= 1)'i] = 0. (2.1.10) 


i=l 
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(2.1.10) is called a Grassmann-Phicker relation (or identity). The left side of (2.1.10) 
is called a Grassmann-Plicker (GP) syzygy (or polynomial). The following theorem 
characterizes the essential role played by GP syzygies. 


Theorem 2.4. [Second Fundamental Theorem in Classical Invariant Theory] Any 
syzygy of classical invariants in bracket algebra is in the ideal generated by GP 
syzygies. 


For example, the 3D bracket algebra generated by 5 coplanar points 1,2,3,4,5 
is the bracket polynomials of C3 = 10 indeterminates 


[123], [124], [125],..., [345]. 


The ten brackets are not algebraically independent. They satisfy five GP relations: 


[123][145] — [124][135] + [125][134] = 0, 
[123][245] — [124][235] + [125][234] = 0, 
[123] [345] — [134][235] + [135][234] = 0, (2.1.11) 
[124] [345] — [134][245] + [145][234] = 0, 
[125] [345] — [135][245] + [145][235] = 0. 


The GP relations are not algebraically independent of each other. In (2.1.11), 
only three are algebraically independent, e.g., the first three. 

For a finite set of generic generating vectors in V”, the bracket algebra they 
generate is an integral domain, and even a unique factorization domain (UFD). If 
the generating vectors are not generic, the bracket algebra is still an integral domain 
but no longer a UFD. For example, if 1,2,3,4,5 are points in the projective plane, 
and 1, 2,3 are collinear, then the bracket algebra generated by them is not a UFD, 
because by the following GP relation, 


[124][135] — [125][134] = [123][145] = 0. (2.1.12) 


In the polynomial ring of coordinates, since coordinates are algebraically inde- 
pendent, monomials of coordinates comprise a basis of the ring, when the latter is 
taken as a Z-module. It is common knowledge that any polynomial can be written 
uniquely as a sum of finitely many monomials with integer coefficients. This prop- 
erty is what we use daily in judging if two polynomials are equal or not. In bracket 
algebra, however, the algebraic dependencies among brackets make it a nontrivial 
task to judge whether or not two bracket polynomials are equal. 


Definition 2.5. A bracket monomial is said to have degree d if it has d and only d 
bracket factors. A bracket monomial is said to have degree r in vector variable x if 
vector x occurs r and only r times in the bracket monomial. 


A bracket monomial of degree & and coefficient +1 is of the following form: 


[a1ai2 -* + Ain|[ag1ai2- +: Ain} +++ [anak -- Akn]- (2.1.13) 
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Here the a’s are generating vectors of the bracket algebra. We may arbitrarily define 
an order “<” among the generating vectors, and without loss of generality, we can 
assume that for any 1 <i < & in (2.1.13), 

ail ~ Ai2Q ~ +++ ~ Ain. (2.1.14) 
No two elements in (2.1.14) are the same, because this would nullify the correspond- 


ing bracket. We write (2.1.13) in the form of a matrix: 


Ail 412 *** Ain 
a21 412 °** Ain 


(2.1.15) 
Ak1 Ak2 °° * Akn 


Akxn matrix (aij;)zxn whose entries satisfy (2.1.14) is called a Young matriz. 
A Young matrix is standard (or straight), if its entries in every column from top to 
bottom are in ascending order, i.e., for any 1 <j <n, 


ee ee ee Te (2.1.16) 


For example, when n = 3 and 1 ~¥ 2 +3 <4 <5, 


Fel e117 


is not standard, because 5 > 4 in the last column. However, by the first GP relation 
in (2.1.11), 


[125][134] = —[123][145] + [124][135], (2.1.18) 


and the latter two monomials are standard Young matrices. So a nonstandard 
Young matrix can be “straightened” to a sum of standard ones. This phenomenon 
discloses a general property of standard Young matrices: 


Theorem 2.6. [First Main Theorem in Classical Invariant Theory] Standard Young 
matrices comprise a basis of bracket algebra as a Z-module. 


The procedure leading to linear combination of standard Young matrices is called 
straightening [209]. The following is a brief description of the straightening proce- 
dure. Any nonstandard bracket monomial of degree two is of the form 


ajag:--as by b2---bn_s 


Fike sours ady deeded s | (2.1.19) 

where vectors a; < c; but by > d;. So 
Cy ~ Cg ~--- <5 ~ dy ~ by ~ be ~::: X Dy_s. (2.1.20) 
To straighten monomial (2.1.19), one of c,¢2,...,¢€s,d1 should switch with one 


of the b’s. Such a switch strictly reduces the order of the sequence formed by the 
two rows in (2.1.19). Doing this kind of switch recursively, with the strict reduction 
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of the order each time, in finite steps we will get a sum of straight monomials. This 
is the straightening algorithm in classical invariant theory. 

The switches in the straightening algorithm are based on the so-called van der 
Waerden syzygies [177]. To describe the syzygies, we introduce a very useful nota- 
tion in invariant theory and Hopf algebra, called Sweedler’s notation [179]. 


Definition 2.7. Let 7; +72 +---%, = s, where each 7; is a non-negative integer. 


Let S be a sequence of s elements. An r-partition of S' of shape A = (i1,%2,...,%r), 
denoted by 

AF S, (2.1.21) 
is a partition of S into r non-overlapping subsequences of length 71, i2,...,%, re- 


spectively. A 2-partition is also called a bipartition. 

The j-th subsequence is denoted by $(,;). If this subsequence undergoes another 
r’-partition, the j’-th subsequence in the second partition is denoted by S(,;/). Ina 
summation ))y..¢ f(Sj1)) S¢ja)s-- +) Sj), Where {j1,J2,---, je} C {1,2,..., 7}, the 
first nonzero subsequence in the summand, say S(j;,), is assumed to carry the sign 
of permutation of the new sequence (1), S(2),---,5(r) relative to the original S. 

This notation of partition and summation is called Sweedler’s notation. 


Remark: Let j1 < jg < ... < jy be a subsequence of 1,2,...,s, and let its 
remainder in 1,2,...,s be ky <kg <...<ks_,. Then the sign of the permutation 
of j1,---5Jr,k1,---,Ks—r is 


r(r+1) 


-1) z ae Bie ae (2.1.99) 

Definition 2.8. Let there be three sequences of vectors A, = a1,€2,...,a5, and 
Bh4i => by, bo, aie »Dn41, and Cr—s—1 = Cj,CQ,...,Cn—s-1,; then 

S- [AsBn41(1)][Bn+1@)Cn—s-1] = 0 (2.1,23) 


(n—s,s+1)FBn41 


is called the van der Waerden (VW) relation of the three sequences. The left side 
of the equality is called a van der Waerden (VW) syzygy. 


For example, in 2D projective geometry there are only three kinds of VW syzy- 
gies, of three, four, and six terms respectively. The first two are GP syzygies, the 
last one is of the form 


[123][456]—[124][356]+[125][346]+ [134] [256] —[135][246]+[145] [236]. (2.1.24) 
Proposition 2.9. VW syzygy (2.1.23) is in the ideal generated by GP syzygies. 
Proof. When s = 0, (2.1.23) is just the GP relation (2.1.10), now in the form 


> [Bn+1(1)][Bn+1(2)Cn-1] = 9. (2.1.25) 
(n,1)FBn41 
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Assume that (2.1.23) holds for s = kK—1, and let Ax_1 = a1, a2,...,ax%—1. When 
s=k, 


S- [Ax Bn+1(1)|[Bn+41(2)Cn—k-1] 
(n—k,k+1)FBn41 


1 

k+1 > [Ax—18%Bn+1(1)][Bn+1(2)Bn+1(3)Cn—#-1] 
(n—k,k,EBn4t 

—1) et} 

7 a >) (Ar-1Bn+1()][Bn+12)Bn+1(3)8¢Cn—K-1] 

(n—k+1,k-1,1)FBn4t 

—1)"k 

-— > [Ac—1Bn+1 (1)|[Bn+1(2)akCn—K-1] 


k + 1 (n—k+1,k)FBn41 
— 0, 


where the transfer of a; from the first bracket to the second bracket in 
the second step is caused by the induction hypothesis upon three sequences 
Ax-1, arBn+1(1)Bn+1(2); and Bn+1(3)Cn—k-1; by which the subtotal of the parti- 
tions where a, is in the first bracket equals negative the subtotal of the partitions 
where a, is in the second bracket. i] 
We return to the straightening of (2.1.19). By the VW relation among sequences 

As = a1,42,.-.,as, 

Bnit = bi, be,...,bn—s,€1,€2,-..,€s,di, 

Ch—s-1 = do, d3, sraneisg dn_s, 


we have, by denoting D = by, bo,..., bn_s, 


aj >ivag byes bees 
mera 


c,::-e. dy-::-d,_ 
7 a =? (n—s,s+1)FBn+1, 
Batig)#D 


(2.1.26) 


On the right side of the above equality, at least one vector b; is moved from the 
first row to the second row, and because of (2.1.20), each term on the right side has 
strictly lower order than the term on the left side. 


Theorem 2.10. [Second Main Theorem in Classical Invariant Theory] The VW 
syzygies are a Grobner base of the ideal generated by GP syzygies. The straight- 
ening procedure is the normal form reduction with respect to this base. 


The straightening algorithm, unfortunately, generally does not lead to any sim- 
plification of a bracket polynomial expression, except for the special case where the 
bracket polynomial equals zero but is not identical to zero. In the exceptional case, 
the straightening algorithm definitely simplifies the polynomial to zero because of 
the basis property of the standard Young matrices. 


Remarks on the definitions of “invariant” and “covariant” by Definition 2.2: 
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In classical invariant theory [189], given a homogeneous polynomial p = p(x) 
of degree d in vector variable x = (%1,%2,...,@n)’ € V", let its coefficients in 
monomial basis {x a? + gm 14) tig t++++in =d} be parameters \1,A2,..-,As- 
A relative invariant of weight k of polynomial p, refers to a polynomial g = 
g(A1, A2,---,;As) such that under any general linear transformation T of V", by 


using Aj, A4,..., 4, to denote the coefficients of the polynomial p’(x) := p(T(x)), 
DON) Noy. 0o5 Ay) Se) al Nts Apso -05 dg) (21,27) 


A relative covariant of weight k of the polynomial p, refers to a polynomial 
h = h(i, A2,---,As,X) such that under any general linear transformation T of V”, 


RM adopt Ng POO = det Vhs a. 0p) (2.1.28) 


If there are r homogeneous polynomials pj, p2,...,p, in the same set of vector 
variables x1,X2,..-,Xm, a simultaneous (or joint) relative invariant of weight k 
of the r polynomials, refers to a polynomial g = g(Ai,A2,-.--,A¢), where the \’s 
are all the coefficients of the r polynomials, such that under any general linear 
transformation T of V”, equality (2.1.27) holds if index s is replaced by t. 

Similarly, a simultaneous (or joint) relative covariant of weight k of the r poly- 
nomials, refers to a polynomial h = h(\j, A2,.--, At; X1,X2,---;Xm) such that under 
any general linear transformation T of V”, 


WN sender lk (1) ces g Fy) SMT A Ads cr Ney Ripeoesea)e 12.128) 


Traditionally a homogeneous polynomial of degree d is called a d-form. A 1-form 
is also called a linear form, and a 2-form called a quadratic form. 

So in classical invariant theory, an invariant (or covariant) given by Definition 2.2 
is a simultaneous relative invariant (or covariant) of weight k of the following 
m (or 1) linear forms dual to vectors x; = (%j1,2i2,--.,2in)’ for 1 <i <m: 


pi(Xi) = Ana + A\jotig + +++ + AinVin. (2.1.30) 


However, this does not imply that our definition only covers invariants and 
covariants of linear forms. As will be shown in Chapter 3, the base vector space V” 
can be enlarged to the vector space of d-forms, and any d-form of the original base 
space is a linear form of the new base space. 


2.2 Brackets from the symbolic point of view 


On one hand, because of the algebraic dependencies among brackets, two bracket 
monomials are equal if and only if they are identical after straightening. On the 
other hand, after each bracket is changed into a polynomial of coordinates using 
Laplace expansions of determinants, as every monomial in the coordinates of generic 
points is algebraically independent, the procedure of normalizing a coordinate- 
formed bracket monomial is just the procedure of expanding the multiplication 
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of determinants into a polynomial of coordinates. The result of such an expansion 
is often a polynomial of hundreds of thousands of terms. 

For example, let 1,2, 3,4, 5 be points in the projective plane, with homogeneous 
coordinates i = (2;, yi, 2;). Then in expanded coordinate polynomial form, the size 
of a simple bracket binomial can be much larger: 


[123][145] + [124][135] 


= —@1Yy22403Y1 25 —T1Y27405 21 Y3+Ly 22Ya 23Y5—L1 Z2YaT3Z1Ys5 
£1 22Y4L5Y1 23 —L2Y1 2401 Y325 +x2yj} 2403 25 —L2QY12Z4L321Y5 
4+20221Y301Yy4%5—©221 301 Z4Y5— L271 Y3Lay1 25 +0277 Y3Lays 
—2L1Y22304Y1 25 $201 Y2230421Y5+2L1 Y2 2305 Y1 Z4—L1 Y2Z3L5Z1Y4 
£321 Y2L1Y425 $203 21 Y2L1 Z4Y5 +203 21 Y2LAY1 25 —2LB 27 y2@ays 
40327 Yo@s Yat+@7Y2 23 Y4 25 — 207 Y 223.24 Ys—L1 Z2Y3U5Y1 Za — D271 YA@3Yi 25 
+201 22Y3L5 21 Y4—L2Y1 2321 Ya 25 +22 Y1 2301 Z4Y5 t+aoy? 230425 
—%©2Y1 230421Y5 —2a2y? Z3U5 ZAF2LQY1 23L5 21 YA t20221Y3L5Y1 24 
—2Qroz7ysrsysat2r3y1 2201 Yy425—C3 Yl 2201 24 Ys —2H3Y7 22425 
+203 Y1220421Y5 +a3y7 2205 ZA—XL3BY1 Z2U5 21 YA — L421 Y2L1 Y325 
—€4Z1Y2L5Y1 23 +0427 y2Us5ys 227 z2y3Yy4z5 +a7z2y3 Z4Y5 +0227 ysusys 


2 
+221 22Y3L4Y1 25 —L1 22 Y3L4 21 YS —L3 21 Y2L5Y1 ZA FLY Y2 24 Y3 25 


~DAY1 220123 Y5 FLAY; 2205 23 —LaY1 225 Z1Y3—L2Z1YaL1Z3Yys- 

From the symbolic computation point of view, in order to control the size of 
middle expression swell, it is very important to use brackets directly in representa- 
tion and computation. A definition of bracket algebra in terms of bracket symbols 
and vector symbols, instead of the determinants of homogeneous coordinates, is 
needed in symbolic manipulation of brackets [192]. 


Definition 2.11. [Definition of bracket algebra by symbols] Let a;,..., a be sym- 
bols, and let m > n. Let the [a;, --+a;,,] be indeterminates over K for each ordered 
sequence 1 < 71,...,%, <m, called brackets. The nD bracket algebra generated by 
the a’s, is the quotient of the polynomial ring generated by brackets modulo the 
ideal generated by the following syzygies: 


Bl. [aj,aj;,---a;,] if i; =i, for some 7 # k. 


B2. [aj,ai, ---ai,] — sign(7)[ai,q) ++: ai,,,)| for any permutation o of 1,2,...,n. 
GP. GP syzygy (2.1.10), ze., 
n+1 
So (-1)¥ fanaa, Ba Bing |[Bip Aj Ajo a ‘Aj,_1]- (2.2.1) 
k=1 


The above definition is coordinate-free, and when supplemented with the fol- 
lowing bracket operator, which allows for linear operations within a bracket, the 
definition agrees with Definition 2.1 by homogeneous coordinates [177]: 


Definition 2.12. Let 6 be the nD bracket algebra generated by symbols aj,...,am 
called atomic vectors, or generating vectors. Denote by K™ the mD vector space 


FreeEngineeringBooksPdf.com 


34 Invariant Algebras and Geometric Reasoning 


generated by the m symbols. The bracket operator, still denoted by “| |”, from 
A=K"™ x K™ x--. x K”™ to B, is defined by 
a 


n 


A — B 
(ai,,---, ain) = [ai ---ai,], (295) 
(X1,---,AKi,---;Xn) > A[X1 +++ Xn], 
(X1,-. oy XG + Yi,- re :Xn) ——- [x1 as Xp] + [x1 so Xi—1ViXi41 °° Xp]. 


Corollary 2.13. In V”, any n vectors are linearly dependent if and only if their 
bracket equals 0. 


In the symbolic definition of bracket algebra, the base vector space V” does 
not occur, so this definition is in pure scalar form. The most important feature 
of a vector space is that any n+ 1 vectors are linearly dependent. This feature is 
embodied in the scalar form of Cramer’s rule: GP syzygy (2.2.1). 


Example 2.14. In the 3D bracket algebra generated by symbols 1,2,3,4,5, sim- 
plify the bracket polynomial 
p = —[125][135][145] [234]? — [124]?[135][235]/345] 
+(125][134]?[235] [245] + [123]?[145][245][345). 


The answer is p = 0. There are various ways to make the simplification. The 
straightening algorithm definitely can do so, although the procedure is long and 
boring. In coordinate form, each bracket monomial of p when expanded becomes 
a coordinate polynomial of 1986 terms. The sum of any two bracket monomials 
becomes a coordinate polynomial of 2526 terms. Adding any third bracket monomial 
reduces the size to 1986 terms, and the sum of four bracket monomials is zero. The 
computing by computer is fast, reliable but unreadable, not to mention pedagogical. 

By 3-termed GP syzygies among the five generating elements, the simplification 
procedure is short, enjoyable and enlightening: 

GP relations v0) 
—[124][135][145][234][235] — [124]2[135][235]/345] 
4 [123][135][145][234][245] + [123]?[145][245](345] 
+(125][134]?[235][245] 


125|[234 explode 
=[124][235]—[123][245] 


145][234]+[124][345] 
=[134][245], contract 
135][234]+[123][345] 


—[124][134][135]/235]/245] 
+({123][134][145] (235) [245] 
+({125][134]?[235][245] 


=[134][235 


123][145]—[124][135] | contract 
=—[125][134] 


In the first step, monomial [125][234] is “exploded” to binomial [124][235] — 
[123][245] by a GP relation. [124][235] and [123][245] are also factors of the 
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second and the last terms of p respectively, and the four terms form two pairs that 
are respectively “contractible” to single terms by GP relations. When p is changed 
into a bracket trinomial at the end of the second step, another contraction based on 
a GP relation changes it to zero. These manipulations are tricky but not accidental. 
There are systematic ways to generate them by computer programs in Chapter 3. 


From the bracket point of view, all homogeneous coordinates are brackets. Let 


@1,a2,..., A, be linearly independent vectors. Then any vector a,,+1 satisfies (2.1.7) 
with i denoting a;. The homogeneous coordinates of a,+1 are brackets 
{[arag:+ ++ a; +++ any], | 1 < cs n}. (2.2.3) 


When a,+41 varies among different generic points, the brackets in (2.2.3) are alge- 
braically independent. Thus, using coordinates is equivalent to eliminating algebraic 
dependencies among brackets by reducing all other brackets to polynomials of the 
brackets of the form (2.2.3). Without resorting to Cramer’s rules which are ex- 
ecuted to vectors instead of brackets, algebraic dependencies among brackets are 
eliminated by the following coordinatization syzygies. 


Proposition 2.15. Let a,,...,a be generating vectors of a bracket algebra, and 
let the first n vectors be linearly independent. Then any GP syzygy, after being mul- 
tiplied with some power of [ajag---a,], is generated by the following algebraically 
independent subset of GP syzygies, called the coordinatization syzygies with respect 
to a,,€2,.-..,Ap, and where 1 <7 < n is arbitrary: 

[araz + an)[aj, aj, *- + aj, | 


n 
2.2.4 
— SC farag +++ ajay. aiga And [ay jy Aj WAH Aja] Vee 
k=1 


Proof. If at most one of aj,,aj,,...,a;, is not in {aj,...,an}, then (2.2.4) is 
trivially zero. In the following, this case is not considered. 

Assume that the a’s are ordered by their subscripts, and that any bracket of the 
a’s has its elements rearranged in strictly ascending order. Define an order among 
the brackets as follows: 


(1) [aj,aj,---ay,] ~ [azar -+-az,,] if the former bracket contains more elements in 


{a1, cs Ba fs 
(2) [aj,aj,---ay,] ~ [azar +++ az] if they contain the same number of elements of 
{ai,.--,An}, but lexicographically (a;,,aj,,...,a),) ~ (ay,ain,°°* , au,)- 


By the above ordering, the leading terms of (2.2.4) for different subsets 
{aj,,Aj,,---,a;, } C {a1, a2,...,am} are different, the leading coefficients are iden- 
tical and nonzero, so these syzygies are algebraically independent. By repeatedly 
applying (2.2.4) to replace the leading term with the remaining terms, any bracket 
[aj,aj.-+-a,,] after being multiplied with some power of [aja2---a,], is changed 
into a polynomial of indeterminates 


{[aiae sai an, [ayaa 77 Aj-148j, Aj41 °° An] | 1 < a, k < n}. 
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These indeterminates are algebraically independent. In this way, any syzygy of the 
bracket algebra is reduced to zero by (2.2.4) after being multiplied with some power 


of [ajag--- ap]. L] 
A GP syzygy is an r-termed quadratic bracket polynomial, where r ranges from 


3 ton+1. The following proposition discloses further relations among GP syzygies 
of different terms. 


Proposition 2.16. Any GP syzygy when multiplied by a suitable bracket mono- 
mial, is in the ideal generated by 3-termed GP polynomials (or GP trinomials). 


Proof. Let r be the number of terms of the GP syzygy. When r = 2, the conclu- 
sion is trivial. Assume that the conclusion holds for r. 
Any (r+ 1)-termed GP polynomial g,+1 is of the form 


Gr+1 = S- [C, rA, iB, t 1allCn rB, t 1)]; (2.2.5) 
(,r)FBr41 


where A,_1,B,+41,Cn_, are sequences of the generating vectors, with length r — 
1,r+1,n—,r respectively. Let A,—1 = (A,;—2,a) be a fixed partition of A,—1 of 
shape (r—2,1), and let B,41 = (bi, bz, B,_1) be a fixed partition of B,+1 of shape 
(1,1,r—1). Denote C = C,_,. 


Let 
gr(bi)= > [CAy—-2b1 Br+1y][CBr+icay], 
(,r)FBr41 
gr(b2) =— J) [CA,2b2By41(1)|[CBr+1¢], (2.2.6) 
(Lr)FBr41 = 


g3(x) => [CA,_1b,][CA,_2b2x] = [CA,_1b2|[CA,_2b1x] 
+ [CA,_1x] [(CA,_2b, by]. 
Then g,(b;) and g,(b2) are r-termed GP polynomials, and g3(x) is a 3-termed GP 
polynomial. By induction hypothesis, and the following trivial identity: 
[(CA,_2bib2]9r41 = [CA,+—1b2]9,(b1) + [CA,—1b1]9,(b2) 
+ SY g3(Br+i1y)[CBr+1¢)), (2.2.7) 
(1,r)FBr4i 
gr+1 after being multiplied by some bracket monomials, is generated by GP trino- 
mials. LJ 


Corollary 2.17. Any (r + 1)-termed GP polynomial (2.2.5), when multiplied by 
bracket monomial 
r—2 
[[[Cn-rAiBr—d, (2.2.8) 
i=1 
where A, is the first 2 element of A,_1, and B,_; is the first r—7 elements of B,+1, 
is in the ideal generated by GP trinomials. 
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Proof. When (2.2.5) is multiplied by [C,_,A,—2Bg], it is decomposed into 
two r-termed GP polynomials g,(bi),g,(b2) together with a collection of GP 
trinomials. In g,(b;), the role of (Cy, _,,A;—1,B,41) in (2.2.5) is played by 
(C,-,-bi, Ay—2, B41 — {b1}), so when multiplied by [C,_,A,;—3Bs3], g,(b1) is fur- 
ther decomposed into two (r — 1)-termed GP polynomials together with some GP 
trinomials. The same multiplier also applies to g,(b2). By induction, the conclusion 


is proved. L] 


Below we introduce an important concept called deficit bracket. The number 
of vectors in a bracket equals the dimension of the base vector space. However, in 
the base vector space there are various subspaces, and accordingly there are various 
brackets of different lengths. The concept deficit bracket unifies all such brackets. 

First let us recall how this problem is tackled in linear algebra by homogeneous 
coordinates. Given an rD subspace spanned by vectors A, = a1,€@,...,a,, We 
supplement them with another n — r vectors Un_, = uj, U2,...,U,_, to form a 
basis of V”. Then any vector b in the rD subspace has homogeneous coordinates 


[U,_,A,]b = S- [((Un—rAr)(1)b](Un_-rAr) 2) 
(n—1,1)FU,_,Ar 


S- [Un—rAr(iybl]Ar a), 
(r—1,1)FA, 


(2.2.9) 


where by Corollary 2.13, the coefficients of the vectors u’s on the right side of (2.2.9) 
are zero. So [Un_,-A,] serves as a bracket of the rD bracket algebra. The deficit 
bracket is a universal extension of this construction to the bracket algebras based 
on all kinds of subspaces of VY”. 

Let uj,...,Un—1 be n — 1 generic vectors in V”, called dummy vectors. By 
this we assume that [uju2---up_,aj,---aj;,] 4 O for all the generating vec- 
tors a1,a@2,...,Am of the bracket algebra. Then for any r < n vectors B, = 
bj, b2,...,b, in Y”, their r-deficit bracket is 


[B,] := fur ---u,_B, I. (2.2.10) 


In fact, we have already met with deficit brackets in (2.2.5). Any (r+ 1)-termed 
GP polynomial can be viewed as a GP syzygy in an rD subspace by taking C,_, 
as dummy vectors. 

Because deficit brackets adopt the same notation as regular brackets, later on 
in this book, a bracket or bracket symbol in which the number of vectors is less 
than the dimension of the base vector space, is taken as a deficit bracket only when 
explicitly announced. 


2.3 Covariants, duality and Grassmann-Cayley algebra 


The concept of deficit bracket in the previous section provides the simplest example 
of a classical covariant. Recall that a covariant is obtained from an invariant of 
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vector variables by deleting several vector variables from it, resulting in a scalar- 
valued functional in the deleted variables. A covariant is said to be multilinear if 
the original invariant is linear with respect to every vector variable that is deleted 
later. In this chapter, only multilinear covariants are considered. 

In the simplest case of a 3D bracket algebra, a bracket, say [123], is the 3 x 3 
determinant of the homogeneous coordinates of the three vector variables. If two 
vector variables, say 2,3, are deleted from the bracket, the result is a covariant, and 
is just vector 1. So any vector is a covariant. If only one vector variable, say 3, is 
deleted, the result is a covariant that is linear and anticommutative with respect to 
vector variables 1 and 2. It is denoted by 1/2, or simply by 12 if no other product 
adopts the juxtaposition notation. 

This simple observation leads to the two fundamental concepts outer product and 
Grassmann algebra. To make a formal definition, we need a general characterization 
of an algebra over a base field. 


Definition 2.18. A K-algebra is a vector space V over K together with an associa- 
tive K-linear mapping, called the product and denoted by juxtaposition of elements, 
and a linear mapping 7 : K —> Y called the unit map, such that for any 4 € K and 
x EV, 


i(A)x = xi(A) = Ax. (2.3.1) 


Usually the i-notation is omitted, and (2.3.1) allows the product of 7(\) and x 
to be identified with the scaling of vector x by A. 


Notation. 

The symbol “®” is the standard notation of the tensor product in the tensor 
algebra generated by a linear space. It is the associative product with and only 
with the following multilinear property: 


(AyA1 + 11Bi) ® (Az Ag + L12B2) = yA9A,@® Ag+ [1 A2B, @ Ag 
+A, p2 Ay ®Bot+ [1 2B, ® Bo, Wray b5 EK. 


The tensor algebra generated by V” is the linear space spanned by all the tensor 
product results of vectors of V", denoted by @(V”). 


Definition 2.19. The Grassmann algebra A(V”) is the K-algebra obtained as the 
quotient of the tensor algebra @(V") modulo the two-sided ideal generated by ele- 
ments of the form x ®x for x € V”. The quotient of the tensor product is called the 
outer product, also known as the exterior product, or Grassmann product. K is a 1D 
subspace of the Grassmann algebra, and the unit map is the identity transformation 
in K. 

When A(V") is viewed as a vector space, it is called a Grassmann space. Its 
elements are called multivectors. 
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Notation. 

In this book we always use the juxtaposition to denote the fundamental product 
of an algebra, if there is more than one product in this algebra. The fundamen- 
tal product precedes any other product by default. In the setting of Grassmann 
algebra and Grassmann-Cayley algebra, it is the outer product that is denoted by 
juxtaposition, and precedes all other products by default. In other settings, the 
outer product is denoted by “A”. 

Formally, the Grassmann algebra can be defined from the tensor algebra by 
defining the outer product as the complete antisymmetrization of the tensor product: 


for any vectors a), 42,...,4,, 
1 : 
ay Nag A+++ Aap i= - ee sign(a)ag(1) ® Ag(2) @ ++ @ag(ry, (2.3.2) 
“6 
where the summation runs over all permutations o of 1,2,...,7r. In other words, the 


Grassmann space is the space of all antisymmetric tensors. Informally, a Grassmann 
algebra is generated from a base vector space by the generating relation that the 
product of any vector with itself is zero. 

Grassmann space is finite-dimensional. Since any n+ 1 vectors are linearly 
dependent, by anticommutativity their outer product is always zero. So the Grass- 
mann space is spanned by the outer products of at most n vectors in VY”. 


Definition 2.20. The subspace of A(V”) spanned by the outer products of r-tuples 
of vectors in V” is denoted by A"(V”). Any element of the space is called an r-vector, 
or r-extensor, and r is called the grade (or step) of the element. A multivector is said 
to be homogeneous, if it is an r-vector for some r. If an r-vector can be decomposed 
into the outer product of r vectors, then it is called an r-blade (or decomposable 
r-extensor). All r-blades form a projective variety, called the r-Grassmann variety. 


The Grassmann space A(V”) is the direct sum of its r-vector subspaces. The 
component of a multivector A in the r-vector subspace is called its r-graded part, 
denoted by (A),.. In particular, the base field K is the 0-vector subspace of A(V"), 
and Y” is the 1-vector subspace. 0-vectors are called scalars, 1-vectors are still called 
vectors, and 2-vectors are called bivectors, etc. In the reverse direction, an n-vector 
is called a pseudoscalar, an (n— 1)-vector is called a pseudovector, an (n — 2)-vector 
is called a pseudobivector, etc. The r-grading operator ( ),. returns the r-graded part 
of a multivector. 

Blades have clear geometric meaning. In projective geometry, r points are in 
the same (r — 2)D projective subspace if and only if their outer product is zero. So 
the (r — 1)D projective subspace spanned by r points can be represented by their 
outer product, denoted by A,., in the sense that any point x is in the subspace if 
and only if xA, = 0. We use the same symbol to denote both a blade and the 
subspace it represents. 

A Grassmann subspace of A(V") is a vector subspace of A(V") that is closed 
under the outer product. Any blade generates a Grassmann subspace from the 
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vector subspace it represents. The Grassmann subspace generated by blade A, is 
denoted by A(A,.). 

Let €1,€2,...,@n be a basis of Y". The r-vector subspace A"(V”) is spanned by 
the induced basis 


{e;, ei, ++; | 1 < iy < ig <1... <a < nh, (2.3.3) 
so its dimension is C7). The dimension of A(V”) is 2”. 
For any other n-tuple of vectors a1, a2,...,An, 
ajag-+-ay = det(aij)i,j=1.. n€1€2 °° en, (2.3.4) 
where a; = (aj1,j2,-..,@in)’. So bracket [ajay - --a,] is just the coordinate of 


pseudoscalar a,a2---a,. Denote 
I, = e1e2°-- ep. (2.3.5) 


Then [I,,] = 1. 

The juxtaposition of vectors in a bracket has been taken as the sequence formed 
by the vectors since Definition 2.1. Now as a corollary of (2.3.4), the juxtaposition 
can also be taken as the outer product of the sequence of vectors, and the two 
interpretations agree with each other. The bracket of a multivector refers to the 
bracket of its pseudoscalar part. 

The outer product of an r-vector A, and an s-vector B, is of grade r+ s, and 
equals zero ifr +s > n. It has the following graded antisymmetric (or graded 
anticommutative) property: 


A,B, = (-1)"*B,A,. (2.3.6) 


Let A, A’ denote two Grassmann spaces. Their tensor product A® A’ is the linear 
space spanned by elements of the form A @ A’, where A € A and A’ € A’. Vector 
space A @ A’ is a Z graded space whose grading is the sum of the gradings of A 
and A’. For example, if A, A’ are elements of grade r,r’ in A, A’ respectively, then 
A @ A’ has grade r +r’. 

The graded space A @ A’ becomes a Grassmann algebra if endowed with the 
following outer product: let A,,B, € A and A’,,B‘, € A’, where the grades of the 
elements are r,s,7’, s’ respectively, then 


(A, ® A!,)(B; ®@ Bi) := A,B, ® ALB). (2.3.7) 


A ® A’ equipped with the above outer product is called the tensor product of the 
two Grassmann algebras. 

The tensor product of two Grassmann spaces can be endowed with another kind 
of outer product, called the twisted outer product: 


(A, @ A’,)(B, ® Bi) := (—-1)"°A,B, @ Al, Bi. (2.3.8) 
If we check the sign of permutation of the vector sequence of A,, A’,,B;,B‘, on 


the left side of (2.3.8), to the vector sequence of A,,B,;, A’,,B4, on the right side, 
we see that it is exactly (—1) 


, 
rs 
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The space A @ A’ equipped with the above product is also a Grassmann algebra, 
called the twisted tensor product, or graded tensor product, of the two Grassmann 
algebras, and denoted by A ® A’. The term “twisted” refers to the switch of position 
between A‘, and B, in (2.3.8). 

Similarly, the tensor product of k Grassmann spaces can be given a twisted 
outer product by attaching the sign of permutation to the product. The result is 
the twisted tensor product of the k Grassmann algebras. For example, for vectors 
a’s, b’s and c’s, in the twisted tensor product of three Grassmann algebras, 


(a; ® by @ €1) (ag ® bz @€2)(az ® bg @c3) = —ajagag @ bi bobs @ ci cge3. (2.3.9) 


Notations. 
(1) The symbol “@” is the standard notation of the direct sum of two or more 
linear spaces V,,...,V,, which is defined as the space 


{A1xX1 +... + Xp, |X; E Vir E K}, 


under the assumption that the intersection of any two of the linear subspaces is the 
set composed of the zero vector. 

(2) The symbol “=” denotes that the two sides are algebraically isomorphic to 
each other. So A = B for two algebras A,5 means that there exists an invertible 
linear mapping f : A —> B such that f(ab) = f(a) f(b), for allac Aand be B. 
If A, B are graded, then f is further required to preserve the grade: for any a € A, 
a and f(a) have the same grade. 


Proposition 2.21. The following is an isomorphism of Grassmann algebras: 
AV™ @v") = A(V™) @ AV"). (2.3.10) 


Proof. First, the two sides are isomorphic as Grassmann spaces, i.e., there is 
a linear isomorphism between the two graded spaces that preserves the grading. 
One such isomorphism can be constructed as follows: for any A € A(V™) and 
A’ ce A(V”), 
fA+A)=A@Q141@A’, f(AA')=ABA’. (2.3.11) 
The grade of A ® A’ is the sum of the grades of A and A’. It is easy to verify that 
f is such an isomorphism. 
Second, for any r-blade A, and s-blade B, in A(V™), for any r’-blade A‘, and 
s'-blade B/,, in A(V"), we need to verify that 
f((A, + AY,)(B, + BiY,)) = f(A, + Aj.) f(Bs + BY). (2.3.12) 
On one hand, 


f((Ar + Aj. )(Bs + By) 
= f(A,B, + A,B’, + A.B, + A‘,B’,) 
= A,B, @1+A,®B%, + (-1)"°B, @ Al, +1@ A,B). 
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On the other hand, only under the twisted outer product can (2.3.12) hold: 


f(Ar os A’, )f(Bs = Bi) 
=(A,@1+1@A‘,)(B,@1+1@B%) 
= (A, @1)(B, @1)+ (A, @1)(1@ Bi) + (1@ A’,)(B, @1) 
+ (1@A,,)(1 @ B;) 
= A,B,@1+ A, @Bi,+(-1)"*B, @ Al, +1@ A/_BY. 


O 


The outer product has clear geometric meaning in projective geometry, and is 
a fundamental projective geometric operation. The first geometric interpretation is 
that the outer product of two blades is the extension, i.e., the direct sum of the two 
vector subspaces represented by the two blades. 

In a projective space, let 1,2 be two points. Their outer product represents 
the projective line passing through them. In general, a projective point is a 1D 
direction, and a projective r-space is an (r + 1)D direction. The outer product of 
an rD direction and an sD direction is nonzero as long as they have no common 
1D direction. When it is nonzero, the outer product represents the direct sum of 
the two high-dimensional directions, called their extension. Grassmann originally 
called his algebra “the theory of linear extensions” [68]. 

The second geometric explanation is that the outer product of a blade and any 
other element is the perspective projection of the element with respect to the blade 
representing the perspective center. 


Definition 2.22. Let e,,e2,...,e, be a basis of V”. An rD perspective projection 
in Y” refers to a linear mapping from Y” to itself in the matrix form 


T~‘diag(1,1,...,1,0,0,...,0)T, (2.3.13) 


where T is an invertible matrix representing a coordinate transformation in V”. 
Let B,. be the rD vector subspace spanned by basis vectors €n—,+41,@n—r+2;---+5@n- 
The rD perspective center refers to the preimage of B, under the coordinate trans- 
formation T. 


Let A, be an r-blade. For any vector x € ¥”, the linear mapping 
xr A,x (2.3.14) 
changes x to a vector in the (n — r)D vector space 
A,v" := {Ary|ly € V"}. (2.3.15) 


That (2.3.14) is the rD perspective projection with perspective center A, can be 
easily checked by its action on a fixed basis of V”. In A(V”), mapping (2.3.14) is 
called the outer product operator induced by A,. 
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Ar 
Ary 


Fig. 2.1 Outer product explained as perspective projection. 


The Grassmann algebra generated by vector space A,V” has its outer product 
“Aa,.” induced from that of A(V”) as follows: 


(A,B) Aa, (A,C) :=A,BC, VB,Ce€A(V"). (2.3.16) 
The unit map of this algebra is 
ja, :A€ Ke AA, € A°(A,Y"). (2.3.17) 


We have already met with perspective projection before. In the notation of 
deficit brackets with dummy blade (also called dummy extensor) Un—2, i.e., the 
outer product of n — 2 dummy vectors, any GP trinomial is of the form 


[U,,212][U,-234] — [U,213][U,_224] + [U,—214][U,_223]. (2.3.18) 


It can be viewed as a GP syzygy in the 2D bracket algebra, or the 1D projective 
geometry, obtained from the (n — 2)D perspective projection with center U,_2. 
Corollary 2.17 says that after r — 2 rounds of 1D perspective projections whose 
centers are selected from bj, b2,...,b;—1, any GP syzygy boils down to a collection 
of GP syzygies in 1D projective geometry up to a bracket monomial factor. 

Duality is an important concept in projective geometry. For example, in 3D 
projective space, the dual of a point is a plane, and the dual of a line is a line. 
In the general case, such a duality, called Hodge dual, can be constructed and 
represented in Grassmann algebra as follows. 

First, let the vector sequence E,, = e1,€2,...,@n be a fixed basis of V”. Let 
y"* be the dual vector space of V”. The dual basis of E, in V"* is denoted by 
E,,” = ej,e3,...,e%. Under the natural correspondence between e; and e* for 
1<i<n, vector spaces A"(V”) and A’(V"*) = (A"(V"))* are isomorphic for any 
0<r<vn. Denote this linear isomorphism from A(V") to A(V"*) by J. 

Second, there is a natural isomorphism between A"(V”) and A"~"(V""): any 
A € A"(¥") corresponds to a unique element 7a € A"~"(V™*) = (A"~"(V"))* as 
follows: 

ga: A™-"(V") > K 


B +> [ABI (2.3.19) 
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Definition 2.23. The composition 

a:=J7109: AT(V") — A™T(V"), OS r<n (2.3.20) 
is a linear isomorphism in A(V"), called the Hodge dual operator determined by 
basis E,,. 


Example 2.24. Let there be a partition of E, of shape (r,n — 1). The outer 
product of the vectors in E, (1), denoted by A En 1), is a basis vector of A"(V"). Its 
Hodge dual is 


*(A En(1y) = Eng): (2.3.21) 


In particular, the dual of a pseudoscalar A is its bracket [A], and the dual of a 
scalar \ is AI,, where I, = AE,. 

The Hodge dual operator is a grade-dependent involution: 

eA, =(-1)"-A,, VA, EAT(V"). (2.3.22) 

If A is a blade then so is its dual. This property can be derived as follows. Let 
A be the outer product of a sequence of r vectors. The vectors can be extended to a 
basis of V". By (2.3.21), the dual of A with respect to this basis is an (n —r)-blade. 
When the basis is transformed to E,,, each vector of the (n — r)-blade undergoes a 
linear transformation, and their outer product remains a blade. 


Definition 2.25. [Definition of meet product by duality] The meet product in a 
Grassmann space is the unique associative product dual to the outer product: 


*(A VB) := (*A)(#B), VA,B€A(V"). (2.3.23) 


The meet product of an r-vector A, and an s-vector B, is of grade r+ s—n, 
and equals zero if r+s <n. It has the following cograded antisymmetric (also called 
cograded anticommutative) property: 

A, VB, = (-1)--) B, Vv Ap. (2.3.24) 

Below we look for explicit expressions of the meet product. 

Let A, be an r-blade. Then in vector space A’(V"), A, and the C7 induced 
basis vectors {e;,e;,°°-e;, |1 <i < ig < ... < i, < n} satisfy the following 
Cramer’s rule: 

Ar=  S2 [Enq Arl(AEnq): (2.3.25) 
(n—-r,r)FEn 
Assume that (E;,(;),E/,(2)) is a fixed partition of E, of shape (s,n — s). If Bs = 
AE) 1); then by (2.3.21), 
(*A,)(*Bs) = S- [En (1) Ar] (* A Ey, (2))(* A E,,(1)) 
(n—-r,r)FEn 
= Ss (-1)" "Bay Arl(A En (1) En (2) 
(n—r,r)FEn 
S- [ArE}, (1y}(A En 1)En(2)- 


(n—r,r+s—n)FE’, a) 
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AYR. = (arr *« {(xA,)(*B,)} 


= (Heese eke aS Are ninlAE aay) 
(n-r,r+s—n)FEF, (4) 
[ABs (2)|Bsv1)- 
(r+s—n,n—r)FBs 


(2.3.26) 


An s-blade has infinitely many ways to be represented as the outer product of 
s vectors. Nevertheless, we claim that the result of (2.3.26) is independent of the 
choice of the sequence of s vectors representing blade B;. We need the following 
lemma to prove this. 


Lemma 2.26. For any integer t > 0, define a linear mapping Af : A(V") — 


A(Vv") @ A(V") as follows: for any sequence of vectors A, = aj1,...,ar, 
0, if r<t, 
AMA Ar) = S> (AAray) @(AAr(a), if 7 >t. (2.3.27) 
(t,r—t)FA, 


Then A? is well defined. 


Proof. We need to prove that if \B, = AA, for another sequence of vectors B,, 
then A}(AB,.) = AD(AA,). Only the case r > t > 0 needs to be considered. 
First, we have a well-defined linear mapping AP : @(V") — @(V"), which is 
defined for any tensor ®A, = a, ® a2 ®--:®a,, by 
0, if r<t; 
A®(QA,) := S> (@Aray) @(@Ar(a), if r Bt. (2.3.28) 
(t,r—t)FA,. 
Second, let S(r) be the permutation group of r integers 1,2,...,r. According 
o (2.3.2), by denoting Ag(p) = Ag(1);Ag(2))+++ g(r) for any permutation o € S(r), 


AP (A Ar) 
1 
= rl > sign(a)A; (@A,(r)) 
oES(r) 
1 . 
~L > sign(c) » (@ Aa(r) ay) 2(2 Aa(r) (2) 
cE S(r) (t,r—t)FA,(,) 
(r —t)! 
= —— > fe ye ‘cid \(@A, Gees) de & {Goi = sign(7 @Ax(r2y))} 
(t,r—t ra,” fees tM eS (r—t) 
= =a AM(AA,). 
Thus, A/ is a well-defined linear mapping induced from A®. L 
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Corollary 2.27. The two linear operators Aj‘ and A® defined above, when 
restricted to subspace A"(V"), satisfy 


A® = AN. (2.3.29) 


A tensor is said to be decomposable, if it can be written as the tensor prod- 
uct of vectors. By Lemma 2.26 and Corollary 2.27, for decomposable tensors and 
extensors, their partitions are well defined. 


Definition 2.28. Let A, =a, ® a2 ®---@®a, be a decomposable tensor of length 
r, and let Aj. = ajaj---a, be a decomposable extensor of length s. A partition of 
A, (or A’) of shape X, refers to a sequence of decomposable tensors (or extensors), 
which are obtained by first partitioning the sequence of vectors a’s into subsequences 
of shape A, then changing each subsequence of vectors by the tensor product (or 
outer product) into a decomposable tensor (or extensor). 


For a partition of shape (0,1) of decomposable tensor or extensor A.,, it is always 
assumed that Ar(1) =land A+(2) = Ay: 


Corollary 2.29. Let f: A(V”) x A(V") — £ be a bilinear mapping from A(V") 
to a vector space £. Then for any r-blade A,, any O<t<r, 


foA}(Ar) = S- f (Arca); Ary) (2.3.30) 
(t,r—t)FA, 


is independent of the decomposition of A,. into any outer product of r vectors. 


By Corollary 2.29, the bipartition of blade B, in the result of (2.3.26) is mean- 
ingful. Furthermore, since brackets are invariants, (2.3.26) holds not only for 
B,; = A\E,,(1), but for arbitrary s-blade in A(V"”). 

That the result of (2.3.26) is independent of the basis E,, is an extremely impor- 
tant property, but nowhere explicit in Definition 2.25. A coordinate-free definition 
of the meet product based on (2.3.26) is necessary. 


Definition 2.30. [Definition of meet product by brackets] The meet product in a 
Grassmann algebra is the linear extension of the following product: for any r-blade 
A, and s-blade B,, 


A, VB, := S> [A Be@]Bsi1)- (2.3.31) 
(r+s—n,n—r)FBs 
(2.3.31) is called a shuffle formula. The right side is called the Cayley expansion 
of the left side by distributing (or partitioning, or separating) Bs. 


The meet product has another shuffle formula by partitioning A,-: 


A, VB, = S> [ArayBs] Arq: (2.3.32) 
(n—s,r+s—n)FA, 
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That (2.3.31) and (2.3.32) are equal is equivalent to the associativity of the meet 
product. It is also equivalent to the cograded antisymmetry (2.3.24) of the meet 
product. 

By induction, (2.3.32) can be extended from two blades to any ¢ + 1 blades: 
let the grades of blades B,, Bz2,..., By be bj, bo,..., by respectively, then the meet 
product of A, and these blades is 


A,VBiVB2V-VBp= > [ArqayBil[Ar() Bal --- [Ary BeAr (ey): 


(n—by,..., n—be, 
r—nt+>> ar bi )FA, 


2.3. 
In terms of meet products, the GP relation (2.1.25) is the Cayley ee 
Bnii VCn-1 =0, (2.3.34) 
and the VW relation (2.1.23) is the Cayley expansion of 
As V Bnai V Cn—s-1 = 0. (2.3.35) 


Both equalities are trivial, as any (n + 1)-vector is zero. 


Definition 2.31. A Grassmann space equipped with the outer product and the 
meet product is called a Grassmann-Cayley algebra (GC algebra), also called a 
Cayley algebra. Any monomial in this algebra containing at least one meet prod- 
uct (or no meet product) is called a Cayley expression (or Grassmann expression), 
also called a Cayley monomial (or Grassmann monomial). A Cayley polynomial (or 
Grassmann polynomial) is the sum of finitely many Cayley monomials (or Grass- 
mann monomials). 


A Grassmann monomial is an outer product of vectors. A blade becomes a 
Grassmann monomial only after it is decomposed into an outer product of vectors. 

While the outer product represents the extension of two subspaces in projective 
geometry, the meet product represents their intersection. This can be seen clearly 
from both the duality relation (2.3.23), and the explicit expression (2.3.31) of the 
meet product. Let E, be a basis of V”. Let A,,B, be Grassmann monomials 
composed of basis vector sequences A’, B’, respectively, and let the complement of 
sequence A’ in E,, be C/,_,.. By (2.3.31), if the vectors in A’, B{ span the whole 
space V”, then by denoting with B4\C',_,. the subsequence of B’, after removal of 
all vectors that also belong to C/ 


n—r> We get 
A, VB, =[ALC!_,] (A(Bi\C)_,.)) = A(BLN AL). (2.3.36) 


GC algebra provides invariant descriptions of projective geometric statements 
through its two products. In 2D projective geometry, three lines 12, 1/2’, 1/2” 
concur, i.e., they meet at the same point, if and only if their meet product equals 
zero: 


12V 1'2’v1"2”" =0. (2.3.37) 


FreeEngineeringBooksPdf.com 


48 Invariant Algebras and Geometric Reasoning 


In 3D projective geometry, four planes 123, 1'2’3’, 1”2”3" ,1/”2'"3"" are copunctual, 
i.e., they meet at the same point, if and only if their meet product equals zero: 


123'y 1'2’3' V 1"2"3" y1"2""3"" =0. (2.3.38) 


In (2.1.7), we have shown that brackets provide a natural expression of the ho- 
mogeneous coordinates of a point by means of the Cramer’s rule of the point and n 
basis points. Likewise, scalar-valued meet products provide natural representations 
for the homogeneous coordinates of higher dimensional geometric objects. For ex- 
ample, in 2D projective geometry, let 12, 1/2’, 12”, 1/”2"” be four lines, then their 
Cramer’s rule is 

(12 V 1/2’ V 172")1"2"" _ (12 V 1/2’ V V2" )\1"2" 
+(12 V 12" V 1/2") 12! _ (1/2 V 1”"2" V 1/2"")12 — 0, 
where the coefficient of each bivector is the meet product of three lines. 

Applications of GC algebra in projective geometry are the main contents of 
Chapters 3 and 4. As a final remark of this section, in classical invariant theory 
[69], the meet product is usually denoted by “A” to indicate its similarity with 
the intersection operator “M” in set theory. We feel that we should reserve the 
wedge symbol to the outer product in the setting of Clifford algebra, where the 
outer product is no longer the fundamental product and no longer represented by 
juxtaposition. Throughout this book, the meet product is always denoted by “V”. 


(2.3.39) 


2.4 Grassmann coalgebra 


We have seen that the outer product and the meet product represent respectively 
the extension and intersection of vector subspaces in VY”. Unfortunately, the repre- 
sentations are correct only in some cases. As exceptions, 


e if two subspaces have nonzero intersection, then their outer product is always 
zero, and cannot represent their extension; 

e if the sum of their dimensions is less than n, two subspaces may still have 
nonzero intersection, but their meet product is always zero. 


In this section, we present the third definition of the meet product, by which the 
above exceptions are both covered. The definition is based on Grassmann coalgebra. 
Below we first introduce the concept of coalgebra over a base field. 


Definition 2.32. A K-coalgebra is a vector space V over K, together with a K-linear 
mapping A: YV —> V @x V called the coproduct, and a linear mapping « : V —> K 
called the counit map, such that for any x € Y, 

(ly @ A)(Ax) = (A @ Iy)(Ax), 

(Ty @ (Ax) =(e@Iy)(Ax) =x, 
where J, denotes the identity transformation in V. The first equality in (2.4.1) is 
called the coassociative law. 


(2.4.1) 
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Because of the coassociativity, we can write A? = (fy @ A) o A, and in the 
general case, A” = (hy @A)o A™"!. We write A° = Ty. The coproduct precedes the 
tensor product by default. 


Example 2.33. Let the vector space be @(V"). For vectors aj,a2,...,a, € V”, 
define the tensor coproduct A® by 


A® (a, @ a2 @++:@a,) := SAP (ai @ ag @®--:@a,), (2.4.2) 
t=0 


where the t-th part A® of the tensor coproduct is already defined in (2.3.28). 


e When r = 0, we always set 


a1 @ a2 @--- @a, |pao = 1. (2.4.3) 
Then A®(1) =1@1. 
e When vr = 1, 
A®(a,) =1x ay +a, @1. (2.4.4) 
e When r = 2, 


A® (a; @ a2) = 1@ (a1 @ ag) +a; @ag—ag@ajt+(aj@a2)@l. (2.4.5) 


If the counit map is defined by 


0, if r4#0, 


pa (2.4.6) 


(a 892 8---@a,) = 8 =| 


then the tensor space ®(V") equipped with the tensor coproduct and the above 
counit map, becomes a coalgebra called the tensor coalgebra over V”. 


Notation. Let A be a sequence of elements. In 


> f(Ag, A@,-Ag); (2.4.7) 
FA 


the summation is over all shapes of partitions of A into k non-overlapping subse- 
quences. 


Definition 2.34. The outer coproduct in Grassmann space A(V”) is the linear 
extension of the mapping A’* : A(V") —> A(V") @ A(V"), which is defined for any 
r-blade A, € A(V"), b 


= 2 Arty @ Arey = a) DS aoet, (2.4.8) 


i=0 (i,r—i)FA, 


The Grassmann coalgebra over V" is the Grassmann space A(V”) equipped with 
the outer coproduct and the counit mapping ( )o: At (A)o for A € A(V”). 
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The outer coproduct can be decomposed into n+1 parts: A* = 7.) Af, where 
the i-th part 
ADA, = > Ara) @ Ary (2.4.9) 
(i,r—t)FA, 
is already defined in (2.3.27). 

To understand the algebraic meaning of the outer coproduct, consider the sim- 
plest case r = 2: 

A‘ (aja2) = 1@ ajag +a; @ ag — ap @a, t+ ajar @1. (2.4.10) 
Among the four terms on the right side, the outer product of any pair of blades in 
the same term equals the preimage a,az under A’. The four terms include all the 
ordered pairs of blades composed of vectors in {a;,a2} such that the outer product 
of each pair of blades equals the input aja. 

For a general grade r, the above observation is still correct. The outer coproduct 
of blade A,. = aja2---a, is inverse to the outer product of the r vectors a’s, in the 
sense that it outputs all the ordered pairs of blades composed of the a’s such that 
the outer product of each pair of blades equals A,. Linear operator A/ returns the 
pair of blades with grade (i,r — 7). What is highly remarkable is that when every 
such pair of blades is multiplied by the tensor product, their sum is independent of 
the decomposition of the input r-blade into any outer product of r vectors. 

Outer coproduct should not be a strange thing to any one who knows of Laplace 
expansions of determinants. For an n x n determinant det(ajag...an), where a; = 


(a1;,@2;,.--,@ni)? is the i-th column vector, its r x r subdeterminant formed by 
columns 71, 72,...,2, and rows ji, j2,---,Jr, can be denoted by 
(aj, ai, ++ Bj, \j1Ja os oop) = det (aj, i, )kt=1..r- (2.4.11) 


This is the letter-place notation of subdeterminants (or minors), also called the 
Laplace pairing [69] between the places j; and the letters a;. 
In the letter-place notation, for A, = ajag---an, 


[A,,] = det(ajag...a,) = (arag...a,|12...n) = (A,|12...7). (2.4.12) 
The Laplace expansion of [A,,] by its first row is 
So (-1)* Marj (arae...dj--.an|2...n)= > (Anyll) (An@l2-.-n). 
j=l (1,n-1)FA, 


In general, for a fixed bipartition (W,W’) of 1,2,...,n of shape (r,n — 1), the 
Laplace expansion of [A,,] by its rows W is the following pairing involving the outer 
coproduct of A,: 

D2 (Angy|W)(An@ |W’) = (ANAn|W @ W’). (2.4.13) 
(r,n-r)FAn 
Proposition 2.35. The tensor coproduct and the outer coproduct are respectively 
homomorphisms of the following tensor algebras and Grassmann algebras: 
A® : @(V") — @(V") © @(V"), 


A: A(V") — ACV") & AV"). ee 
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Proof. We only prove the statement for the outer coproduct. Let A,,B, be 
blades in A(V”). Then 


A‘(A,Bs) = > (ArBs)qy @ (ArBs)(2) 
FA,B; 
= 0 (Arq) @Ar@))(Bsa) ®@ Bs) 
FA,,FBs 
= A’ (A,)A‘’(Bs). 


O 


Definition 2.36. [Definition of meet product by outer coproduct] The meet product 
in Grassmann space A(V") is the linear extension of the following product, which 
is defined for any r-blade A, and s-blade B, by 


A,V Bs = (awry @ a, WAP re He): (2.4.15) 
Here I, yn) is the identity transformation in A(V"), and ja, is defined by (2.3.19). 


This definition provides a clear geometric interpretation of the outer coproduct: 
for any B € A(V”), A*B is the linear transformation in A(V") mapping any A € 
A(V") to AV B. Similarly, AB is the linear functional 


(Ai, Ag,..., An) ArVAeV---VALVB (2.4.16) 


for any A’s and B in A(V"). From this aspect, the outer coproduct and the meet 
product are equivalent. 

By (2.4.15), the meet product of A, and B, being zero for r+s < nis caused by 
the operator ja,. If we replace this operator with the outer product operator A,A, 


we can allow the whole A“ instead of only the part Aj, ,_,, to occur in (2.4.15). 


Definition 2.37. The total meet product of two multivectors in A(V”) is a linear 
isomorphism in Grassmann algebra A(V") ®@ A(V"), defined for any r-blade A, and 
s-blade B, by 


A, VB, = (1@A,)(A*B,)= So S> Bsa) @ArBsiz). (2.4.17) 
i=r+s—n (i,s—i)FBs 


Definition 2.38. In the tensor algebra @(A(V")), or @(A(V")) if the tensor prod- 
uct is twisted, the lexicographic order among the grades of the tensors is de- 
fined as follows: for r;-blades A,; and sj-blades B,,, A;, ®@ Ay, @-::@ Ay, < 
B;, ® Bs, ®---@B,, if one of the following conditions is satisfied: 


eu<v,andr;=s; forl<i<u. 
e For some 1 <t <u, 7; = 8; for all i < t, but Ty < 54. 
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If (r1,72,---,Tu) is the lowest grade of a tensor A in @(A(V")) or @(A(V")), 
the lexicographically lowest part of the tensor, denoted by (A) min, refers to the sum 
of all the (11, r2,...,17u)-graded terms in the tensor. 


Clearly, if the meet product (2.4.15) of A,,B, is nonzero, then it corresponds 
to the lexicographically lowest part of their total meet product (2.4.17). 


Example 2.39. Let there be a fixed basis in V”. If A,,B, are both outer products 
of some of the basis vectors, let A, = J;A’, B, = J;B’, where A’, B’, J; are outer 
products of some non overlapping subsequences of basis vectors. Then the extension 
of vector subspaces A,, B, is J;A’B’, and their intersection is J;. By (2.4.17), 


=S> SO IB) @ IAB’ Q. (2.4.18) 


i=0 (i,s—t—i)FB’ 
The intersection and extension are both in the lexicographically lowest part of 
(2.4.18): J; ® J, A’'B’. 


Definition 2.40. For any r-blade A, and s-blade B,, let (A; VBs)min be the 
lexicographically lowest part of A,VB,. The intersection product of A,,Bg is 
defined by 


A, UB, := (Taq) 34) [ })((Ay V Bs) min); (2.4.19) 
their extension product is defined by 
A, B, = (| | ® Tywyn)) (Ar V Bs) min)- (2.4.20) 


Lemma 2.41. If A is a blade in A(V"), so is (Ia(yn)®[ ])(AP(A)) for any 0 <i <n, 
where the symbol “[ ]” denotes the deficit bracket operator in A(V”). 


Proof. Let blade A be of grade r. Let U be the dummy blade of grade i+n-—r. 
Then 
(Ian) @ gu (AN(A)) = S> Aw[UAg]=UVA 
(i,r-i)FA 


is a blade, as *(U V A) = (*U)(*A) is. L] 


Corollary 2.42. For any r-blade A,. and s-blade B,, the intersection and extension 
of vector subspaces A,,B, are represented by the intersection product and the 
extension product of the two blades respectively. 


Example 2.43. Let 12, 1/2’ be two coplanar lines in nD projective geometry. Then 
121'2’ = 0, and 


12V 1/2’ = 1' @122’ — 2’2121'4 1/2’ @12. (2.4.21) 
The result has grades (1,3) and (2,2). If the (1,3)-graded part is nonzero, then 
1211/2’ = 1'[122"] — 2'[121’] (2.4.22) 
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is the meet product in 2D projective geometry. If the (1,3)-graded part is zero, 
then the lexicographically lowest part is 


121 1'2' = 1'2’[12), 
and the two lines are identical. 


Consider the terms of grade (i,r + s — 7) in the total meet product (2.4.17). By 
Lemma 2.41, 


X= SY) BeaylArBsa] = Uitn-r-sAr VBs, 
(i,s—i)FBs 
Yrtsi= > [BswlArBsay = (-1)"-9 A, (Bs V Un-1) 
(i,s—i)FBs 


are both blades. X, represents the 7D intersection of space B, with a generic 
(i+n-—s)D space containing A,. as a subspace. Y,+4,—; represents the (r +s —17)D 
space spanned by subspace A, and a generic subspace of codimension 7 in space 
Bs. 

The meet product of more than two blades has been considered in (2.3.33). 
Likewise, the total meet product, the intersection product and the extension product 
can also be extended to more than two blades. 


Notation. 
The tensor product of 7 identical algebraic elements A, called the tensor power 
of A to the z-th, is denoted by 


A®' :=A@A®::-@A. (2.4.23) 
—_S ee 
For example, [ }®* =[]®---@[ ], and 1% =1@---@1. 
Ss 


i a 
Definition 2.44. For any A, Ag,..., As, € A(V”), their total meet product is 


Ss 


Ai VA2V ++: VAs = [ [26-9 @AXYA,) € @*(A(V")). (2.4.24) 
i=1 
Here “[]” denotes the outer product in @*(A(V”)) = A(V") @--- @ A(V”). 
a 


Let (A; VAgV-+-VAs)min be the lexicographically lowest part of the total 
meet product. The intersection product of A;,A2,...,A, is defined by 


A, UAgU-:-UAg := (Laan @[ JPY )((A1 VAoV ++» VAg)min); (2.4.25) 
their extension product is defined by 


Ai MN Ag: MA. := ([ J®@°~) @ Iam) ((A1 VAoV +++ VAs)min). (2.4.26) 
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Example 2.45. Let there be a fixed basis in V”. If A,B,C are blades of grade 
r, s,t respectively, let 
A = JaspcJapdacA’, 
B = JascJasJpcB’, (2.4.27) 
C =JascJacIacC, 
where A’, B’,C’, Jaz,Jac,Jec,Japc are outer products of some non-overlapping 
sequences of basis vectors. Then 
AVBVC 
(19? @ A)(1 @ A*B)(A”“C) 
dD. Ca) ®@BayCg) ® ABa)Ce) 
+B,FC 


= yD JapoI ac) (SaoC’) 1) ® IasoI aB(IBcB’) (1) JI ac()(IsoC’) (2) 
Pe ne Pe a 


I 


®JascJabJacA'(JscB’) (2) (IacC’)(3). 
Its lexicographically lowest part is 
sign(J Bc(2), Jec(1))J asc ® JascJ ABI Bc (2)SacI cs) 
®JapcIJapJacA’Sac(1yB'Iaci2yC’ (2.4.28) 


+J apc ® JascJasJacIJac ® JascJ ass acJpcA'B'C’. 


The three components of the decomposable tensor in the result of (2.4.28) repre- 
sent the subspace shared by at least three spaces (the intersection of spaces A, B,C), 
the subspace shared by at least two of the three spaces, and the subspace shared by 
at least one of the three spaces (the extension), respectively. They can be obtained 
from (AV BV C) min by applying the following operators respectively: 


Khon @[]@l] []@®hay@l], [191 18 tran. 


In Section 2.3, we have seen that the outer product operator “C; A” induced by 
t-blade C; is a perspective projection, and induces a homomorphism from the Grass- 
mann algebra A(V”) to the Grassmann algebra A(C;V”). Below we investigate the 
influence of this map upon the meet products in the two algebras. 

Let A,., B,, C; be blades of grade r, s, t respectively, such that max(r, s) << n—-t < 
r+s. Then 


CA, V C,B, = S7 [G:ArBsiayICrBs1) = S> [CrArayBs]CrAr(a)- 
(r+s+t—n,n—r—t)FBs (n—s—t,r+s+t—n)FA, 
(2.4.29) 


Definition 2.46. The reduced meet product of r-blade A, and s-blade B,, with 
t-blade C; as the base, is 


A, Vo, Bs = S> [CrA+Bs(2)/Bsq1) (2.4.30) 
(r+s+t—n,n—r—t)FBs 
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If C, = U; is the dummy t-blade, then (2.4.30) is called the t-deficit meet product 
of A, and B,, denoted by A, V; Bs. 

The reduced meet product of blades A,,, A;,,...,Ar, with base Cz, and similarly 
their t-deficit meet product if C;, is the dummy t-blade, is defined by 


Ar, Voi Ar, Vo. Vey Ar, = Ar, Voz (Ar, Voz (- a (Ary Vor Ar,) oor )). (2.4.31) 


Proposition 2.47. Mod-C; cograded anticommutativity: 
C,(A, Vo, Bs) = (—1)™ 9-9), (B, Vo, Ar): (2.4.32) 
Mod-C; associativity: 
Ci(Ar, Vo, (Are Vo, Ars)) = Cr((Ar: Vo, Ar2) Vo, Ars): (2.4.33) 
Proposition 2.48. [Collection symmetry] Let U,A,B,C be blades of grade 


u, a, b,c respectively, such that a+ b+ c = 2(n—u). Then for any bipartition 
(U1), Ucay) of shape (u1, ug) of U, 


UA V UB V Ug = (-1) 2 tet +42) UA Vv UB VC. (2.4.34) 


The result can be further strengthened as follows: (2.4.34) holds for any u-vector 
U such that one of U1), Ug) is a blade factor of U. 


Proof. The expansions of both sides by partitioning UA equal 
[UA (1) BJUA QC (2.4.35) 


up to sign. In expanding the left side, blade UA is split into U(q)U (2) A(q)Ava), 
and then U2) A(1) is distributed to U(;)B. The sign of the result differs from that 
of (2.4.35) by (—1)%?"?, where ag = a — (n — uy; — Ug — 6) is the grade of Aa). 
Similarly, in expanding the right side of (2.4.34), blade UA is split into 
UA(1)Ava), and then A(1) is distributed to UB. The sign of the result is iden- 


tical to that of (2.4.35). L] 


Corollary 2.49. [Commutation symmetry] With notations as above, 
UA V UBV C = (-1)*™+4+4+4) UA V BV UC. (2.4.36) 


Proposition 2.50. [Separation symmetry] Let U, A,B, A’,B’ be blades of grade 
u,a,b,a’,b’ respectively, such that a+b+u=nanda+b=a'+0’. Then 


UA V UBV A’B’ = (-1)"" UA’ V AB V UB’. (2.4.37) 


Proof. Expanding UAV UBV A’B’ by distributing UA, we get [UAB]JUA’B’. 
Expanding UA’ V AB V UB’ by distributing UA’, we get (—1)"* [UABJUA’B’. 
L 
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2.5 Cayley expansion 


Given a Cayley expression generated by vectors, its Cayley expansion refers to the 
procedure of eliminating all the meet products from it, so that the result contains 
only brackets and outer products of vectors. Cayley expansion is the procedure of 
changing multiplication to addition. Since multiplication preserves geometric mean- 
ing while addition breaks it up, Cayley expansion is a procedure of “algebraization” . 
It is an indispensable step in making geometric deduction from geometric construc- 
tions using GC algebra and bracket algebra. 

Despite its importance, Cayley expansion is one of the least studied topics in 
GC algebra. The first systematic investigation of this topic was made in [117], 
where the Cayley expansion theory on the complete classification of all the factored 
and binomial expansions of layer-one Cayley expressions in 2D and 3D projective 
geometries was established. 

In this section, we first investigate basic Cayley expansions, then introduce the 
classification of basic Cayley expansions of layer-one Cayley expressions, and finally 
discuss general Cayley expansions. 


2.5.1 Basic Cayley expansions 


Definition 2.51. The Cayley space over VY” is the linear space spanned by the 
meet product results of pseudovectors in A(V”). The Cayley space is still denoted 
by A(V”). An r-coblade in the Cayley space refers to the meet product of r pseu- 
dovectors. Any r-coblade is an (n — r)-blade, and still denoted by A,_,. 


Notation. 

The symbol “Fy” denotes a partition of a coblade into a sequence of coblades, 
by first partitioning the sequence of pseudovectors of the coblade, then changing 
each subsequence of pseudovectors into a coblade by the meet product. 


Definition 2.52. The meet coproduct in Cayley space A(V”) is the linear extension 
of the mapping AY : A(V") —> A(V”) @ A(V"), which is defined for any r-coblade 
A,_-, € A(V") by partitioning A,,_, as the meet product of r pseudovectors: 


Vv wee — 
AY An = D7 Anray@Anray = 2) Dd) Ana) @Anrey: 
Fy An—r i=0 (i,r—i)FkvAn-—r 


(2.5.1) 


Definition 2.53. The Grassmann-Cayley coalgebra over V” is the Grassmann space 
A(V”) equipped with the outer coproduct, the meet coproduct, the counit mapping 
( )o of the outer coproduct, and the counit mapping ( ),, of the meet coproduct: 


()n: At (A)n, VA AV"). (2.5.2) 


FreeEngineeringBooksPdf.com 


Projective Space, Bracket Algebra and Grassmann-Cayley Algebra 57 


Corresponding to the shuffle formulas (2.3.31) and (2.3.32) for the outer co- 
product, there are the following shuffle formulas for the meet coproduct: for any 
r-coblade A,,_, and s-coblade B,_, in the Cayley space, 


An—rBn-s = YBa Bana) Bigs: (2.5.3) 
(r+s—n,n—-r)FvBn_s 


and 


An-rBn-s = Bae V Baa) Anny (2.5.4) 
(n—s,r+s—n)FyAn—r 


The right sides of the above two formulas are still called the Cayley expansions 
of the left sides. To distinguish between the two kinds of Cayley expansions, the 
expansions based on partitioning vector sequences are called outer coproduct expan- 
sions, or meet product expansion; the expansions based on partitioning pseudovector 
sequences are called meet coproduct expansions, or outer product expansion. Cayley 
expansions are realized by changing meet products and their outer products into 
outer coproducts and meet coproducts respectively. 


Definition 2.54. Given a Cayley expression, its basic Cayley expansion is the pro- 
cedure of changing the expression into an equal expression involving only brackets 
and outer products of vectors, by using the four shuffle formulas (2.3.31), (2.3.32), 
(2.5.3) and (2.5.4) 


Besides basic Cayley expansions, there are also other Cayley expansions, e.g., 
(2.5.33) and (2.5.38) to be introduced in Subsection 2.5.3. However, general Cayley 
expansions produce more terms than the basic ones. They do not appear to be 
useful in practice. With the basic Cayley expansions at hand, we are ready to prove 
some simple projective geometric theorems. 


Example 2.55. [Fano’s axiom] In the projective plane, a complete quadrilateral is 
composed of four points called vertices, no three of which are collinear, together 
with the six line segments connecting each pair of vertex, called sides. There are 
three pairs of sides that do not meet any vertex. Their intersections are the three 
diagonal points. 

Fano’s axiom says that there is no complete quadrilateral whose diagonal points 
are collinear. 


Fig. 2.2 Fano’s axiom. 
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The configuration (Figure 2.2) of Fano’s axiom can be constructed as follows: 
Free points (vertices): 1,2,3,4, satisfying [123], [124], [134], [234] 4 0. 
Intersections (diagonal points): 
5=12034, 6=13N24, 7=14N 23. 
Conclusion: [567] # 0. 
Proof. The three intersections have Cayley expressions 
5=12V34, 6=13V24, 7=14V 23. 
Substituting them into bracket [567], we get 
[567] = [(12 v 34)(13 v 24)(14 v 23)]. (2.5.5) 


We need to prove that after expanding the meet products, the result is always not 
equal to zero. 
In (2.5.5), the first meet product has two different expansions: 


12 V 34 = [134]2 — [234]1 = [124]3 — [123]4. 

Substituting any of them, say the first one, into (2.5.5), we get 
[567] = [134][2(13 Vv 24)(14 v 23)] — [234][1(13 v 24)(14V 23)|. (2.5.6) 
The first term in (2.5.6) has two meet products to be expanded. If we expand 

13 V 24 by separating 2, 4, i.e., 

13 V 24 = [134]2 + [123]4, (2.5.7) 
and substituting the result into [2(13 V 24)(14 V 23)], then vector 2 on the right 
side of (2.5.7) is canceled by the same vector 2 in [2(13 V 24)(14V 23)]. The result 


after the expansion remains a Cayley monomial. On the contrary, if we use the 
other expansion 


13 V 24 = [124]3 + [234]1, 


and substitute it into [2(13 V 24)(14 V 23)], the result is a Cayley binomial. The 
monomial result is obviously better for later manipulations. 

For the same reason, in the second term of (2.5.6), the first meet product 13V24 
should be expanded by separating 1,3. This is the simplest case of bracket-oriented 
expansion for factored and shortest result. 

After making the expansions of 13 V 24 in both terms of (2.5.6), we get 


[567] = [134][123][24(14 v 23)] — [234][124][13(14 v 23)}. (2.5.8) 


The meet product 14 V 23 can be expanded by splitting either 1,4 or 2,3, and the 
results are identical. 


[24(14 v 23)] = —[234][124], 
[13(14 V 23)] = [123] [134]. 
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After all the expansions, we get 
[(12 v 34)(13 V 24)(14 v 23)] = —2 [123][124][134][234]. (2.5.9) 


The right side is nonzero by the given hypotheses. L] 


This example discloses that Cayley expansions have strong combinatorial nature. 
If a Cayley expression contains two meet products, then if one meet product gen- 
erates k terms by expansion, the other meet product can have different expansions 
in each of the k terms produced by the first expansion. 

Since Cayley expansion is the procedure of changing multiplication to addition, 
it inevitably leads to the growth of the expression size. For the purpose of simpli- 
fying algebraic manipulations, a Cayley expansion leading to a monomial result is 
the most desired. If such a result is unavailable, then a result containing bracket 
monomial factors, called factored result, is preferred. If no factored result is avail- 
able, then a Cayley expansion generating the least number of terms among all the 
expansions of the expression is optimal. 

The classification of all the Cayley expansions of a Cayley expression is pur- 
posed to provide all the available optimal Cayley expansions. By making optimal 
Cayley expansions, the size growth induced by Cayley expansions can be effectively 
controlled. In classifying Cayley expansions, we do not consider general Cayley ex- 
pansions (2.5.33) and (2.5.38), because they usually generate a lot more terms than 
basic Cayley expansions. The Cayley expansion theory, which is on the classifica- 
tion of all optimal Cayley expansions, is key to simplifying symbolic computations 
involving meet products. 


2.5.2 Cayley expansion theory 


Cayley expansions can be divided into two categories according to the algebraic con- 
straints among the constituent vectors of the Cayley expression to be expanded. If 
all the distinct vectors in the expression are independent generic vectors, then every 
Cayley expansion of the expression is said to be generic. If there are linear con- 
straints among distinct vectors in the expression, e.g., collinearity and coplanarity 
constraints, then every Cayley expansion of the expression is said to be semifree. 

The difference in classifying generic expansions and semifree expansions is solely 
caused by the rewriting rules of the bracket operator. They are the rules that 
are automatically applied to all brackets in a computer program implementation of 
bracket algebra. In Cayley expansion theory, it is assumed that only the following 
two rewriting rules are applied: 


Rule of antisymmetry. The antisymmetry within a bracket, which is composed 
of the two syzygies B1, B2 in Definition 2.11, is automatically applied whenever 
a bracket occurs. This means that if the input is [112], then it is automatically 
identified as 0, and if the input is [213], then it is automatically replaced by 
=i 23), 
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Rule of evaluation. The evaluations of specific brackets demanded by linear con- 
straints, are automatically applied whenever the specific brackets occur. In 2D 
and 3D projective geometries, the specific brackets are 

e if points 1,2,...,r are collinear, then for any 1 < i,j,k <r, [ijk] = 0, and 
for any point x in the projective space, [ijkx] = 0; 
e if the points are coplanar in space, then for any 1 < i,j,k,l <r, [ijkl] = 0. 


There are two rules that are not applied to brackets automatically. The mul- 
tilinearity property of the bracket operator can be used in both directions, either 
for expanding a bracket, or for factorizing a bracket polynomial. A GP syzygy has 
at least three terms, and can be used to replace any term with negative the rest 
terms. The ambiguities in the aim and target of manipulations determine that the 
two syzygies cannot be applied unconditionally to all brackets. 


Definition 2.56. By taking a bracket as a Cayley expression of layer 0, a Cayley 
expression is said to be of layer 1, if it can be obtained from a bracket by replac- 
ing one or several vectors in the bracket by either meet products of Grassmann 
monomials or linear combinations of vectors. 

Recursively, a Cayley expression is said to be of layer 7, if it can be obtained 
from a Cayley expression of layer i — 1 by similar replacement of one or several 
vectors of it, but cannot be obtained from any Cayley expression of layer lower 
than 7 — 1 by replacements of vectors. 


For example, in 2D projective geometry, starting from a bracket [abc], by replac- 
ing vector a with meet product 12 V 34, we get a layer-1 expression [(12 V34)be] = 
12 V 34V be. Continuing to replace b by 1/2’ V 3/4’, we get an expression 
[((12 V 34)(1'2’ V 3/4’)c], which is still of layer one, because it can be obtained 
directly from bracket [abc] by making the two replacements simultaneously. If we 
replace 1 by 1'2’V 3/4’, the result (1'2'V3'4/)2V 34V be = [(1'2'V3’4’)2(34V bc)] 
is still of layer one. A layer-2 expression is shown in Figure 2.3. 

Since the expansion result of a Cayley expression is a bracket polynomial, we 
classify all Cayley expressions into different layers by their affinities to brackets. 
Then Cayley expansions reduce the layer of a Cayley expression by one each time, 
and recursively they change the expression into a bracket polynomial. 

In 2D geometry, there are three layer-1 Cayley expressions caused by replace- 
ments of vectors with meet products, or equivalently, with intersections of lines: 

pr =12V 1/2! v1"2", 
pr = (1(1’2’ v 3/4/)(1”2” v.34"), (2.5.10) 
piv = ((12 Vv 34)(1/2’ v 3'4/)(1"2” v 34”). 
There are three other layer-1 Cayley expressions caused by replacements of vectors 
with at least one meet product and one linear combination: 
qe = (10/2! V3/4')as6”], 
qi = ((12 V 34)as6:ase], (2.5.11) 
ql = [((12 V 34)(1/2' V 3'4’)asie], 
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Layer 0: [abc] 

{ 
Layer I: [(12v34)be] — [(12v34)(1°2'w3’4’)e]— [(12v34)(1°2’v3"°4? )(1"2"v3"4")] 
Layer 2: [(12v34)(172?v3?(1"2"v3"4"))c] 


Fig. 2.3 layers of a Cayley expression. 


where 


ase = Ae + A56, 
ase = Ag’ 5! + As’, (2.5.12) 
aerge = Aged” Ae" 


represent three generic points on lines 56, 5’6’, 5’6” respectively, with the \’s as 
generic scalar parameters. 

In 3D projective geometry, there are much more layer-1 Cayley expressions. 
While a single vector can be replaced by the meet product of either three 3-vectors 
or a 2-vector and a 3-vector, two vectors can be put together to be replaced by the 
meet product of two 3-vectors. If there is only one replacement, and it is by a point 
of intersection (meet product), then there are the following two layer-1 expressions: 


rp = [(12 V 1/2'3')1"2"3"" = 12 V 2/3 V1'2"3", 
TI oo [((123 V 1'2'3’ V 1/2737) 1/2"3""7 = 123 V 1/2'3/ V 17”2"3" V 1/2""3""" 
(2.5.13) 
In this subsection and in Appendix A, we classify the basic Cayley expansions 
of the above layer-1 Cayley expressions. Below we use the term Cayley expansion 
to denote a basic one. We say that an expansion is monomial (or binomial, or 
i-termed), if it leads to a bracket polynomial of one term (or two terms, or i terms). 
We use the term factored expansion to refer to an expansion leading to a bracket 
polynomial in factored form, and use the term shortest expansion of an expression 
to refer to an expansion leading to a bracket polynomial whose number of terms 
is the smallest among all the expansions of the expression. A Cayley expression is 
said to have unique expansion, if all its Cayley expansions lead to the same result. 
We illustrate the arguments used in the classifications by classifying all the 
generic expansions, semifree expansions and unique expansions of the simplest ex- 
pression: py of (2.5.10). 
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The Cayley expansion of pr = 12 V 1'2’ V 1"2” by distributing 1, 2 is 
pr = (11/2"][212”] — [21'2"][112”]. (2.5.14) 


There are two other expansions of p;, which distribute 1’, 2’ and 1”, 2” respectively. 

According to the number of terms generated, p; has three different expansion 
results: zero, bracket monomial and bracket binomial. Geometrically, if two points 
are identical then their outer product is zero, if two lines are identical then their 
meet product is zero, and if three lines have an explicit common point then their 
meet product is zero. These are the only three trivially zero cases. 

Notice that when using GC algebra to represent geometric objects and their 
constraints, we usually do not distinguish between the geometric descriptions and 
their algebraic representations, and use them in a mixed manner. 

If (2.5.14) is not trivially zero, then it is a bracket monomial if and only if one 
of the four brackets equals zero, i.e., 1 or 2 is on one of the lines 1/2’,1”2”. In all 
other cases, (2.5.14) is a bracket binomial. 

Below we find all the unique expansions. If the results from the three expansions 
of py are identical, then each result has to be a bracket monomial. 


Case 1. Generic expansions: 

If different points in p; are generic ones, then (2.5.14) is a monomial if and only 
if point 1 or 2 belongs to one of the pairs 1/2’ and 1”2”. By symmetry, we can 
assume that 1 = 1’. Since py is not trivially zero, no other point of pr can be 
identical to 1. The expansion by splitting 1” and 2” is 


[121”)[122"] — [122”)[12'1”). 


It is a monomial if and only if one of 2,2’ is identical with one of 1,2”. By 
symmetry, we can assume that 2’ = 2”. Then the expansion by splitting 1” and 
2” = 2’ must be a monomial: —[122'][12’1”]. 

So in generic expansions, py has a unique expansion if and only if 1 = 1’ and 
2’ = 2” up to symmetry. 


Case 2. Semifree expansions: 

If there are collinearity constraints among different points in py, they only eval- 
uate some brackets to zero, and have no influence upon the identification of two 
brackets. The conclusion in Case 1 is still valid for semifree expansions. 


Proposition 2.57. Semifree expansions of py = 12 V 1/2’ V 12": 


(1) (Trivially zero) pz is trivially zero if one of the following conditions is satisfied: 
(a) one of the three pairs 12, 1/2’, 1/2”, is a pair of identical points; (b) two of 
the three pairs are collinear; (C) one of the six points is on all the three lines. 
In the following, assume that p; is not trivially zero. 


(2) (Monomial expansion) pr has a monomial expansion if and only if one of the 
six points is on two of the three lines 12, 1'2’, 1/2”. 
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(3) (Unique expansion) A double point is a point that occurs twice in pr. pr has a 
unique expansion if and only if it has two double points. The unique expansion 
is 


12 v.12! v 22” = [122'|[122”). (2.5.15) 


Cayley expansion theory is established by using the technique of case-by-case 
symmetric analysis of all possible results. The procedure is long and tedious. To 
make the text more readable, we move most of the classification results together 
with their proofs to Appendix A. 

The multiplication of two p;-typed Cayley expressions is of the form 


pir = (12 V 34 V 56)(1'2’ v 3'4’ v 5/6’). (2.5.16) 


At first glance, it seems that the classification of pz; should be direct from that of 
pr, if we expand both p;-typed Cayley expressions in pr; simultaneously and then 
multiply the results together. This naive idea is incorrect. 

Indeed, the only way to expand pz; is to expand the two p;-typed Cayley ex- 
pressions. However, the two expressions need not be expanded simultaneously. For 
example, the Cayley expansion of pr; by separating 1,2 as the first step, is 


pr = (134][256]1’/2’ v 3/4’ v 5’6! — [234][156]1’2’ v 3/4 v 5'6’. (2.5.17) 


In each term on the right side, expression 1'2’ V 3/4’ V 5’6’ can have a different 
expansion. Besides, there are six different first-step expansions of py, called the 
initial expansions. 


Proposition 2.58. If the 12 points in p;; are different and are generic points in 
the plane, then py; has 45 different expansion results of bracket polynomials. 


Proof. Ifstarting with the expansion (2.5.17), there are 9 expansions into bracket 
polynomials. So pr; has 2 x 3 x 9 = 54 expansions, among which 3 x 3 = 9 are 
counted twice. All together there are 54 — 9 = 45 different expansions of pr; into 


bracket polynomials, no two of which produce the same result. L 


Any Cayley expansion of py; into a bracket polynomial can be decomposed into 
three steps: 


(1) initial expansion on one p;-typed Cayley expression, 

(2) successive expansions of the other p;-typed Cayley expression in the two newly 
generated terms respectively, 

(3) combining the like terms generated by the two successive expansions. 


In Cayley expansion theory, if two terms are identical up to an integer scale, 
they are called like terms. They can either cancel each other or merge into a single 
nonzero term. This situation makes the classification of Cayley expansions much 
more complicated than expected. Since like terms can only be generated from 
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different terms produced by the initial Cayley expansion, they are given a special 
name, called intergroup like terms. 
The proof of the following proposition is moved to Section A.1 of Appendix A. 


Proposition 2.59. Semifree expansions of pry = (12 V 34 V 56)(1'2' V 3/4’ V 56’): 
(1) (Zero) pr; = 0 if and only if one of its meet products is zero. 
In the following, assume that pr; 4 0. 
(2) (Inner point) If 1,2, 3 are collinear, point 3 is called an inner point of pz. Then 
pr = (124][356]1’2' v 3/4’ v 5/6’ (2.5.18) 


is a shortest expansion. If 3 = 1 or 2, and all distinct points in py; are generic 
ones, then (2.5.18) is the unique shortest expansion. 


(3) (Like terms) If pr; has no inner point, and its two meet products are not identi- 
cal, then it has only one pattern having an expansion that generates intergroup 
like terms: 


(12 V 34 V 56)(13 V 24 V 56) = [124][134](256][356] — [123][234][156][456]. 
(2.5.19) 

Furthermore, the left side of (2.5.19) has only one expansion that generates 

intergroup like terms; the result of the expansion is the right side of (2.5.19). 


(4) pry has a monomial expansion if and only if both of its meet products have 
monomial expansions. The shortest expansions of pr; are 2-termed if either it 
is of the pattern (2.5.19), or a meet product of p;; has an inner point. The 
shortest expansions of pr; are 3-termed if the two meet products are identical. 
In other cases, the shortest expansions are 4-termed. 


As a surprising byproduct, the third item (2.5.19) in the classification of the 
expansions of py; leads to the following elegant Cayley factorization formula: 


[124][134][256](356]—[123][234][156][456] = (12V34V56)(13V24V56). (2.5.20) 


This is a typical benefit from Cayley expansion theory. 

Cayley factorization is much more difficult than its reverse procedure Cayley ex- 
pansion. By classifying all factored expansions and binomial expansions of low-layer 
Cayley expressions, we can get a complete list of Cayley factorizations for low-degree 
bracket binomials, by equalizing the factored expansions and other expansions of 
the same Cayley expressions. In this way, at least the Cayley factorization prob- 
lem for low-degree bracket binomials can be solved completely. For general bracket 
polynomials, since the classification of Cayley expansions is very complicated, this 
approach of Cayley factorization no longer works. 

Besides the benefit produced for Cayley factorization, Cayley expansion theory 
also provides a list of optimal expansion results for low-layer Cayley expansions. 
They can be used to evaluate the simplicity of a Cayley expression, in order to make 
selections among different Cayley expressions representing the same construction or 
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constraint. In Chapter 4, there are plenty of such examples arising from geometric 


computing involving projective conics. 


The following theorem provides a complete classification of all generic expansions 


of prrr. Its proof can be found in Section A.2 of Appendix A. 


Theorem 2.60. Generic expansions of prrr = [1(1'2' V 3/4’)(1"2” Vv 34”): 


(1) 


(Trivially zero) If one of the following conditions is satisfied, prry is trivially zero: 
(a) one of the four pairs, 1/2’, 3’4’,1"2” 34”, is a pair of identical points; (b) 
one of the two pairs, {1’2’,3’4’} and {1”2”,3”4”}. is a pair of identical lines; 
(c) the two sets {1'2’, 3’4’} and {1”2”,3”4”} are identical as sets of lines. 


In the following, assume that pyr; is not trivially zero. 
(Inner intersection) If 1‘ = 3’, point 1’ is called an inner intersection in prrr. 
The following is a shortest expansion in this case: 

[1(a’2' v 1/4’)(1"2" v 3"4”)] = [1/2/4)]11 v.12" v 34" (2.5.21) 


The right side is the unique factored expansion of the left side. Furthermore, 
the right side is the unique shortest expansion if and only if on the left side, 
points 2’,4’ are not in {1”,2”}, {3”,4”} respectively. In the exceptional case, 
the other shortest expansion is 
(1(1'2’ V 1/4')(2'2” V 4'4")) = (11'4’] [1/2'2”) (2'4'4”"| = [11'2"] (1/4'4”| [2’4'2”). 
(2.5.22) 
(Double line) If 1’ = 1”, 2’ = 2”, line 1/2’ is called a double line in prrr. The 
following is the unique shortest expansion in this case: 


(1(1’2’ v 3/4’)(1'2' v 3”4")| = [11/2']1'2’ V 38/4’ Vv 374". (2.5.23) 
The right side is also the unique factored expansion of the left side. 
(Recursion of 1) If 1’ = 1, point 1 is said to recur in pry. The following is a 
shortest expansion in this case: 


[1(12’ v 3/4')(1”2” V 3"4")] = [18/4J12' v 12” v 3/4". (2.5.24) 


The right side is the unique factored expansion of the left side. Furthermore, 
the right side is the unique shortest expansion if and only if on the left side, 
points 3’,4’ are not in {1”,2”}, {3”,4”} respectively. In the exceptional case, 
the other shortest expansion is 
[1(12’ v 3'4’)(3/2” v 4’4”)] = [12'4'][13'2"][3'4'4”] — [12'3'][1.4/4”][3/4/2”]. 
(2.5.25) 
(Other cases) If pyr; has neither inner intersection nor double line, and 1 does 
not recur, then pyyz; has no factored expansion. The shortest expansions of 
pir are two, three, or four termed if and only if the set M = {1',2’,3’,4’} 1m 
{1”,2”,3”,4”} has at least two elements, has only one element, or is empty. 
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Definition 2.61. A vector variable in a homogeneous bracket polynomial or Cayley 
polynomial p is said to be a single point, double point, or triple point, if it occurs 


once, twice, or three times in every term of p. 


The following theorem provides a complete classification of all factored expan- 


sions and binomial expansions of pry. Its proof can be found in Section A.3. 


Theorem 2.62. Generic expansions of pry = [(12 V34)(1'2’V3'4')(1"2" V3"4")|: 


(1) 


(Trivially zero) If one of the following conditions is satisfied, pry is trivially 
zero: (a) one of the six pairs, 12, 34, 1/2’, 3'4’,1”2” 34”, is a pair of identical 
points; (b) one of the three pairs, {12,34}, {1/2’, 3’4’}, {1”2” 34"). is a pair 
of identical lines; (c) two of the three sets {12,34}, {1/2’, 3’4’}, {1”2”, 34}, 
are identical as sets of lines. 

In the following, assume that pry is not trivially zero. 


(Inner intersection) If 1 = 3, point 1 is called an inner intersection in pry. The 
following is the unique factored expansion in this case: 


[((12 Vv 14)(1'2’ v 3’4')(1"2”" v 3”4”)] = [124][1(1'2’ v 3’4’)(1"2” v 3”4”)). 
(2.5.26) 
The right side also leads to a shortest expansion of the left side. 


(Double line) If 12 = 1/2’, line 12 is called a double line in pry. The following 
is the unique factored expansion in this case: 


[(12V34)(12V3'4’)(1"2"V3"4")| = (12V34V3/4/)(12V1"2"V3"4"). (2.5.27) 


The right side leads to a shortest expansion of the left side if either it 
has an expansion of two terms, or pry has another double line, or the set 
N = {3,4,3',4/} 0 {1", 2”,3”,4”} has at most two elements. When neither is 
satisfied, the shortest expansions of the left side have three terms if and only if 
N has three elements. 
(Triangle) If 1’ = 1 and 1”2” = 22’, then 122’ is called a triangle in pry. The 
following is a factored expansion in this case: 
[(12 v 34) (12’ v 3/4’) (22’ v 34”) 


= [122']((134][23”4"|[2’3’4'] — [13/4’][234][2’34”). 28) 


When there is neither inner intersection nor double line, the triangle pattern 
has three subpatterns where more bracket factors can be generated: 


(a) (Complete quadrilateral) If {1,2,3,4} = {1',2’,3’,4’} = {1",2",3",4”}, 
then 


[(12 V 34) (13 Vv 24)(14 Vv 23)] = —2[123][124][134][234]. (2.5.29) 


The monomial expression is symmetric with respect to 1,2,3,4. 
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(b) (Quadrilateral) If pry has two triangles sharing the same side, i.e., they 
share a pair of common points, for example it is triangles 123 and 134, then 
the only pattern for the two triangles to coexist in pry is [(12 V 34) (13 Vv 
24) (14 V 34")]. We have 


[((12V34) (13V24) (14V3"4")] = —[124][134]([123][43”4”]+[13"4"][234]). 
(2.5.30) 


The pair of 4-tuple and 2-tuple (1234, 14) on the left side of (2.5.30) is called 
a quadrilateral in pry. 


eo) 
Nee 


(Triangle pair) If pry has two disentangled triangles, 7.e., the two triangles 
have no point in common, the only pattern for the two triangles to coexist 
in PIV is 

[(12 v 34) (12’ v 34’) (22' v 44’)] = —[122/[344']13 v 24 Vv 2/4’. (2.5.31) 


The pair of 3-tuples (122’, 344’) on the left side of (2.5.31) is called a triangle 
pair in pry. This pattern corresponds to Desargues Theorem, see (3.1.7) in 
Chapter 3. 


(5) If pry is not trivially zero, and has neither inner intersection, nor double line, 
nor triangle, then it has no factored expansion. 


In the following items, the above hypothesis is always assumed. 
(6) (Two triple points) If pry has two triple points, then it has a binomial expansion. 


(7) (One triple point and two double points) If pry has only one triple point 1, 
then it has a binomial expansion if and only if there are two double points 
2,3, such that pry is of the pattern [(14 V 23)(12’ V 3’4’)(12” Vv 3”4”)], where 
2 € {2/,3',4'} and 3 € {2”,3",4”}. 

(8) (Four double points) If pry has no triple point, then it has a binomial expansion 
if and only if there are four double points 1,2,3,4, such that py is of one of 
the following two patterns: 

(a) (4-2-2 pattern) [(12 V 34)(1'2’ Vv 3’4’)(1”2” v 3”4”)|, where {1,3} Cc 
{1’,...,4’} and {2,4} c {1”,...,4”}. This pattern corresponds to Pascal’s 
Conic Theorem, see (4.1.1) of Chapter 4. 


(b) (3-3-2 pattern) [(12 V 56)(13 V 46’)(24 V 36”)|, where 5, 6,6’, 6” are either 
single or double points. 


Remark: (2.5.30) comes from the following Cayley expansions: 


(12 v 34) (13 v 24) = —[134][234]12 + [123][124]34 
= —(124][234]13 + [123][134]24. 


(2.5.32) 


(2.5.32) is antisymmetric with respect to 1,2,3,4. Its geometric meaning in conic 
geometry will be explained at the end of Chapter 4. 
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2.5.3. General Cayley expansions 


In the two formulas (2.3.31) and (2.3.32) for basic Cayley expansions of the meet 
product A, V B,, either A, or B, disappears from the non-scalar part of the ex- 
pansion result. In fact, both A, and B, can have some of their vectors remain in 
the non-scalar part of the expansion result. 


Proposition 2.63. For any r-blade A, and s-blade B, in A(V"), for any integers 
r’,s’ between 0 andr+s—n, 

Eyres jr n—s) 1 

A,VB, = ———_ Ari) 2) VB —— 

Cry 5 n 2d cn a Ge 

(r’,r—r’)FA, 


S- Bs(1)(ArVBs(2)). 
r+s—n (s’,s—s’)FBs 


(2.5.33) 


Proof. First, we prove the first equality. When r’ = 1, 


1 
A, Vv B, Pee pS Ay(1)Ar(2) V B, 


r 
(1,r-1)F A, 


= s ( S- (—1)""*[A+(21) Bs} Ar (1) Ar (22) 


(1,r-1)FA, (n—s,r+s—n—1)FA, (2) 


+ S> [Ar (1) Ar(21)Bs|Ar(22) ) 
(n—s—1,r+s—n)FA, (2) 


1 n—s 
=-{ So (-1)"*Ara)(Ar@ V Bs) 
(1,r—1)FA,,. 


a SS aS [Ar (11) Ar(12)Bs]Ar2y } 


(n—s,rt+s—n)FA, (1,n—s—1)FAr (1) 


1 n—-s 
=e x (-1)" "Ary (Aria) V Bs) + (n— s)A, VBs }. 
(1,r—1)F A, 


Assume that the first equality holds for r’ — 1. Then for 7’, 


A, VB; = a = ns Ar()(Ar(a) V Bs) 
tie 1)FA, 
= co aa AvpAceth B 
7 bse eS de do Ara) Arc (Ar(22) V Bs) 
2 r+s—n—1 (1,r-1)FA, (r/-1,r—r’)FA,y (2) 
(iy 
= Ay Ar Ari) VBs 
(r+s—n)C™ -1 a s, (11) (12) ( (2) ) 


r+s—n-1 (r/,r—r’)FA, (1,r’-1)FAr (ay 


(1) 2 
=~ Aray(Ar@ VB») 
ra (r/,r—r’)FA, 
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Second, the second equality is proved as follows: 


A, VB, = (-1)@-@-%B, V A, 
(—1)—r)(n—8) +8'(n—r) 
= aD Bas (Boz) V Ar) 


C* 
r+s—n (s’,s—s’)FB, 


1 
=Gr— Dd Bea (ArVBsq)- 
r+s—n (s’,s—s’/)FB, 


O 


Example 2.64. When n = 3, r= s = 2, then r+s—n=1. The only nontrivial 
case is r’ = s’ = 1, where (2.5.33) are two basic expansion formulas. So in 2D 
projective geometry, there are no Cayley expansions other than basic ones. 


Example 2.65. When n = 4, if r = 2 and s = 3, still (2.5.33) are two basic 


expansion formulas. If r = s = 3, r’ = s’ = 1, then (2.5.33) becomes 


1 
123 v 1'2/3' = —{1(23 v 1'2'3') — 2(13 v 1'2'3') + 312 v 1'2'3')} 
(2.5.34) 


1 
= 5{1(123 v 2/3’) — 2/(123 v 13’) + 3(123 v 1'2)}. 
It is the only non-basic Cayley expansion in 3D geometry provided by (2.5.33). 


Notation. 
The number of partitions of a set of k elements into r non-overlapping subsets 
of ky, ko,...,k, elements respectively, where ky + ko +---+k, =k, is 


kei k! 


Gui. = ————__.. 2.5.35 
i kylkg! +--+ ky! ( ) 
When r = 2, this is just the usual combinatorial number Ce 
Corollary 2.66. For any 0<1r’+s'’<r+s-—n, 
(ayn es) 
A,VB,=—>— — 0 An Bay (Arca) V Bavay) - (2.5.36) 
Chan (vr! ,r—r!)FAYL, 


(s’,s—s’/)FBs 


Example 2.67. When n = 4, r= s = 3, r’ = 8s’ =1, (2.5.36) becomes 


‘i 

123 V 1'2/3/ = —5{11'[232'3"] — 12'[231'3'] + 13’[231'2’) 
—21'[132'3'] + 22'[131/3'] — 23'[131'2'] (2.5.37) 
+31'[122'3’] — 32'[121/3’] + 33/[121/2']}. 


It is the only non-basic Cayley expansion in 3D projective geometry provided by 
(2.5.36). It can also be obtained from (2.5.34) by basic Cayley expansions. 
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Proposition 2.68. Let A,.,,A,.,...,A,, be blades in A(V”) of grade rj, r2,..., 7 
respectively. Then for any 0< rj +rh+--+r, < sR =71 tret--+ rg, — (K-1)n, 


/ y y 
CTT aT Dy 


Sk t=1 (rijri—ri)FA,, (2.5.38) 
Ar ()Ar2 qa) 77 Area) (Ane V Ary ig) Vir V Ary «)) 


(—1)¥ 1si<ise ri(n—r;) k 
Ay VAGN = V Ay, = 


Proof. For1<i<k, let 


Sa = (71 — 171) + (r2 — 7g) H+ + (i — Ti_1) — @— 2), 
Sig = Tita tripe too tre —(k-i-—1)n, 


then 


Ari (2) V Ars(g) Vi VA V Ay, V Arig, Vor V An, 


ré4 (2) 


= (-1) ms) A, VA, (2) V Ara(2) Vee VA VA Vi+- VA, 


Ti-1 (2) Ti+ 


_ (n—ri)(n—si1) +r} (n—si1—-si2 tn r -1 
(—1) ) ( , 7 NO geactete) 
(riri—r JF An; 


V Ania, Vir V An, ) 


Ti-1 (2) Tit+d 


Rs seit ges V Ava V Aaa VA 
= (—1) 1) (r= sin) +0 (8a $5:a) +(n— rH) (n=S:) (OT! it 


= Sil +S8G—1)2—N 
SS Ari (ay (Ari (ay V Area) Vit V Arica) V Arigs Vite V Arg) 
(rp,ri—T{)FAr, 
= DG tie can 
ye Ar, (1) (Ar, (2) V Ars (2) V os. V Ar; (2) V Ariat V Aes V A,,): 
(ri,ri—rj)FAr, 


When 7 goes from 1 to up k, we get (2.5.38). LJ 


2.6 Grassmann factorization* 


In this section, the outer product of a multivector A with itself is denoted by A?. 


Definition 2.69. Given a multivector A € A(V"), if there exist two non-scalar 
multivectors B,C € A(V") such that A = BC, then A is said to be divisible by 
B,C, and B,C are called nontrivial factors or divisors of A. The decomposition is 
called a Grassmann factorization of A. 


Grassmann factorization is one of the oldest topics in Grassmann algebra. The 
problem of finding all vector factors is completely solved. However, the problem of 
finding a complete factorization of a multivector A, 7.e., finding B,, Bo,...,B, such 
that A = B,B2---B,, and each B; does not have any nontrivial factor, remains 
an open problem. The problem of finding a common divisor of maximal grade for 
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two multivectors, called their Grassmann GCD, is solved only for the special case 
where the GCD is a blade. 

At the first appearance, the factorization problem is irrelevant to the meet prod- 
uct and Cayley expansion. However, this problem can be effectively dealt with only 
in the framework of GC algebra, by using meet products and various Cayley expan- 
sions extensively. In this section, we present some basic results on finding vector 
factors of a homogeneous multivector. Most of the results in this section can be 
found in [69]. 


Definition 2.70. The span of a k-vector A € A*(V") is the following subspace in 
y”: 

span(A) := {A V U,_-#41 | Un—z41 € A™ #1 (V")}. (2.6.1) 
The rank of A is the dimension of span(A). 


For example, let 1,2,3,4 be four linearly independent vectors. Let A = 
12 +34. Then rank(A) = 4, because for any four different generic (n — 1)-blades 
Ui, U2, Us, U4 in A(V"), 


(A V Ui)(A V U2)(A V U3)(A V Us.) = (det ([U;j])i,j=1..4) 1234 x 0. 
Lemma 2.71. Let A; be a nonzero k-vector. Then rank(A;) > k, and the equality 


holds if and only if A; is a blade. Furthermore, if rank(A,) > k, then rank(A;) > 
k+2. 


Proof. Since *(A,VUn_441) = (*Ax)(*Un—441), we consider the following outer 
product operator: 


- Ak-1 n n-1 n 
fi: As(V") AMY") (2.6.2) 
Wri -—- (*#A,)Wy_1. 
On one hand, span(A,) is isomorphic to the image space of f, so 
rank(A;,) = dim(A*~1(V")) — dimker(f). 


On the other hand, W;_, € ker(f) if and only if for any x € V”, [(*A,)xW,_1] = 
0. Since the bracket operator is nondegenerate, by duality, 
dim ker() = dim(A*"1(V")) — dim({(«A,)x |x € V"}). 
So 
rank(A,) = dim((*A,)V”) = n— ker((#Ax) A |yn). (2.6.3) 


The kernel of (*A,)A|yn is all vectors dividing xA,, so its dimension is < n—k, 
and the equality holds if and only if Ay is a blade. So rank(A;,) >n—(n—k) =k. 
If rank(A,) > k, then the kernel of (xA,) A |y» has dimension < n—k. If the 
dimension is n — k — 1, then n — k — 1 linearly independent vectors divide «Ax, so 


*A, is a blade and rank(A;) = k. Contradiction. L] 
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Lemma 2.72. Let A, be a nonzero k-vector where k > 2. For any (n — 1)-blade 
U,-1 such that A, VU,_1 40, there exists a vector x € span(A,) such that 


(—1)* Ax = Agx V Up_1 — (Az V Un-1)x, (2.6.4) 
span(A;,) = span(x) @ (span(A;x V Un_1) + span(Ay V Un_i)). (2.6.5) 


Proof. Let U),_,,,, be an (n—k+1)-blade such that Ay VU},_,4, VUn-1 =1. 
Let 


x= Ag VU) _ pa. (2.6.6) 


Then (2.6.4) is just the Cayley expansion of A,x V U,_1 by distributing A;x. 
For any (n — k + 1)-blade U", by (2.6.4), vector 


Azx V Un_i V U" = (—1)* Ag V UY 4+ (Ay V Un_1)x VU" 
= (-1)" A, VU" + (Ax V Un_i V U")x — Ag V Un_i V XU” 


is in span(A,;,), so span(A;x V U,_1) C span(A,). By (2.6.4), 


span(A;) = span(x) + span(A;x V U,_1)+span(A, V U,_1). 


On one hand, x V U,-1 = 1. On the other hand, obviously (Axx V Un_-1) V 
Un-1 = 0 and (Ax V Un_i1) V Un_i = 0. So x ¢ span(Azxx V U,_1) + span(Ax V 


U;,-i). L 


Proposition 2.73. [Fundamental lemma of bivectors] For any bivector Ag, its rank 
must be an even number 2r, and there exists a basis e1,e€2,...,€2, of span(A2) such 
that Ag is in the following standard form (or canonical form): 


A» =e1e€2 + ege4 +++: + Cor_1€2r. (2.6.7) 


Proof. Induction on r. If r= 1, then Ag is a blade, and the conclusion is trivial. 
Let rank(A2) = k. The induction assumption is that any bivector whose rank 
is less than k must have an even rank, and the bivector must be in the standard 
form (2.6.7). We need to prove the same conclusion for Ag, whose rank is k. 
For any (n — 1)-blade Un_1 such that Az V Un_i # 0, by (2.6.4) and (2.6.6), 
vector x = Ay V Ul_, satisfies 


A» = A»ox V Uxa4 + x(Ao V Un-1).- 


Since Ajx V U,,_; is a bivector whose rank is strictly lower than k, by induction 
hypothesis, its rank is even, denoted by 21. Then k = 21 +4 2 if and only if vector 
Ao V U,_1 is not in span(A2x V U,;,_1). 

As in the proof of Lemma 2.72, vector Ag VU,,_1 satisfies AgVU/,_, VUn_-1 = 1. 
For any (n — 1)-blade U”, by (2.6.6), 


A»ox V Un_1 V U" V Us => Ao(Ao V Ul._4) V U,-1 V U" V UL.» 
= Ao(A2 V U!_1) VU4_1 V Un_-1 VU" 
— 0, 
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so vector Ag V U,,_; is not in span(A2x V U,,_1), and 
span(A;) = span(x) @ span(A;x V U,_1) @ span(Ax V U,,_1). 
Since Aox V U,_; has standard form e,e2 + e3e4 + --- + e2;_1€2;, Ag is also in 


standard form by setting e241; = x and eg142 = Ag V Up-1. L 


Theorem 2.74. [Grassmann reduction] For any k-vector Ay, Ay, € A(span(Ax)). 


Proof. Induction on k and r = rank(A;). When k = 1, the conclusion is trivial. 
When & = 2, the conclusion is direct from (2.73). Assume that the conclusion holds 
fork =m—1>2. When k =m, if r =m, then A, is a blade and the conclusion 
is trivial. Assume that the conclusion holds for k = m and r < s, where s > m. 
When r = s, by (2.6.4), (—-1)"Am = Amx V Un-1 — (Am V Un-1)x. Since 
rank(A,,x V Un_1) < s, the conclusion holds for A,,x V Un_-1. Since Am V Un-1 
has grade m — 1, the conclusion holds for A, VU,-1. By (2.6.5), the conclusion is 


proved fork = mand r= s. L 


Lemma 2.75. Let C;, be a k-blade, and let A,, C’_, be r-vector, (r — k)-vector 
respectively. If A, = C;,C’_,, then for any s-blade B, where s > n—k, Cy, V Bg 
is either zero or a blade factor of A, V Bg. 


Proof. Since B, can always be written as U; V U2 V---V U,_; where the U’s 
are (n — 1)-blades, we only need to prove the lemma for the case s = n—1. Let 
vector c € Cx satisfy C, = (Cy V Byn_1)c. Then 


C.Ci_, V Bn-1 = (Ce V Brn_-1)C)_, + (—1)* Cx (Ci._;, V Br-1) 
= (Ci V Bn-1){Ch_, + (-1)*e(Ch_;, V Bn-1)}- 


O 


Lemma 2.76. Let A, be a nonzero k-vector. 

(1) If k < n—38, then A, has a maximal blade factor of grade r if and only if 
for every vector x € VY”, A;x is either zero or has a blade factor of grade at least 
r+1, and the equality holds for some x. 

(2) If k > 3, then A; has a maximal blade factor of grade r if and only if for 
every pseudovector U € A"~!(V"), Ay V U is either zero or has a blade factor of 
grade at most r — 1, and the equality holds for some U. 


Proof. We only need to prove the sufficiency statement in Case (1). 

Induction on r. If r = 0 but Ax has a vector factor, then for any vector x, A,x 
either is zero or has at least two linearly independent vector factors, contradicting 
with the assumption. 

If r = 1 but A, has no vector factor, by the sufficiency assumption, there is a 
vector x such that A;x has a 2-blade factor bx. Then b + x for some scalar \ is 
a factor of Ay. Contradiction. 


FreeEngineeringBooksPdf.com 


74 Invariant Algebras and Geometric Reasoning 


Assume that the sufficiency statement holds for 1 < r < s. When r = s, by 
similar argument, A; cannot have any blade factor of grade > s. Assume that a 
maximal blade factor of Ay, has grade g < s. Let Ay = BgCz_g where B, is a 
blade and Cz_, does not have any vector factor. By extending a basis e;,e€2,...,€g 
of B, to a basis e1,€2,...,€, of V”, and denoting Dn_g = €g41€9+2°-- en, we can 
assume that Cy, € A*-9(D,_,). Then for any x = xy + xq € V” such that 
Xp E B, and xq € D,-9, 


ALx => Byg(Cxr—9Xa)- 
So any maximal blade factor E, of Axx can be decomposed into two parts: 


E, = ByFpn—,, where Fr, € A’-9(D,_,)- By the sufficiency assumption, Cz_ ga 
has a blade factor of grade > s+1—g > 2, for any xq € D,_, such that Cy_,xa # 0. 


By what we have proved for r= 1, Cx_, has a vector factor. Contradiction. L 


Lemma 2.77. Let Az, By be nonzero k-vectors. Then Ay, V BgU, 4-1 = O for 
any generic (n—k—1)-blade U,,_,_1 if and only if Ay, By, are blades and are equal 
to each other up to scale. 


Proof. If Ay VB,Un_x-1 = 0, then vector *(B,U,_%-1) = (*Br) V (*Un—x-1) 
divides *A,. On one hand, the dimension of subspace 


{*(BrUn—x-1) | Un—n-1 € A” * 1 (V")} 
is rank(*B,) > n—k. On the other hand, «A, has at most n—k linearly independent 
vector factors, and the equality holds if and only if *A, is a blade. This proves that 
both *A,,*B, are blades spanned by the same set of vectors. L 


Theorem 2.78. Let A; be a nonzero k-vector, where 2< k <n-—2. Let 
Creo = Ax V Ag Un 4-2, (2.6.8) 


where U,_,—2 denotes a generic (n — k — 2)-blade. Then A, is a blade if and only 
if C,p_2 = 0. 


Proof. We only need to prove the sufficiency statement. 

Induction on k. When k = n — 2, then *Cy_4 = (*An—2)((*An—2) V (xUp)) = 
Uo(*An—2)? = 0. It is a classical result called Pliicker Theorem that a bivector 
Bz is a blade if and only if B3 = 0. Pliicker Theorem can also be obtained from 
Proposition 2.73. 

Assume that the conclusion holds for k > m, where 2 < m < n—3. When 
k =m, we only need to prove that A,x is a blade for any vector x. By Corollary 
2.49, with x playing the role of U there, for any (n — m+ 1)-blade U’, 


AmX V AmxUn—m—3 VU! = Am V AmxUn—m_3 V XU! = 0. 


By induction hypothesis, A,,x is a blade. L] 
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Let e1,€2,...,@, be a fixed basis of V”. Let N be the sequence 1,2,...,n, and 
let Ci, i5...4, = Ci, i, °++ 4,. Then any k-vector has Plicker coordinates 


Ax = S- ANay EN): (2.6.9) 
(k,n—k)FN 


If Ax is a blade, then for any partition (N’, N’’) of N of shape (n-—k+1,k—1), 
the following vector is in Ax, and all such vectors span Ax: 
ey VA, = S- Ani.” ey = S- ANI, Nv en... (2.6.10) 


(2) ) (1) 
(n—k,1)FN’ (1,n—k)FN’ 


For example, when n = 4, k = 2, Ag has Pliicker coordinates 
Ay = A12e1e2 + A13e1e3 + Aj4e1e4 + Anz3e2€3 + Agseve, + A3Z4E3€4. (2.6.11) 
Az is a blade if and only if AZ = 0, i.e., 
A12A34 — A1gA24 + A14A23 = 0. (2.6.12) 
If Ag is a blade, then it contains vectors 


A12€2 A13€3 A14€4, for N', NU" = 234, 1; 
A12€1 = A23€3 => A244, for N’', N" = 134, 2; 
A13€1 ia A23€2 = A34€4, for N’, NU" = 124, 3; 
A14e1 ba A24€2 + A34€3, for N', NU = 123, 4, 


(2.6.13) 


If \;; 4 0 for some i, 7, then the two vectors in (2.6.13) containing A;; span Ao. 


Corollary 2.79. Let A = A; + Ao+---+A,, where each A; is a k-blade, and for 
every 1 # j, A; and A, differ only by a vector factor, then A is a blade. If r = 2, 
then the converse is also true. 


Proof. Only the second part needs proof. If Ay; = B,A{ and Ag = B,A4, where 
s-blade B, is a maximal common blade of Ai, Az, and A4, A4 are (k — s)-blades, 
where k — s > 2, then B,A{ AS #0. For any generic (n — k — 2)-blade U, 
B,(A{ + A5) V B,(Aj + A5)Un_r_2 
= B,( be [B.A (1) AZUJA4 (2) + os [BsA4(1) AL U]A5(2)) 


(2,k—s—2)FAY (2,k—s—2)FAS 


# 0, 
So A; + Ag is not a blade. L] 


In Corollary 2.79, if r = 3, then the converse is not true. To see this we set 
n=4,k=2. A bivector Ag is a blade if and only if its Pliicker coordinates satisfy 
(2.6.12). If we change Aj2 to pAz2, at the same time change 34 to ~+A34, where 
we € {0,1}, then (2.6.12) is unchanged, so the result remains a blade. The new blade 
is Ag + (uw —1)Az2e1e2 + (wu! — 1)\34€3€4, where the last two terms differ by two 
vector factors. 


FreeEngineeringBooksPdf.com 


76 Invariant Algebras and Geometric Reasoning 


Theorem 2.80. Let A;, By, be nonzero k-vectors, where 2 < k < n-— 2. Further 
assume that A, is a blade. Let 


Ch = Ak V BeUn_-x-2, 


(2.6.14) 
D;,_»2 = Az, V BrUi(n—r-1) Vv BU a(n—k-1); 


where Uj(n—~-1); U2(n—p—1) are two independent generic (n — k — 1)-blades. 


(1) If B; is a blade, then A,, By, differ from each other by exactly one vector factor 
if and only if A, VB,Un_x-1 #0 but ChL_, =0. 

(2) Ax, By are blades and differ from each other by exactly one vector factor if and 
only if A, VB,Un_-x«-1 #0 but Di, =0. 


In both cases, By, U Ax, = Ax V BZ Un—z_1 is a maximal common blade factor of 
Ax, By. 


Proof. We only need to prove the sufficiency statement in both cases. 

Induction on k. Denote Ai, = *A, and Bi, = *B,y. When k = n-— 2, in 
Case (1), *C,_4 = A$(B4 V (xUo)) = Up ASB) =0. Since AS, BS are both blades, 
they share a common vector. 

When k = n— 2, in Case (2), *D/,_4 = A$(B4 V Ui(n-1)) (Bo V Uan_1)) = 0. If 
B; is a blade, then A4, BS share a common vector. If B4 is not a blade, let B4 be 
in the canonical form (2.6.7). Then r > 1 and Aje;e; = 0 for any 1 <i <j < 2r. 
So A4 = 0, a contradiction. 

Assume that the conclusion holds for k > m, where 2 < m < n—3. When 
k = m, we only need to prove that for any vector x € Y¥”, A,,x and B,,x are 
blades having a maximal common blade factor of grade m. The proof is much the 
same with that of Theorem 2.78. 

Finally, we prove that blade A, V B,U,,_,_1 is a factor of By. This is obvious 
in Case (2). In Case (1), for any (n — k + 2)-blade U’, 


_ VU = A; V U'v B;,U,_r%p_2 = (Ax V U’)B,Up_ x2] = 0, 
so (A, VU’)B; = 0. By the following argument, any vector factor of A, VB, Un_-4-1 
is also a factor of B,: for any (n — k — 1)-blade U", 
[((Ax VB,Un_p_1 V U')/B,U") — (—1)*(Ax V U’) V B,Uy_K_1 V By U” 
(—1)"*B;(Axg V Uv’) V Un_r_i V B,U” 
0. 


LJ 
One can also construct 
3 =A, V ArUy(n—K-1) V BrUan—K-1); (2.6.15) 


and check if Ej, = 0 discloses any Grassmann factorization property. If A, is 
a blade, then E/,_, = 0 trivially. If A, is not a blade, then for the simplest case 
k =n- 2, BhAS(AS V Un_i) = 0 for any (n — 1)-blade Un_i. Let A4 be in the 
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canonical form (2.6.7). By choosing different U,,_1’s, it turns out that if r > 2 then 
B) = 0, if r = 2 then B4 € A?(ee2e3e4) is arbitrary. So Ej,» does not contain 
interesting factorization information. 


Corollary 2.81. The following statements on k-vector Ax are equivalent: 


(1) Ax is a blade. 


(2) D(k-1)F Ag [An AK (1))An(2) = 0. 
(3) Do (2,k—-2)F Ap [An AK(1))An(2) = 0. 
(4) Ap VAKU i (n—K41) VAkU 2(n—%41) = 0 for two independent generic (n—k+1)- 


blades Uj (n—n41); Uain—k41)- 
Theorem 2.82. [Maximal blade factor criterion] Let A, € A*(V"), where 2 < k < 
n—2. For any 2<r<k-—1, define 
Cr—r-1 = Cr-2 V AKU i (n—K-1) V+ V AKU (rt) (n—k-1), 
Dy-r-1 = Ak V AKU i (m—K-1) V+ V AKU (re ty(n—k-1)> 
where the Uj(n—%—-1) are independent generic (n — k — 1)-blades, and where Cz_2 
is defined by (2.6.8). Then the following statements are equivalent: 


(2.6.16) 


e A; has a maximal blade factor of grade k — r. 
e Cr-i-1 x 0 for 1 < a < | ies 1, but , OF eee | = 0. 
e Dy_-i-1 £0 for 1 <i<r-—1, but Dg_,_1 =0. 


Proof. We only prove that the second statement implies the first. For any (n — 
k+r-+1)-blade U’, 
0= Cy_p_1 VU’ 
= Cy_r V AKU (p_1)(n—k-1) V U" 
= (-1)*-"1Cy_y VU! V AgU 2) (n—k-1) 
= (1) tC coe V U')ALU (2) (n—K-1)]- 
So (Cy_, V U’)Ax = 0. Since Cx_, 4 0, vector Cy_, V U’ is in span(C,z_,). It 
divides A;, and all such vectors span a subspace in VY” of dimension rank(C,_,) > 
k-yr. 
Now do induction on r. When r = 2, Ax is not a blade, so its blade factor has 
grade at most k—2. Then rank(C,z_2) = kK—2, and Cx_2 is a maximal blade factor. 
Assume that the conclusion holds for r < _m, where 3 < m < k—1. When r = m, 
then A; has a blade factor of grade at most k — m. So rank(Cz_m) = & — m, and 


Cr_m is a maximal blade factor. C 


Corollary 2.83. With the same notation as in Theorem 2.82, if A, has any max- 
imal blade factor of grade k —r, then C,_, and Dx_,. defined by (2.6.16) are both 
maximal blade factors of A;. The following is also a maximal blade factor if it is 
nonzero: 

(r,k—-r)FA, 
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One may expect that the series A, V A,U,_,_-; for 2 << i< k—1, should also 
be used as a criterion for blade factors. For the simplest nontrivial case i = 3 and 
k =n — 3, by denoting AS = *A, we get that the equality A, V A,Un_x_; = 0 is 
equivalent to the equality At? = 0. Unfortunately, the latter is an identity for all 
3-vectors. So the series Ay VA;,U,_,_; cannot be used as a criterion. Nevertheless, 
it indeed can be used to construct a maximal blade factor if the result is nonzero. 
The operator “VA;,U,_,_1” removes a vector factor from A;, while the operator 
‘VA,Un_p_;” removes a blade factor of grade 2. 


Theorem 2.84. [Maximal common blade factor criterion] Let A,,B, € A*(V"), 
where 2 < k <n-—2. Further assume that A, is a blade. For any 2<r<k-—1, 
define 


p—r—1 = Ch_2 V BeUi(n_n_-1) V°+ + V BRU Gr_1)(n-z_-); 


2.6.18 
Di_r—-1 = Dy_2 V BeU3(n_—e_-1) V+ V BeU (r4:1)(n—z_-), ( ) 


where the Uj(n—,%-1) are independent generic (n — k — 1)-blades. 


(1) If By is a blade, then Ay, By, have a maximal blade factor of grade k — r if and 
only ifC),_, , 40 forl<i<r—1butC,, , =0. 

(2) Ax, By, have a maximal blade factor of grade k — r if and only if Di,_,_, 40 
for 1 <i<r—1 but Dj_,_, =0. 


When the conditions in the two cases are satisfied, C},_,. and D/,_,, are both maximal 
common blade factors of Ax, Br. 


Proof. Much the same with that of Theorem 2.82. L) 


Proposition 2.85. If n is odd, then any (n —2)-vector A,,—2 in A(V") has a vector 
factor. 


Proof. Denote By = *A,~2, and let rank(Bz) = 2s. Let n = 21+1. Then s < l. 

By (2.6.8), Cpa = A(An—2 V An—2), where is a generic scalar. By (2.6.16), 
Cr—3-r = Cn_-4 V An—2u1 V--: V An—2U,—1, where the u; are generic vectors in 
y",and1<r<n-—s. Then 


*Cp_3-r = A(*An—2)(*An—2)(*(An—2u1)) Veo (#(Ap,—2Ur—1)) 
= B3 (Bz V (*u1)) oo (Bo V (*U;-—1)) 


—_ 2 
= \B3x, ---xp-1, 


where the x; are generic vectors in span(B2). When r = 2s — 2 < n — 3, then in 
A(span(B2)), *Cy—3-, = 0. By Theorem 2.82, the conclusion is proved. L] 


Proposition 2.86. If B, is a blade factor of Ax, then Ay, = B,((*Bs) V Ax) up 
to scale. 
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Proof. Let blade B, be composed of basis vectors. Since B, is a blade factor of 


A,, B,((*Bs) V Ax) = (Bs *B,) V Ay = Ag. L] 
Given a basis e),e€2,...,e, of VY”, any r-vector W,. can be written as a linear 
combination of the induced basis {e;,e;,---e;,.|1 < i, < tg <... < ip < n} of 


A’(v”). The coefficients are the Pliicker coordinates (2.6.9). For the r-vector to be 
a blade, the condition in Theorem 2.78 needs to be translated into constraints on 
the Pliicker coordinates. 
Sometimes only part of the basis of VY” is given, for example, only ej, €2,...,€m 
where 0 < m < nis given. It is called a partial basis of ¥V". Denote 
En—m = Cmt1€m42°**en- (2.6.19) 


Then any r-vector W,. can be decomposed into the following sum uniquely: 
m 
W, =A + y e;A; + S- eje; Ai; +++++e),€9°°: C@mAi2...m, (2.6.20) 
i=1 1<i<j<m 


where A € A" (Ey—m), AY aes E eas eee ifk< Tr, and Pe ei =Oifk>r. 
As an exercise, let us translate the condition in Theorem 2.78 into constraints 
on the “Grassmann coefficients” A’s of (2.6.20). 
The simplest case is m= 1. We have 


W,.- = A, + e,B,_1. (2.6.21) 


Obviously, A, = e,W, V E,_; and B,_; = W,. V E,_,. If W, is a blade, then 
both A, and B,_1 are blades. Furthermore, if A, 4 0, then B,_; € A(A,). The 
two conditions are also sufficient for W, to be a blade, according to Theorem 2.78 
and 


W,V W,Un_r—2 = Ar V 1 Bp_1 Un_r_2 + 1 By_1 V Ap Un_r_2 = 0. 
The first nontrivial case is m = 2. 
Proposition 2.87. Let r-vector W,. be of the form 
A, +e,B,_1 + e2C,_1 + e1e2D,_2, (2.6.22) 


where A,., B,_1,C,—1,D,_2 € A(ege4---e,) are of grade r,r — 1,r —1,r — 2 re- 
spectively. W, is a blade if and only if all the following conditions are satisfied: 


(1) A,, B,~1, C;-1,D,—2 are blades; 
(2) if A, 40, then B,_1,C,-1,D,~2 € A(A,), and in A(A,.), 


B,_1 V C,_1 = [A,|D,—9; (2.6.23) 


(3) if A, = 0, then B,_; and C,_; are linearly dependent; 
(4) if B,_1 x 0, then D,_2 € A(B,-1); 
(5) if C,_1 4 0, then D,_2 € A(C,_1). 
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Proof. Let E,_2 = e3e4---e,. If W,. is a blade, then 

A, = e1e2W,, V En_2, 

B,_1 = —e.W, V E,_2 = W., V eoEy_2, 

Cr_1 = e, W,,. V E,_2 = —W,, V e,E,_2, 

D,_2 = W.. V E,_2. 
So A, = 0 if and only if eyegW, = 0, z.e., W, has a common vector factor with 
ejeo. B,_1 = 0 if and only if W, © A(egE,-2), and C,_; = 0 if and only if 
W,. € A(eiE,_2). D,—2 = 0 if and only if W,. has a common (r — 1)-blade factor 
with E,_2. 

When W,. is a blade, only (2.6.23) needs proof. When all other conditions are 
satisfied, we prove that this equality is equivalent to W, V W,.U = 0 for generic 
(n —r — 2)-blade U. 

Case 1. D,-2 4 0. Let A, = ASD,~2, B,;-1 = bD,—2 and C,_; = cD,_2, 
where blade AJ € A?(E,_2) and vectors b,c € E,_2. Then 


W,VW,U 
= 3S A,(e1€2D,_2U]A,(2) + S- [e1B,—1(3)e2Cr-1U]By—1 (2) 
(2,r—2)FA,. (1,r—2)FB,-1 
aE: > [Br—1(1)e2C,—1 U]e1B,—1(2) ale = [e2C,—1(3)e€1 Br-1 UJC, 1/2) 
(2,r—3)FB,_-1 (1,r—2)FC,_1 
Tr a [C,—1(:)e1B,—1 U]ezC,—1(2) ale [eye2A,|D,_2 
(2,r—3 FC,_1 


= 2 ([eyezA5D,_2U] _ [eyegbcD,_2U])D,_2. 
It equals zero if and only if 
A, =bcD,_2. (2.6.24) 

When A,. 4 0, then (2.6.24) is just (2.6.23). When A, = 0, since B,_1,C,_1 
are linearly dependent, it must be that bcD,_2 = 0. 

Case 2. D,_2 = 0 but one of B,_1,C,_1 is nonzero, say B,_, 4 0. Let 
A, = aB,_1, and C,_; = AB,_1. Then W,. = (a+ e; + Ae2)B,_1 is a blade, and 
both sides of (2.6.23) are trivially zero. 

Case 3. B,—1,C,—1, D;—2 are all zero, but A, 40. Then W,. = A, is a blade, 
and both sides of (2.6.23) are trivially zero. L] 
Corollary 2.88. The standard form of an r-blade with respect to a partial basis 
€1,€2 of Y” is either (1) (ay +1e1)(ag +A2€2)A,_2, or (2) (a, +A 1e1 +2e2)Ay—-1, 
where A, is a k-blade in A(E,—2) in which E,_2 = e3e4---e,, and the a’s are 
vectors in E, 2, and 1, A2 are scalars. 


The above criterion for the m = 2 case can be easily extended to the general 
case of any m > 0. 


Proposition 2.89. The standard form of an r-blade with respect to a partial basis 
€1,€2,...,@m of V” is one of the following: 
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(1) (ai + A1€1)(a2 + Azre2) +++ (Am + Amem)Ar—m; 

(2) (ar + Are1 + Azge2 +++ + AmECm)Ar—-13 

(3) for some integer 1 < 7 < m, and some indices {i1,%2,...,i;} C {1,2,...,m}, 
for I= {1,2,...,m}— {t1, i2,...,a;}, 


(ay + A1e;, + S- Aye1)(az + A2ei, + S- Azl€1) +++ (ay + Aji; + S- Ajei)Ar—j3 
lel lel ler 


(2.6.25) 


where A, is a k-blade in A(E,_) in which Ey,» = €m41@m+2°-+en, and the a’s 
are vectors in E,,_,,, and the .’s are scalars. 


2.7 Advanced invariants and Cayley bracket algebra 


We have talked a lot about Cayley expansions. The inverse procedure of Cayley 
expansion is called Cayley factorization. It aims at eliminating all additions in 
an expression to obtain a monomial result in Grassmann-Cayley algebra. It is a 
transformation from addition to multiplication. An expression in the Grassmann 
algebra is said to be Cayley factorizable, if it equals a Cayley expression when both 
expressions are expanded into polynomials of homogeneous coordinates. 

In the special case where the input expression is a Cayley factorizable bracket 
polynomial, the output is a scalar-valued Cayley expression. A bracket polynomial 
is said to be an implicit advanced invariant if it is Cayley factorizable. A scalar- 
valued Cayley expression is called an explicit advanced invariant. 

From the viewpoint of geometric interpretation, Cayley expansion serves as the 
procedure of translating geometry into algebra, while Cayley factorization serves as 
the reverse procedure of translating algebra back to geometry. From the viewpoint 
of invariant theory, Cayley expansion is the procedure of representing advanced 
invariants by basic invariants, while Cayley factorization is the procedure of con- 
glomerating basic invariants to advanced invariants. 

There is a remarkable phenomenon illustrating the advantages of advanced in- 
variants in symbolic manipulations. The phenomenon is that all transformations 
based on GP and VW syzygies in bracket algebra can be realized by combining 
Cayley factorizations and Cayley expansions, and the transformations are almost 
trivial in terms of Cayley expressions. Below we explore this phenomenon. 

We start with an analysis of the transformations based on GP syzygies. Let 
Anti = a182°-'an4, and B,_; = bib2---by_1 be two sequences of vectors in 
y”. Fix an integer r between 1 and n+ 1, and fix a partition (An+1(1), An+1(ay) of 
An+1 of shape (r,n+1—r). The same symbols An+i(1),An+1(2);Bn—1 also denote 
three outer products of vectors in A(V”). When expanding 

An+i(1) V Bn_-1 V An+1(2) 
by distributing An+1(1)> we get an r-termed bracket polynomial, which is part of a 
GP polynomial. If r= n+ 1, we get a whole GP polynomial. 
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Given any r-termed GP polynomial g,, we can divide its terms arbitrarily into 
two parts grr + Grr—r’ of r’ and r —r’ terms respectively. The transformation 
Co ee (2.7.1) 
is called a Grassmann-Pliicker (GP) transformation. 


Proposition 2.90. Any GP transformation can be realized by a Cayley factoriza- 
tion followed by a Cayley expansion. 


Proof. By (2.2.5), any r’-termed part of an r-termed GP polynomial is of the 
form 
Grr! = S- [Cr—r+1Ar—2Br(1)][Cn—r41Dr_1/ By (ay), (2.7.2) 
(1,r’—-1)FB,, 


where A,_2,B,’,Cn—,41,D,_, are blades of grade r — 2,7r’/,n —r+1,r—r’ re 
spectively. By (2.4.30) and (2.4.31), gy, has the following Cayley factorization: 


Grr! = (-1)" YB, V C, r-4 1A, 2: Vv Ch r+1D, r! 
= A,_2 VCn—rq1 D,_, VCn enti B,. 


(2.7.3) 


The right side of (2.7.1) is obtained from (2.7.3) by splitting D,_,-. L] 


In the above proof, if r’ = 1, then (2.7.3) becomes Cy_,41A;—2 V Bi V 
Cy_—r11D,_1. So in GC algebra, the GP transformation for r’ = 1 is the rewriting 
[Cr r+ iD, [Cn r- 1A, 2Bi] = 1 Vv Cy, r+1D, 1 Vv Cr, r+1Ar 2B, 
— (-1)""1B, V C,, r+1D, iV C,, r+1Ar 2) 
(2.7.4) 
followed by expanding the last expression of (2.7.4) by distributing C,_,+41D,-1. 
(2.7.4) is a special case of the following straightening transformation. Let A,—1 = 
aja2:::a,_1, Bn = bi be--- by, and Cy,_, = a,41a,42°-: a, be outer products of 
vectors. Then 


A,-1 V Bnar V Cn_y = 0. (2.7.5) 


Any VW syzygy is obtained by expanding the left side of (2.7.5) by splitting B,,a,. 
The terms generated by distributing a, to A,;_1 are (—1)"~"A,_1a, V By V Cy_,, 
the terms generated by distributing a, to C,_, are (—1)"*!-"A,_1 VB, Va-Cn_+. 
The expansion changes (2.7.5) to 


A,-1 V Bn V arCn—r = Ap—1ar V Bn V Cn_r- (2.7.6) 


(2.7.6) is called a straightening transformation of grade r. (2.7.4) is a straight- 
ening transformation of grade 1. 
Recall that in straightening (2.1.19), i.e., 


ajag::-as by bg---bn_s 


Gié5-s +e, didges:d,_, |? (2.7.7) 
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where a; < c; but b, > dj, one of c1,c2,...,¢;,d1 should switch with one of the b’s. 
This switch is relatively difficult to understand and manipulate in bracket algebra. 
In the form (2.7.6) by Cayley expressions, this switch is very easy to understand 
and manipulate. (2.7.6) clearly indicates how vector a, is moved to the front of 
B,, by straightening. The correspondence between (2.7.6) and (2.7.7) is based on 
expanding both sides of (2.7.6) by splitting B,,, and is composed of 


ri s+1, 

Ay-1: ajag::- as, 

By: by, b2---byn_sc1C2--- Cs, 
ar: di, 

Cher: dz---dy_s. 


Cayley factorization is a difficult task. Only the simplest case where a bracket 
polynomial is linear with respect to every vector variable of it is solved [192]. Even 
the following seemingly simple question remains open: Let 1, 2,---k and 1’, 2’,---k’ 
be points in the projective plane. Is the following Crapo’s binomial 


[12'3'][23'4'] .- -[k1/2"] + (—1)*-}[11'2"][22’3']--- [kk’1’] (2.7.8) 


Cayley factorizable? 

In [175], the problem of “rational Cayley factorizability” was investigated. The 
problem is as follows: Given a bracket polynomial that is not Cayley factorizable, is 
it Cayley factorizable after being multiplied with a suitable bracket monomial? The 
technique rational Cayley factorization is very important in projective geometric 
computing, as will be shown in Chapter 4. 


Example 2.91. For six points 1,2,3,4,5,6 in the projective plane, 
[134][256] — [234][156] = 12 V 34 Vv 56 (2.7.9) 


is a Cayley factorization. If the minus sign on the left side is changed to plus sign, 

the bracket binomial is no longer Cayley factorizable. Instead, it is rationally Cayley 

factorizable: 

[(12 V 56) (13 V 24)(14 v 23) 
[123][124] 

[((12 V 34)(15 V 26)(16 V 25)] 
[125][126] 


[134] [256] + [234][156] = — 
(2.7.10) 


It can be proved that in any rational Cayley factorization of the bracket binomial 
in (2.7.10), the degree of the denominator cannot be lower than two. 


All the advanced invariants in projective incidence geometry form an algebra 
under addition and multiplication, called Cayley bracket algebra. This algebra is 
the key to Cayley factorization. We make a formal investigation of this algebra. 

A Cayley expression, like any other expression in mathematics, has a natural 
tree structure. The tree structure is determined by the meet product operations 
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12v1?2’v 1"2" 


P2v1"2" 


Fig. 2.4 Tree structure of 12 V 1/2’ Vv 1"2”. 


and outer product operations in the expression. Any nontrivial subtree is called a 
proper subexpression. For example, Cayley expression 12 V 1'2’ V1"2” has the tree 
structure shown in Figure 2.4, where each node denotes a subtree. 


Definition 2.92. [Definition of Cayley bracket by Cayley expressions] An nD Cay- 
ley bracket is a scalar-valued Cayley expression in A(V") whose every proper subex- 
pression has grade greater than 0 and less than n. In a Cayley bracket, the outer 
product and the meet product can be denoted by the same symbol, called the 
Cayley product, because the type of product between any two subexpressions is 
unambiguously determined by their grades. 


Notation. 
In the setting of Cayley brackets in this chapter, the Cayley product is denoted 
by jurtaposition. The outer product is denoted by “A”. 


All brackets are Cayley brackets. For example, in 3D bracket algebra, [123] = 
1V (2A 3) = 1(23) is a Cayley bracket, and 12 V 1/2’ V 1"2” = (12)(1'2’)(1"2”) 
is another Cayley bracket. 

Any Cayley bracket can be written in the following nested form: 


Cr Cpa (Cy)) 39) = Gp VC p17 A (CoV (Cp A0+*(C,)) +), 2.7.11) 


where the C’s are subexpressions, and where the meet products alternate with the 
outer products. The parentheses are used as delimiters of the nonassociativity of 
the Cayley product. Since the result of (2.7.11) is of grade 0, the outermost product 
can only be the meet product. 


Lemma 2.93. As Cayley brackets, C3(C2C1) = (C3C2)Ci. 
Proof. C3 V (C2 A C1) = [C3C2Ci] = (C3 A C2) V Ch. L] 


Proposition 2.94. [131] [Reversion symmetry] As Cayley brackets, 
Cf. 44,0) oe (SoC ales )C2)C1. (2.7.12) 
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Proof. Induction on r. Lemma 2.93 is on the case r = 3. Assume that the 
conclusion holds for r—1. For r, denote A = C2C;, and B = (---(C,C,_1)---)C3. 
Then 


C,(Cr-1(--+ (CsA) --+)) = (C++ (Cr C,-1) +++ )C3)A = B(C2C1) = (BC2)Ci. 
L 


Proposition 2.95. In Cayley bracket (2.7.11), if C,—2 is a Grassmann monomial, 
then 


C,.(C,-1(- *s (C,)) os -) = a [C,C,-1Cr—29)] C,—2(1)(Cr—3(- a (Ci)) —- ). 
FC,—2 
(2.7.13) 
Proof. By Lemma 2.93, 


C,(C,—-1(Cr—2(Cyp_3(- “< (C;)) roe ))) a (C, AC, 1) V Cr—2 V (C, 3(° * (Ci) mee ). 


Expanding the right side by splitting C,_2, we get (2.7.13). L] 


Corollary 2.96. In Cayley bracket (2.7.11), if all the C’s are Grassmann monomi- 
als, then 


a [z]-1 
> [C 25 1)Cr 25-1 Cr—2; 2(2)); (2.7.14) 


i=1 -C,_o; j=0 


[ 
CiCte)= 


with the understanding that C,(,) = C,, Cii2) = Ci, and Cov) = 1 on the right 
side of (2.7.14). 


The following is a constructive definition of Cayley bracket and Cayley product. 


Definition 2.97. [Recursive definition of Cayley product and Cayley bracket] Let 
A1,...,Am be atomic vectors generating an nD bracket algebra. In the GC algebra 
associated with the bracket algebra, let M(a) be the multiplicative set generated 
from the atomic vectors by the Cayley product, which is defined as follows: 


e The Cayley product of any r < n atomic vectors is their outer product, called 

a Cayley r-vector. 

The Cayley product of any r = n atomic vectors is their bracket, called a Cayley 

bracket. 

e The Cayley product of any r > n atomic vectors is zero. 

e The Cayley product of any Cayley bracket with any element in M(a) is zero. 

For r+s > n, the Cayley product of any Cayley r-vector and Cayley s-vector 

is their meet product, and the result is called a Cayley (r + s — n)-vector. 

e For r+s=n, the Cayley product of any Cayley r-vector and Cayley s-vector 
is their meet product, and the result is called a Cayley bracket. 
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e For r+s <n, The Cayley product of any Cayley r-vectors and Cayley s-vector 
is their outer product, and the result is called a Cayley (r + s)-vector. 


For any element in M(a), the number of atomic vectors it contains is called its 
length. An element in M(a) whose length equals 0 mod n is called a Cayley bracket. 
An element of M(a) which is a subexpression of a Cayley bracket and whose length 
equals 71 mod n, where i 4 0 mod n, is called a Cayley i-vector. A Cayley 1-vector 
is called a Cayley vector, a Cayley 2-vector is called a Cayley bivector, etc. 


Proposition 2.98. Any Cayley i-vector is an i-blade in GC algebra. 


Proof. Induction on the length / of the subexpression of a Cayley bracket. The 
case | < n is obvious, as only outer product is allowed among the atomic vectors. 
Assume that for | < kn the conclusion is true. Let 1 = kn +i, where 0 <i <n. 
If ¢ = 1, then the subexpression must be of the form A,(B,4+1_,) for some r > 1, 
where A, and B,,41_, are Cayley r-vector and Cayley (n+1—r)-vector respectively. 
Since both of them have length < kn, by induction hypothesis, the grades of A, 
and B,41-, are r and n+ 1—r respectively, and the Cayley product between them 
must be the meet product. The result is a vector. 

Assume that for | = kn+i where i < j <n, the conclusion is true. When i = 7, 
any Cayley j-vector must take one of the following two forms: 


e A,(B,-_,) for some r < j, where A, and B,_, are Cayley r-vector and Cayley 
(j — r)-vector respectively; 

e A,(Bn+;-r) for some r > j, where A, and B,+;—-, are Cayley r-vector and 
Cayley (n + j — r)-vector respectively. 


Both A, and B;_, or By+;-, satisfy the induction hypothesis, so in the case of 
B;_,, the Cayley product is the outer product, the result is a j-blade; in the case 


of B,+;-r, the Cayley product is the meet product, the result is also a j-blade. O 


Definition 2.99. Cayley bracket algebra is the ring generated by all the Cayley 
brackets of a set of atomic vectors, modulo the ideal generated by syzygies B1, 
B2, GP in Definition 2.11 for basic brackets, together with the four basic Cayley 
expansion formulas (2.3.31), (2.3.32), (2.5.3), (2.5.4) for atomic vectors after chang- 
ing each formula into a polynomial equality of Cayley brackets by making Cayley 
products on both sides with some Cayley i-vectors. 


By the above definition, the transition from a Cayley bracket to a polynomial 
of basic brackets is realized by Cayley expansions starting from the innermost meet 
product of atomic vectors. This recursive definition is based on Cayley expansions 
from the bottom up. By the reversion symmetry (2.7.12), Cayley bracket algebra 
can also be defined in a top-down manner, so that the Cayley expansions in a 
Cayley bracket always start with the outermost Cayley product. Below we present 
the top-down definition for n = 3 and 4. 
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Lemma 2.100. When n = 3, any C,_2; in the nested form (2.7.11) where i > 1, 
is the outer product of two vectors, and all other C’s in (2.7.11) are vectors. 


Proof. Since the outermost product in (2.7.11) is the meet product, the next 
outermost product must be the outer product. Since r > 3, C, must be a vector, 
so is C,_1. For i < r—1, if the right side of C; in (2.7.11) is the meet product, 
then C; must be a bivector; if its right side is the outer product, then C; must be 
a vector. L] 


A 3D Cayley vector is either one of the atomic vectors a’s, or an element in 
M(a) of the form (A,;A2)(A3A4), where the A; are 3D Cayley vectors. Any 3D 
Cayley bracket is of the form A;(A2A3), denoted by [A; A2As3]. 


Definition 2.101. [Top-down definition] The 3D Cayley bracket algebra generated 
by the atomic vectors a’s, is the bracket ring generated by the 3D Cayley brackets in 
the form [A;A,A;], where the A’s are Cayley vectors, modulo the ideal generated 
by the following elements: 


[A1Ao{(A3A1)(AsA6)}] — [Ar A3Au][AoA5Ao] + [AcA3Aa][ArAsAg]. (2.7.15) 


(2.7.15) is the Cayley expansion of A; A2 V A3A4,V As5Ag by separating Aj, Ao. 
By applying this syzygy recursively, any Cayley bracket can be expanded in a top- 
down manner to a polynomial of basic brackets. 

A major difference between a 4D Cayley bivector and a 3D Cayley bivector is 
that the latter is always in the form of the outer product of two vectors, while the 
former can take the form of the meet product of two 3-vectors. In the following, let 
the A; and B; be 4D Cayley vectors and Cayley bivectors respectively. 


e A 4D Cayley vector is either one of the atomic vectors, or an element in M (a) 
of the form B,(ABz2), which includes also Bi(B2A), (AB2)B, and (B2A)B,. 

e A 4D Cayley bivector is an element in the form of either A,;A» or 
(AiB;)(A2Bz2), where the latter also includes (A, B,)(B2A2), (B1A1)(A2Bz2) 
and (B,A;)(B2Az2). 

e A 4D Cayley 3-vector is an element of the form A,Bzo, including B2A,. 


e A 4D Cayley bracket is of the form A ,(A2B), including also A,(BAg), 
(A, B)A2 and (BA,)Ag, and is denoted by [A, AB}. 


Definition 2.102. [Top-down definition] The 4D Cayley bracket algebra generated 
by the atomic vectors a’s, is the bracket ring generated by the 4D Cayley brackets 
in the form [A;A,;B;] where the A’s are Cayley vectors, and the B’s are Cay- 
ley bivectors, modulo the ideal generated by the left sides of the following three 
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identities: 
[A1A2{A3(Bi(A4Bz2))}] — [A1A2Bi][A3A4B2 
+[A1A3B,][A2A4Bo] — [A2A3B,][A1 AsBo 
[A1A2{(A3Bi)(A4B2)}] — [A1A3Bi][A2A4Bo 
+[A,A3B,][A: A4Bo 


[Ai {Bi (A2Bz)}(AsA4)] — [AsA4{Ai(Bi(A2Bz))} 


(2.7.16) 


(2.7.17) 
(2.7.18) 


(2.7.16) is the Cayley expansion of A,;A,A3 V B; V AyBg by distributing 
A, A2,Az3, and (2.7.17) is the Cayley expansion of A;A2 V A3sB; V A4,Bz by 


distributing Aj, Ag. 


In Chapters 3 and 4, there are many applications of Cayley bracket algebra in 


projective geometric computing. 
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Projective Incidence Geometry with 
Cayley Bracket Algebra 


An incidence constraint in projective geometry refers to either a collinearity or 
coplanarity relation of various dimensions, or a concurrency relation (i.e., linear 
spaces meeting at the same linear subspace), or a multilinear equality on the cross- 
ratios of collinear or coplanar objects. 

While Grassmann-Cayley algebra and bracket algebra provide an invariant lan- 
guage for describing incidence relations, Cayley bracket algebra provides the toolkit 
for advanced invariant computing in projective incidence geometry. This chapter 
develops the kernel computational tools in Cayley bracket algebra, including various 
factorization, contraction, and division techniques. 

The power of the techniques is demonstrated in two geometric applications: 
first, in machine proving of incidence geometric theorems with Cayley bracket al- 
gebra, without a single exception each theorem can be given a binomial proof, #.e., 
throughout the proving procedure, any bracket polynomial has at most two terms; 
second, Cayley bracket algebra has superior symbolic manipulation performance in 
attacking challenging open problems in enumerative geometry. 


3.1 Symbolic methods for projective incidence geometry 


The time-honored method for symbolic computing in projective geometry is the 
method of homogeneous coordinates. In this method, the homogeneous coordinates 
of generic geometric objects are algebraically independent. From the bracket algebra 
point of view, let a,,az,...,a, be fixed points in projective space P”~! such that 
they form a basis of the underlying vector space. Then for any point a,+1, its 
homogeneous coordinates are those brackets composed of a,+1; and n — 1 basis 
points. Because of the algebraic independence among such brackets, the method of 
homogeneous coordinates is the most general one in both algebraic representation 
and manipulation. The cost is that there is no control of middle expression swell. 
We take a look at a concrete example. 


Example 3.1. [2D Desargues Theorem] In the projective plane there are two tri- 
angles 123 and 1/2’3’. If the three lines 11’, 22’, 33’ concur, then the three pairs 


89 


FreeEngineeringBooksPdf.com 


90 Invariant Algebras and Geometric Reasoning 


of lines (12, 1’2’), (13, 1’3’), (23, 2’3’) intersect at three points that are collinear. 


Fig. 3.1 Desargues Theorem. 


In Figure 3.1, lei a= 1291/2’, b= 131 1'3’ and c = 23/N 2’3’; let d be 
the point where lines 11’, 22’, 33’ concur. The configuration can be constructed as 
follows: 

Free points: 1, 2,3,d. 

Free collinear points: 1’ on line d1, 2’ on line d2, 3’ on line d3. 

Intersections: a = 12/9 1'2’, b= 13 1'3’, c = 23M 2’3’. 

Conclusion: a,b,c are collinear. 

Using coordinate method to prove this theorem is very easy. Every intersec- 
tion has its coordinates explicitly expressed by the coordinates of those points with 
which to construct it. Every free collinear point is parametrized by two fixed points 
collinear with it. When all the constructed points in the reverse order of the se- 
quence of constructions are eliminated, the conclusion expression ends up with zero, 
and the theorem is proved. 

In coordinate form, the input conclusion expression [abc] is a polynomial of 
6 terms. The size grows quickly in the process of elimination, but in the end 
suddenly reduces to zero. This is a typical example of middle expression swell. For 
difficult problems, the computing is usually stuck in some middle stage because the 
polynomial size becomes too big to handle. 

To reduce the size of middle expressions to manipulable size, geometric invariants 
such as brackets are needed. Classical invariant-theoretic method follows much the 
same procedure as the coordinate method: the conclusion expression is in the form 
of a bracket polynomial, and each intersection is expressed by a Cayley expression; 
after the substitution of the Cayley expression into the conclusion, the latter needs 
to be expanded into a bracket polynomial. Each free collinear point is expressed as a 
linear combination of two fixed points collinear with it by using their Cramer’s rule. 
After all the eliminations and expansions, the conclusion expression is changed into 
a bracket polynomial containing brackets of different sizes, as any Cramer’s rule of 
three collinear points involves brackets of length two, while the brackets produced 
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by Cayley expansions are of length three. The result is then straightened to zero. 

In straightening a bracket polynomial, all kinds of VW syzygies are used, in 
sharp contrast to simplifying a coordinate polynomial, where there is no syzygy at 
all. Because straightening a bracket polynomial is less efficient than simplifying the 
corresponding coordinate polynomial, and because size of a bracket polynomial still 
grows fast during the straightening, usually classical invariant-theoretic method is 
less efficient than coordinate method. 


In the 1990’s, two methods were proposed to curtail the size of middle bracket 
polynomials. The first is the method of biquadratic final polynomials [148]. It is 
based on the algebraic theory of final polynomials [27], [173]. A proof of Desargues 
Theorem by this method is as follows: 

3’c,1’/a,2d concur =~ [23’d][1’ac] = —[2cd][1’3’a] 

1’d,2a,3b concur = [2ab][31’d] = [23al][1’bd] 

3,3',d collinear => [23d][1/3’d] = —[23’d][31’d] 

1’,3’,b collinear = > = [1'bd][1'3’a] = —[1’ab][1’/3’d] (3.1.1) 

2,3,¢ collinear => [23a][2cd] = —[23d][2ac] a 
x x 
1 1 

a,b,c collinear <=  [2ab][1’ac] = [2ac][1’ab]. 


The algorithm searches for all kinds of geometric constraints that can be ex- 
pressed by biquadratic equalities, t.e., equalities each side of which is a bracket 
monomial of degree two. If a subset of such equalities is found with the property 
that after multiplying each side together and canceling common bracket factors, the 
result is a biquadratic equality representation of the conclusion, then the theorem 
is proved. If the proof is successful then clearly it is very elegant, because only two 
terms are produced at each step. 

In (3.1.1), two out of the six concurrency constraints in the hypotheses are se- 
lected, and for each meet-product expression representing a concurrency constraint, 
e.g., 3’c V 1'a V 2d = 0, one out of its three Cayley expansions is selected, e.g., 
[23/d][1’ac] = —[2cd][1'3’a]. Furthermore, three out of the nine collinearity con- 
straints in the hypotheses are selected, and for each bracket equality representing 
a collinearity constraint, e.g., [33’d] = 0, a specific bracket [21’d] is selected to 
multiply with it in order to generate a biquadratic equality as follows: 

0 = [21'd][33’d] = [23d][1’3’d] + [23’d][31’d]. 
This equality is a GP relation. The multiplication of the five biquadratic equalities 
in (3.1.1) produces a biquadratic binomial representation of the conclusion [abc] = 
0. 

Although some strategies can be applied to reduce the size of the set of bi- 
quadratic binomial candidates, the set is still too large to search effectively, re- 
stricting the general applicability of this method. 

The second method is the area method [40]. It uses much the same strategy 
as the coordinate method and invariant-theoretic method in elimination, only the 
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appearance is different. In the determinant form of a bracket [123], if the first 
homogeneous coordinate of each of the three points is set to be 1, then the three 
points are on the affine plane, and the determinant equals twice the signed area of 
triangle 123. The sign is positive if the orientation of the triangle follows that of 
the affine plane, and negative otherwise. Although the area method is not directly 
applicable to projective geometry, after transforming the area equalities into bracket 
ones by homogenization, the method can be translated into the language of bracket 
algebra. 

In the area method, to represent the conclusion of Example 3.1, two more in- 
tersections Zz} = 12 be, z2 = 1'2’M be need to be introduced. The conclusion is 
then expressed by the following ratio-formed equality: 


ee, (3.1.2) 


where each ratio is understood to be the ratio of two collinear vectors, or signed line 
segments. The proof of (3.1.2) by the area method, when translated into bracket 
algebra, is as follows: 


Rules = Bea 
bz, CZ 
czi/bz, =  [12c]/[12b] | 21,22 ~—« [1 2e][1’2’b} 
bz /ez2 = [1'2'b]/[1'2'c] a [12b]/1’2’c} 
[123][11'3’] 
[123][22'3’] b,c [131'][22'3’ (3.1.3) 
—[131'][1/2'3’] a [11’3][2327] 
= —[232'][1'2'3'] 
11’3’] = —[1831']d3'/d3 3! l 
22/3'] = —[232']d3’/d3 


The proof is very short and elegant. The method grows out of the geometric con- 
sideration of the ratios of signed areas and line segments in the setting of incidence 
constraints. For example, the rule of eliminating z; from cz,/bz, is [12c]/[12b], 
whose derivation is shown in Figure 3.2: since z1 is where line 12 meets line be, the 
ratio cz1/bz, of the two line segments cz, bz, must be equal to the ratio of the 
signed distances from c,b to line 12, and hence be equal to the ratio of the signed 
areas of triangles 12c and 12b. 


Cc 


b 


Fig. 3.2. Derivation of elimination rule cz; /bz, = [12c]/[12b] geometrically. 
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A spectacular phenomenon in the proof (3.1.3) is that no matter what point 
is eliminated, every middle result in the right column of (3.1.3) remains a rational 
monomial. The area method has very good control of the result of elimination. As 
long as there are sufficiently many elimination rules, the method is applicable to 
general geometric problems. 

From the viewpoint of Cayley bracket algebra, 

cz, = c(12 V be) onpgnd —[12c]be, 
bz; 4 b(12 V bc) 12b]be. 
We see that the elimination rule cz; /bz,; = [12c]/[12b] can be obtained by di- 
rect algebraic computing, instead of by geometric argument based on incidence 


(3.1.4) 


expand “j 


constraints. In fact, by monomial expansions of meet-product expressions such as 
(12b] 212 v 138 v 13! 22" (123]/11'3', (3.1.5) 


all other rules in the left column of (3.1.3) for the elimination of intersections of 
lines can be generated purely algebraically. 

The transition from geometric consideration to algebraic computation has the 
significant benefit of being capable of generating as many new elimination rules as 
possible, in a totally mechanical manner, without worrying about the shortage of 
elimination rules. Indeed, in the area method there are many different elimination 
rules based on a big list of special geometric constructions. 

Ratio-formed representation and computation are another feature of the area 
method. Many elimination rules can only be expressed in the ratio form. For 
example, because neither covariants nor deficit brackets exist in the method, the 
expansion results in (3.1.4) can only be put in the ratio form. A noticeable draw- 
back of the ratio form is its inefficiency in representing geometric constraints. For 
example, (3.1.3) shows that only after two supplementary points of intersection are 
constructed can a conclusion as simple as [abc] = 0 be represented in the ratio 
form. 

In Cayley bracket algebra, on the contrary, without resorting to either the con- 
struction of supplementary points or special elimination rules, the result after elim- 
inating z1,Z2 in the second line of (3.1.3) can be obtained directly from the input 
conclusion expression by a binomial expansion: 

[abe] £12 v 1/2! V be 22”"" [1 2b] [1/2'c] — [12c][1’2’b]. 

The ratio form prohibits the combination of the two groups of terms in the 
numerator and denominator from making both usual polynomial and bracket poly- 
nomial manipulations. In particular, the latter manipulation involves syzygies of at 
least three terms, which is impossible to implement without breaking up rational 
bracket monomials. Indeed, the area method does not have any GP syzygy-based 
simplification. 

The above investigations indicate that there is still a lot of room for further 
improvement of the already very elegant proofs (3.1.1) and (3.1.3). This is exactly 
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what we are going to do next. We show that using the same old strategy of the 
coordinate method and the invariant-theoretic method, by purely algebraic sim- 
plifications we can easily derive nD Desargues Theorem and its converse for the 
symbolic value n. Using Cayley bracket algebra, the geometric theorem and its 
converse are represented by a single algebraic identity (3.1.7) below, which discloses 
not only the qualitative relationship between the hypotheses and the conclusion, 
but also the quantitative relationship between them. Desargues Theorem and its 
converse represented in this form can be directly used in algebraic computing as a 
Cayley expansion formula. This is a much higher level algebraization of the geo- 
metric theorem. 

First we consider the theorem in 2D case. The hypothesis is 11’ V 22’ V 33’ = 0, 
and the conclusion is 


[(12 Vv 1'2')(13 v 1/3')(23 V 2'3’)] = 0. (3.1.6) 
By (2.5.31), the left side of (3.1.6) has factored Cayley expansion 
(12 V 1/2’)(13 v 1/3')(23 Vv 2’3’)] = —[123][1'2/3J11’ v 22'v 33’, (3.1.7) 


so Desargues Theorem and its converse in 2D case are direct corollaries of (3.1.7). 

Without resorting to formula (2.5.31), the conclusion expression in (3.1.6) can 
be expanded step by step, using only basic Cayley expansions, in two different ways 
that lead to the same result: 


(1) Outer product expansion: 
[(12 V 1/2')(13 V 1/3')(23 v 2’3')] 
= (12V13v 1’3')(1'2! Vv 23 v 2/3’) — (12 v 23 v 2’3')(1/2’ Vv 13 v 13’) 
= [123][1’2’3'](—[11'3’][232'] + [131’][22’3’]) 
fester _ ty agi(1'2/3']11! v 22! v 33". 
The last step is the Cayley factorization reverse to expansion (2.5.14). 

(2) Meet product expansion: 
[(12 V 1/2')(13 Vv 1/3')(23 v 2’3')] 
([11’2'[2(13 Vv 1/3’)(23 v 2’3’)] — [21’2'[1(13 v 1/3’)(23 v 2'3’)| 
= [11/2"][22’3’][2(13 v 13’)3] — [21/2][11’3'][13(23 v 2'3’)| 
[123] ((11'2"][22’3'][31/3’] — [21’2'][11'3'][32’3’]) 
—[123][1/2'3’]11’ v 22’ v 33’. 


The last step is the Cayley factorization obtained from expansions (2.5.21) and 
(2.5.22). 


In the above computing, after the elimination of the three intersections, every- 
thing is left to the algebraic simplification of the Cayley bracket obtained. The prov- 
ing strategy is identical to that of the coordinate method and the invariant-theoretic 
method. The difference lies in the computing techniques. In Cayley expansion it 
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is the factored and shortest result that is acquired, following the classification theo- 
rems in Chapter 2. In simplification it is the Cayley factorization that is used, which 
not only simplifies the expression, but makes the computing robust against different 
Cayley expansions. The syzygies among brackets are integrated into the symmetries 
within a Cayley bracket. This is a typical feature of advanced invariants. 

In sharp contrast, even for the simplest case n = 2, the expression on the 
right side of (3.1.7) when changed into a polynomial of coordinates, contains as 
many as 1290 terms. After polynomial factorization, the coordinate form of factor 
11’ V 22’ V 33’ has 48 terms. The effect of controlling middle expression swell by 
Cayley expansion and factorization is obvious. 

(3.1.7) remains valid in nD projective space. In the GC algebra over V"*", [123] 
represents deficit bracket [U,,2123], where U,,_2 is the dummy (n — 2)-blade, and 
11’ V 22’ V 33’ is the abbreviation of 

Un_211' V Un_222’ V 33’. (3.1.8) 
(3.1.7) is just 
[Un—a(U,_o12 V 1’2')\(Up__218 V 1’3’)(Upn—228 V 2'8")] 
= —[Up—2123)][U,-21/2’8'JUpn_211’ V Up—222’ V 33’, 
whose validity does not need any further proof. 


(3.1.9) 


Theorem 3.2. [nD Desargues Theorem and its converse] In the nD projective space 
there are two triangles 123 and 1/2’3’. Assume that line pairs (12, 1/2’), (13, 1'3’), 
(23, 2’3’) intersect in the nD space at points a,b,c respectively. 


(1) [Desargues] If lines 11’, 22’, 33’ concur, then points a, b,c are collinear. 
(2) [Converse Desargues] If points a,b,c are collinear, then under the assumption 
that triangles 123, 1'2'3’ are not degenerate, lines 11’, 22’, 33’ concur. 


Besides Cayley factorization, there is another technique for algebraic simplifica- 
tion: reducing the number of terms of a bracket polynomial by GP transformations, 
called contraction. For example, immediately before 3’ is eliminated in (3.1.3), the 
ratio-formed expression can be written as a bracket binomial 

[131] [22'3’] — [11'3'][232’], (3.1.10) 
which can be contracted to zero by 11’ V 22’ V 33’ = 0, using Cayley factorization 
and the concurrency of the three lines. The elimination of 3’ in (3.1.3) can be 
replaced by contraction. 

Compared with previous methods based on homogeneous coordinates and brack- 
ets, the Cayley bracket algebra approach has much richer algebraic structures: 
Grassmann-Cayley expressions as covariants, brackets as basic invariants, deficit 
brackets as rational invariants, and Cayley brackets as advanced invariants. In this 
new framework, typical algebraic manipulations include representation, elimination, 
expansion and simplification. The purpose of algebraic manipulations is to produce 
factored and shortest result, by which the middle expression swell can be tightly 
controlled. 
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3.2 Factorization techniques in bracket algebra 


A bracket factor can occur either explicitly or implicitly in a bracket polynomial. It 
is said to be explicit, if it occurs in every term of the bracket polynomial, otherwise 
it is said to be implicit. Implicit bracket factors come from two sources: 


(1) GP syzygies of bracket algebra, where each bracket polynomial having an im- 
plicit bracket factor has at least two terms, e.g., 


[123][145] — [124][135] = —[125][134]. 


(2) Incidence constraints among the atomic vectors of bracket algebra, which de- 
stroy the unique factorization property of this algebra. With the presence of 
incidence constraints, even a bracket monomial can have an implicit bracket 
factor, e.g., if [123] = 0, then 

[124][135] = [125][134]. 

In this section, we introduce two corresponding groups of factorization tech- 
niques in bracket algebra. The first group consists of two Cayley factorization for- 
mulas obtained from Cayley expansion theory by equalizing a factored result and 
a binomial result of the same Cayley expression. The equality of the two results is 


caused by GP relations. The second group consists of two transformations based 
on the collinearity, coplanarity, and concurrency constraints among atomic vectors. 


3.2.1 Factorization based on GP relations 


Vectors in the same bracket are called bracket mates of each other. In a bracket 
monomial, the bracket mates of a vector refer to all the bracket mates of the vector 
in the monomial. 

By (2.5.22) and (2.5.25), for any points 1, 2,3, 1’, 2’,3’ in the projective plane, 


[121'][232'|[133’] — [122'][233'[131’] = [123]11’ v 22’ v 33’. (3.2.1) 
Algorithm 3.3. Degree-3 bracket binomial factorization based on (3.2.1). 


Input: A polynomial p composed of brackets and meet products of type pr, and 
already factorized in the polynomial ring of these elements. 


Output: A polynomial qg of brackets and meet products of type pr. 
Procedure. For every factor f of p, do the following. 


Step 1. If f does not satisfy any of the following conditions, put it into gq: 


(1) f is a bracket binomial of degree three, the coefficients are +1. 
(2) f has six points, three of which are double points, denoted by 1, 2,3; 
the other three are single ones, denoted by 1’, 2’, 3’. 
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Step 2. Let the two terms of f be pj, po. If pi is of the form €[121'][232'][133J, 
where « € {+1}, then it defines the matching between points i and i’ for 
i-1,2,3; 

(1) if pg = —e{122'][233'][131’], put into q the factor €[123]11’ V 22’ v 33’; 
(2) if pg = —e[123’][231'][132’], put into q the factor —e€[123]13’V21/V32’. 


In all other cases, put f into gq. 


By (2.5.19), for any six points 1 to 6 in the plane, 
[125][126][345][346] —(123](124][563][564] = (12V35V46)(12V36V45). (3.2.2) 
Algorithm 3.4. Degree-4 bracket binomial factorization based on (3.2.2). 


Input: A polynomial p composed of brackets and meet products of type p;, and 
already factorized in the polynomial ring of these elements. 


Output: A polynomial qg of brackets and meet products of type pr. 
Procedure. For every factor f of p, do the following. 


Step 1. If f does not satisfy any of the following conditions, put it into gq: 
(1) f is a bracket binomial of degree four, the coefficients are +1. 
(2) There are six points in f, and they are all double points. 


Step 2. Count the number of bracket mates for each point in f. In the first 
term p, of f, there are two points, denoted by 5,6, each having four bracket 
mates, while the other four points each have three bracket mates. In the 
second term pe of f, there are two other points, denoted by 3, 4, each having 
four bracket mates, while the other four points each have three bracket 
mates. The two points left in f are denoted by 1, 2. 


Step 3. If py = e(125][126][345][346] and pp = —e[123][124][563][564], put 
into q the factor e(12 V 35 V 46)(12 V 36 V 45), else put f into q. 


3.2.2 Factorization based on collinearity constraints 


In 2D projective geometry, if three lines 12,1'2’,1”2” concur, then their meet 
product equals zero. Expanding the meet product by splitting 12, we get 


(11/2"][21”2”) = [112”][21’2’). (3.2.3) 


If no two of the three lines are collinear, then (3.2.3) is called a concurrency trans- 
formation of monomial [11/2’][21”2”]. If 1’, 2’,1”,2” are collinear, then (3.2.3) is 
called a collinearity transformation. In a collinearity transformation, at least three 
of the four collinear points are distinct from each other. 

A projective line is said to be long, if it contains at least three atomic points, 
i.e., there is at least one collinearity constraint about the line. For a bracket [123], 
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the pair 12 is called a line of the bracket, and 3 is called the bracket mate of the 
line. For long line 1'2'1”2” in two different forms 1'2’ and 1”2”, the collinearity 
transformation (3.2.3) is nothing but the interchange of the respective bracket mates 
of the two forms. 


Example 3.5. In the projective plane, let (1, 2’,3’,4), (2,3’,4’,5), (3,4’,5’,1) be 
collinear quadruplets of points. Simplify p = ([12'5’][243’]) /((122’][43’5’]). 


The two brackets in the numerator of p each contain two long lines. The first 
bracket contains long lines 142’3’,134'5’, and the second bracket contains long 
lines 253/4’, 142’3’. Their common long line is 142’3’, so the two bracket mates 
5’,2 of the common long line can be interchanged: [12’5’][243’] = —[122'][43’5’), 
yielding p = —1. 


Example 3.6. [Leisening’s Theorem] Let 126, 347 be two lines in the plane. Let 
5 = 27036, 9 = 24/913, 0 = 17/46, and 8 = 12/34. Then the three intersections 
85114, 89 67, 801 23 are collinear. 


Fig. 3.3 Leisening’s Theorem. 


Hypotheses: 

Free points: 1,2,3,4. 

Free collinear points: 6 on line 12; 7 on line 34. 

Intersections: 5 = 27936, 9 = 2413, O=17N46, 8 = 121 34. 


Conclusion: 58914, 67M 89, 231 80 are collinear. 


Proof. 
[(58 V 14)(67 V 89)(23 V 80)| 
erpand (58 V 67 V 89)(14 V 23 V 80) — (14 V 67 V 89) (58 V 23 V 80) 
erpand _1678][589][80(14 V 23)] + [238][580][89(14 Vv 67)| 


5,8,9,0 


0, 
where the last step is simultaneous elimination of four points: 
[678] 2 67Vv12Vv34 


expand 


pon" _ 1127] [3.46], 
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[238] = 23v12v34 
expand _ 14 93)/234], 

[589] °& [(12 v 34)(24 V 13)(27 V 36)| 
orb" (19 y 24 V 13)(34 V 27 V 36) — (34 V 24 V 13)(12 V 27 V 36) 
ernan4 14 931[234]((124][367] — [134][267]) 
factor 14 931[23.4]14 V 23 V 67, 

[580] °° ((12 Vv 34)(17 Vv 46)(27 V 36)] 
ere? (19. 17 V 46)(34 V 27 V 36) — (34 V 17 V 46) (12 V 27 V 36) 
enka" (4 97](3.46] ((146] [237] — [147][236]) 
factor (4 97][346]14 V 23 V 67, 

[80(14V 23)] = [(12 v 34)(17 v 46)(14 v 23)] 
enka" (19. 17 V 46)(34 V 14 V 23) — (34 V 17 V 46)(12 V 14 V 23) 
ere" (4 9.4)[134]([167][234] + [123][467]), 

[89(14V 67)] = [(12 v 34)(24 v 13)(14 v 67)] 
erben? (19 v 24 V 13)(34 V 14 V 67) — (34 V 24 V 13)(12 V 14 V 67) 
erpan? 1 94] [134]((123][467] + [167][234]). 


O 


A careful check of the above proof, in particular the Cayley expansions immedi- 
ately after 5,8,9,0 are eliminated, shows that the selection of Cayley expansions is 
extremely delicate. As an example, if expanding [589] = [(12 V 34)(24 V 13)(27 Vv 
36)| by separating 27 and 36, then 


(27 V 12 V 34) (36 V 24 v 13) — (36 V 12 V 34)(27 Vv 24 Vv 13) 


= [127][136] [234]? — [123]?[247][346]. (3.2.4) 


The result is not Cayley factorizable if the points are generic ones in the plane. 
The computing procedure is abundant with such traps of “bad” Cayley expan- 
sions. As one more example, in expanding 


[80(14 v 23)] = (12 V17 V 46)(34V 14 Vv 23) — (34V 17 V 46)(12 V 14 23), 


If 12 V 17 V 46 is expanded by separating 1,2, and 34 V 17 V 46 is expanded by 
separating 3,4, then 


(12 V 17 V 46) (34 v 14 v 23) — (34 V 17 V 46)(12 V 14 V 23) 


= —[127][134][146][234] — [123][124][147][346), (325) 


which is not Cayley factorizable if the points are generic ones. 
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So the previous proof is, although elegant, extremely sensitive to Cayley expan- 
sions and thus too difficult to obtain. The reason for this delicacy is that there are 
several free collinear points in the construction, which hide the common bracket 
factors by breaking up the unique factorization property of bracket polynomials in 
generic vector variables. 

The proof can be made robust by collinearity transformations. Some technical 
terms are needed to explain the factorization algorithm. A line form of a long line 1 
in a bracket polynomial p, refers to a pair of points x,y on the line such that [xyz] 
is a bracket of p for some point z. If a point occurs in every term of p as a bracket 
mate of J, it is called a common bracket mate of | in p. If a line form of | occurs in 
every term of p, it is called a common line form of | in p. 

By (3.2.3), a common bracket factor hidden by collinearity constraints must be 
composed of a common line form L of a long line / and a common bracket mate 
of I. If both exist then they comprise a common bracket factor. If they are not in 
the same bracket of a bracket monomial, they can be put together by a collinearity 
transformation. 


Algorithm 3.7. Finding implicit bracket factors by collinearity transformations. 
Input: A bracket polynomial p without explicit common bracket factors. 
Output: p in factored form. 


Step 1. Find all the long lines occurring at least twice in each term of p. 


For each long line / found in this way, if there exists a common line form L of I 
and a common bracket mate a of 1, then for every (L, a), do the following two 
steps; if there is no more long line, then output p. 


Step 2. In every term of p, for any pair of brackets containing L and a separately, 
interchange a and the bracket mate of L in the pair of brackets. 


Step 3. Output the explicit common bracket factor [aL]" of p to maximal r. Delete 
[aL]” from each term of p. Return to Step 1. 


Example 3.8. Simplify the result of (3.2.4). 

By the following collinearity transformations based on long lines 126 and 347 
respectively, 

[127][136] = —[123][167],  [247][346] = —[234][467], 
we get 
[127][136][234]? — [123]2[(247][346] = [123][234](—[167][234] + [123][467]) 
factor +4 93)[234] 14 V 23 V 67. 

(3.2.6) 


On the left side of (3.2.6), the bracket mates of long line 347 in the two terms are 
respectively 2,2 and 2,6. The common line form is 34, and the common bracket 
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mate is 2. In the second term, 2 and 6 in [247][346] are switched, and an explicit 
common bracket [234] is obtained. 

Similarly, the bracket mates of long line 126 in the two terms are respectively 7,3 
and 3,3, and a common factor [123] is produced by a collinearity transformation 
based on long line 126. 

The result of (3.2.5) can be simplified similarly: 


—[127][134][146][234] — [123][124][147][346] 
= [134][124]({167][234] + [123][467]): 


the collinearity transformations are 
(127][146] = —[124][167], [147]/346] = —[134][467]. 


The collinearity transformations can certainly be extended to 3D and higher 
dimensions as coplanarity transformations of various dimensions. In 3D projective 
geometry, let points 1, 2,3, 1’, 2’,3’ be coplanar, then for any points 4, 4’ in space, 


[1234] [1/2'3'4’] = [1234'][1'2'3'4] (3.2.7) 
is called a coplanarity transformation. 


Example 3.9. Let there be six points 1 to 6 in space, among which 1,2,4,5 and 
2,3,4,6 are separately coplanar. Simplify 


p = [1256][1345][1346](2356] + [1235][1236][1456] [3456]. 


In the first term of p, the first two brackets each contain plane 1245, the last 
two brackets each contain plane 2346. The two coplanarity transformations 


[1256][1345] = —[1235][1456], [1346 ][2356] = [1236][3456] 


change p to zero. 


3.2.3 Factorization based on concurrency constraints 


Assume that three lines concur at a point 3. Let p be the left side of (3.2.3), Then 
point 3 either does not occur in p, or is a single or double point of p. 
If 3 is a double point of p, let 2’ = 2” = 3, then (3.2.3) becomes 


[11'3][21”3] = [21’3][113]. 


It is just a collinearity transformation based on long line 123. 

If 3 is a single point of p, then p cannot contain any double point. Among the 
three lines passing through 3, two lines must be long. Let 3 be on lines 12 and 
1/2’. Then 3 occurs explicitly in the pair 1”2”. Let 2” = 3. Then (3.2.3) becomes 


[11/2'][21”3] = [21'2'][11”3]. (3.2.8) 


Let p = [11'2’][21”3] be the left side of (3.2.8). Bracket [11'2’] of p contains 
a long line 1'2'3, whose bracket mate is 1. Bracket [21/3] of p contains a line 
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1”3 whose bracket mate 2 is on long line 123. The concurrency transformation 
interchanges the bracket mates 1,2 of lines 1’2’3 and 1”3 respectively. 

If 3 does not occur in p, it is called an implicit point of p. Then all the three lines 
12, 1'2’,1”2” are long. In p = [11'2'][21”2”], the long lines in the two brackets 
are 1/2'3, 1”2”3 respectively, whose bracket mates are 1,2 respectively. The two 
bracket mates are both on the third long line 123, and are interchanged by the 
concurrency transformation. 


Algorithm 3.10. Finding concurrency transformations of a bracket monomial. 


Input: A bracket monomial p. 
Output: All concurrency transformations of p that are not collinearity ones. 
Step 1. Find all long lines in the brackets of p. 
For each pair of brackets sharing no common point, do the following: 
Step 2. If the two brackets each contain a long line, and the two long lines share 
a common point, denoted by 3, then 
(1) [Common single point] if the bracket mate of one long line is on the other 
long line, then the two brackets match pattern (3.2.8): 


The point of concurrency is 3, the bracket mate 1 of long line 1/2’3 is on 
long line 123. The output transformation interchanges 1, 2. 


(2) [Common implicit point] Else if point 3 is collinear with the bracket mates 
of the two long lines, then the two brackets match pattern (3.2.3): 


The point of concurrency is 3, the two long lines are 1'2’3,1”2’3, their 
bracket mates are 1,2. The output transformation interchanges 1, 2. 


Example 3.11. Let 1’, 2’,3’ be points on sides 23,31, 12 of triangle 123 respec- 

tively. The following two meet products each have three monomial expansions: 
1/2 V 2/3 V 3/1 = —[121'][32’3'] = [133'][21/2"] = [11’3’][232', (3.2.9) 

23’ v 31! v 12’ = [122’][31/3'] = —[11/2’][233’] = [131/][22’3’]. “ 


These expansions are interchangeable by concurrency transformations. 


For example, let p = [121'][32’3’]. The long lines of p are 123’, 21’3, 32'1, 
with bracket mates 1’,1,3’ respectively. The first two long lines are in the same 
bracket. 

(1) Since 3’ is on long line 123’, a concurrency transformation interchanges 2, 3’: 


[121'][32’3’] = [13'1'][32’2] = —[11'3'][232’]. 


(2) Similarly, since 1 is on long line 32'1, a concurrency transformation inter- 
changes 1, 2’, and changes p to —[133’][21'2’]. 
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3.3 Contraction techniques in bracket computing 


In bracket algebra, GP relations can be used to reduce the number of terms of a 
bracket polynomial. This idea leads to a series of powerful techniques for simplifying 
bracket computation. 

In a GP transformation defined by (2.7.1), if the right side has fewer terms 
than the left side after the bracket rewriting rules are applied, we say the left 
side is contractible, and the GP transformation is a direct contraction, or regular 
contraction. Usually we use the term contraction to indicate a direct contraction. 

(2.7.1) comes from the decomposition of an r-termed GP polynomial arbitrarily 
into two parts gr,r7 + Grr—r of r’ and r —r’ terms respectively: 


Gryr’ — —9r,r—r': (3.3.1) 


For (3.3.1) to be a contraction, it is not necessary that r’ > r/2. A natural question 
is, given the left side of (3.3.1), is the right side unique? By (2.7.3), 


Grr! = (-1)" "BY Vv Cr rtiAr 2V Ch r+ iD, ps (3.3.2) 


(1) If r’ =r, then g,,, = 0. 
(2) If r’ =r—1, then 


Gryr-1 = pee OBC. Cp Ay- ey (3.3.3) 
is the unique monomial expansion of (3.3.2). 
(3) If r’ =1, then 
Gri = (—1)""/|[B,C, r+iAr a\[Cn r4+1D_ 1] 


= (-1)" S- [Cr—r4+1BiD,—~1(1)] [Cr—r41Ar—2Dr—1(2)| 
(r—2,1)FD,.-1 


(3.3.4) 


are the only two basic Cayley expansions of (3.3.2) where r’ = 1. 


If r’ = 1 and r > 3, then the right side of (3.3.2) has 2r — 2 possibilities, because 
by the first expansion in (3.3.4), there are two choices in selecting an (r — 1)-blade 
B,A,_2 from two (r—1)-blades composed of single points of the bracket monomial 
[BiC,_-+41Ar—2][Cr—-41D,_1], and by the second expansion in (3.3.4), there are 
r — 1 choices in selecting a vector B; from the (r — 1)-blade B,A,_2. If r’ = 1 
and r = 3, then the right side of (3.3.2) is unique, because the second expansion in 
(3.3.4) is independent of the choices of both 2-blade B;A, and vector By. 

So in the three special cases (r = 3,r’ = 1), r’ = r—1, and r’ =r, the right 
side of (3.3.1) is unique. In the general case 2 < r’ < r — 2, since (3.3.2) has three 
different expansions, the right side of (3.3.1) has two possibilities if the Cayley 
factorization (3.3.2) is fixed. 

In practice, it is sufficient to choose r’ = 2. The corresponding Cayley factor- 
ization is 

[(Cp_r41Ar—2b1][Cn_—r41D,_2b2] —_ [C, r+1Apr gb2][Cn r+1D, 2b] 
= Cr rt+iAr 2 V C, r4 1D, 2 V by by. 


(3.3.5) 
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3.3.1 Contraction 


A group of GP transformations are said to be of the same level, if they are inde- 
pendent of each other and can be carried out in parallel. The following algorithm 
realizes contractions in nD bracket algebra. 


Algorithm 3.12. nD contraction. 


Input: A homogeneous bracket polynomial p of degree at least two. Assume that 
p is already factorized in the polynomial ring of brackets. 


Output: A homogeneous bracket polynomial q. 


Procedure: Move all numerical factor and single bracket factors of p to g. While 
p is not empty, for every factor f of p, do the following. 


Step 1. 


[Contractions of the same level] 


Set g = 0. For every pair of terms p; + p2 in f, do the following: 


1.1. 


1.2. 


1.3. 


1.4. 


Let py = cd,, po = cdz, where c is their common factors. If one of 
d,, dz is not a monomial of two brackets with coefficient +1, skip to the 


next pair of terms. 


Count the degrees of the points in d;. Let C,,_,4+1 be the set of double 
points in d;, whose cardinality is denoted by n—r+1. By this we obtain 
the number r. 


If r = 3, then there are only four single points in d;. Do the following: 


(1) Fix a single point a in d;. Let the single-point bracket mates of a 
in d,, dz be bj, be respectively. Let the fourth single point in d, be d. 
(2) Now d, is of the form e[C,_2ab1|[C,_2db2], where « € {+1}. If 
dg #4 —e[(C,_2ab2|[C,-2db], skip to the next pair of terms. 

(3) According to (3.3.3), set g = g + ec[C,_2bibe2|[C,,2ad]. Remove 
pi + p2 from f. 


If r > 3, do the following: 


(1) If the following case does not occur, skip to the next pair of terms: 
when counting the single-point bracket mates of the 2r—2 single points 
in d,, there are two points, denoted by b1, bz, each having 2r — 4 such 
mates, while the other 2r — 4 single points each have r — 1 such mates. 
(2) dy must be of the form €[Cp—r41Ar—2b1][Cr—,+1D,_2b9]. The 
2r — 4 single points are thus separated into two groups: A,—2 and 
D,_2. If dy # —e[C,_,41D,_2b1][Cn—r41Ar—2b9], then skip to the 
next pair of terms. 

(3) If by replacing p;+p2 with ecx, where « is one of the two expansions 
of the result of (3.3.5) by splitting either C,_,4,A,—2 or Cy_,-+41D,_2, 
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the number of terms of f is reduced, then set g = g + ecv, and remove 
pi + p2 from f. 


Step 2. [Contractions of deeper level] Set f = f+g. All contractions recorded 
in g are of the same level. 


If f =0, then return g = 0; else if either f is a monomial or no contraction 
occurs in Step 1, then move f to q; else, go back to Step 1. 


Example 3.13. Let 1 to 5 be five points in space, where point 5 is on plane 123. 
Contract p = [135][2345] —[235][1345], where [135] = [U1 135] is a deficit bracket. 


In p = [U,135][2345] — [U1235][1345], the six points with their degrees are 
11,21, 37,41, 57, U}. So in Step 1.2 of Algorithm 3.12, Cz = 35 and r = 3. 

Fix a single-point 1. Its single-point bracket mates in p are U, and 4. The 
fourth single point is 2. By writing the first term of p as —[35U,1][3524], and 
writing the second term as [35U12][3514], we get, by Step 1.3 of the algorithm, 
p = [35U;4][3512] =0. 


3.3.2 Level contraction 


In the GP transformation (3.3.1) where r’ = 2, if both sides have the same number of 
terms after the bracket rewriting rules are applied, then (3.3.1) is not a contraction. 
However, the result of the transformation may be contractible when combined with 
other terms of the bracket polynomial. 

A level contraction of a non-contractible bracket polynomial is composed of one 
or several GP transformations and one or several successive contractions, the latter 
being of the same level, by which the number of terms of the polynomial is decreased. 


Algorithm 3.14. Level contraction. 


Input: A bracket polynomial p of degree at least two. Assume that p is neither 
factorizable in the polynomial ring of brackets, nor contractible. 


Output: p after level contractions. 


Step 1. [Single level-contraction] For every GP transformable pair of terms p; + po 
in p, which can be detected by Step 1.4 of Algorithm 3.12, there are two different 
GP transformation results p’ and p”. 


If when p’ or p” is substituted into p, the latter can be directly contracted 
to a bracket polynomial of fewer terms, then do the transformation and the 
contractions, output p and exit. 


Step 2. [Combined level-contraction] It requires that p has at least two GP trans- 
formable pairs. 
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For the GP transformable pairs in p, combine their identity transformations 
and GP transformations in different ways. Each combination should contain 
at least two GP transformations. If there is any combination that makes the 
transformation result contractible, do the transformations and contractions. 


Example 3.15. Let 1 to 7 be seven points in the plane. Do level contraction to 


p= (124][125)][127][136](236][357][457] + [125][126][127][134][234][357][567] 
—[124][126][135][137][234][257][567] — [124][126][135][137][236][257][457] 
+(124][126][134][157][235][237][567] + [124][126][136][157][235][237][457]. 


There are two pairs of terms in p each having five common bracket factors. Each 
pair is GP transformable. 
(1) Terms 3 and 4: 


—[124][126][135][137][257]([234][567] + [236][457]) 


GP _[124][126][135] [137] [235] [257] [467] — [124] [126] [135] [137] [237][257] [456], 
{ —[124][126][135][137][257][246][357] — [124]/126][135][137][257]2(346]. 
(3.3.6) 
None of the four new terms has five common bracket factors with any of the remain- 
ing terms of p. So this GP transformable pair is neither contractible nor leading to 
any contraction. 
(2) Terms 5 and 6: 


[124] [126][157][235][237]([134][567] + [136][457]) 


GP / [124][126][135][157][235][237][467] + [124][126][137][157][235][237][456], 

{ [124] [126] [146] [157][235][237][357] — [124][126][157]2[235](237](346]. 

(3.3.7) 
Similarly, this GP transformable pair is neither contractible nor leading to any 
contraction. 

Now we do combination to the GP transformations. For each pair of the two 
pairs of GP transformations, we only need to consider the four combinations of 
the four newly produced terms. The conclusion is that the first transformations in 
(3.3.6) and (3.3.7) produce two contractible pairs: 

—[137][257]+[157][237] = —[127][357], —[135][257]+(157|[235] = —[125][357]. 
So 
p = [357]{[124][125][127][136][236][457] + [125][126][127][134][234][567] 
—[124][125][126][137][237][456] — [124][126][127][135][235][467]}, 
(3.3.8) 
which has two terms fewer than the original p. The other three pairs of transfor- 
mations cannot produce any pair of terms with five common bracket factors. 

The level contractions and the strong contractions to be introduced in the next 
subsection are more complicated than direct contractions. They are used primarily 
to bracket polynomials in generic vector variables. 
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3.3.3 Strong contraction 


(3.3.1) is called an explosion if r’ =1. A strong contraction of a bracket polynomial 
is an explosion followed by several contractions of the same level, by which the 
number of terms of the bracket polynomial is decreased. 


Proposition 3.16. Let p be a bracket polynomial of generic points. 


(1) If p has no GP transformation but has a strong contraction induced by an r- 
termed GP polynomial, then the strong contraction induces r — 1 successive 
contractions of the same level. Each contraction reduces the sum of a term 
generated by the explosion and an original term of p to a bracket monomial. 

(2) If every pair of terms in p has at least i > 3 brackets left in each term after 
removal of their common bracket factors, then p has no GP transformation. 


(a) If i > 5, then p has no strong contraction. 

(b) If ¢ = 4, then for each contractible pair of terms in a strong contraction, 
the two brackets generated by explosion are common factors of the pair. 

(c) If ¢ = 3, then for each contractible pair of terms in a strong contraction, 
one of the two brackets generated by explosion is a common factor of the 
pair. 


Proof. (1) The explosion produces r — 1 new terms. If there is any contraction 
among an original term of p and more than one new term, the original term of p 
must form a GP transformable pair with the exploded term of p, contradicting with 


the hypothesis that p has no GP transformation. (2) Direct corollary of (1). L] 


The following algorithm realizes strong contractions for n = 3. The explosions 


are 
[123][456] = [124][356] — [125][346] + [126][345 
= —|134]/256) + |135]|246| — |136||245 
= |234]/156) — |235]|146| + |236||145 33.9 
= |145]/236) — |245]|136| + |345|/126 ae 
= |146]/235) — |246]|135| + |346]/125 
156]|234| — |256]/134) + |356)]/124], 
and 
[123][145] = [124][135] — [125][134]. (3.3.10) 


Algorithm 3.17. Strong contraction. 


Input: A bracket polynomial p of at least three terms and five different points. 
Assume that p is not factorizable in the polynomial ring of brackets. 


Output: p after strong contraction. 


Step 1. For all pairs of terms in p, compute the degree of the remaining bracket 
polynomial after removal of the common bracket factors from the pair. Let i 
be the lowest of such degrees. If 7 > 5, then there is no strong contraction. 
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Step 2. For every bracket in p, compute its total degree in p, which is the sum 
of the degrees in p over the points contained in the bracket. The total degree 
defines an order among the brackets in p. 


Step 3. [Explosion based on (3.3.9)] If p has at least four terms and involves at 
least six different points, then start from a bracket with the lowest total degree 
in p, say [123], do the following: 


Let S be the set of points in p other than 1,2,3. Let P be the set of terms of p 
containing [123]. For any element p’ € P, start from a bracket [456] in p’ with 
the lowest total degree and where {4,5,6} C S, let p’ = [123][456]p” where p” 
is a bracket monomial, do the following. 


Case 1. Ifi < 3, let q: to qe be the six results obtained by multiplying p” with 
the terms of the six bracket trinomials in (3.3.9) respectively. For j from 1 
to 6, for each term of bracket trinomial q;, check if there is any term in the 
bracket polynomial p — p’ that can form a contractible pair with it, using 
Step 1.3 of Algorithm 3.12. If this is true for each term of qj, replace p’ and 
the three involved terms of p — p’ in the contractions by the contraction 
results, exit. 


Case 2. If 7 = 3, find in (3.3.9) such bracket trinomials where each term has a 
common bracket factor with a term of p—p’, and the three involved terms of 
p—p’ are pairwise different. This establishes a set of correspondences, each 
being from the three terms of a bracket trinomial in (3.3.9) multiplied by 
p”, to the three involved terms of p— p’. For every such a correspondence, 
check if the three pairs of terms in correspondence are all contractible, using 
Step 1.3 of Algorithm 3.12, and if so, replace p’ and the three involved terms 
of p—p’ by the contraction results, exit. 


Case 3. If i = 4, find in (3.3.9) such bracket trinomials where each term is a 
factor of a term in p—p’, and the three involved terms in p—p’ are pairwise 
different. This establishes a set of correspondences, each being from the 
three terms of a bracket trinomial in (3.3.9) multiplied by p”, to the three 
involved terms of p — p’. For every such a correspondence, check if the 
three pairs of terms in correspondence are all contractible, using Step 1.3 
of Algorithm 3.12, and if so, replace p’ and the three involved terms of p—p’ 
by the contraction results, exit. 


Step 4. [Explosion based on (3.3.10)] Start from a bracket q with the lowest total 
degree in p, do the following: 


Let S be the set of points in p but not in g. Let P be the set of terms of p 
containing bracket g. For any element p’ € P, start from a bracket [145] of p’ 
with the lowest total degree, where {4,5} C S and 1 € gq, let q = [123] and 
p’ = [123][145]p”, where p” is a bracket monomial, do the following. 
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For each term of bracket binomial r = p”|[124][135] — p”[125][134], check if 
there is any term of p—p’ that can form a contractible pair with it, using Step 
1.3 of Algorithm 3.12. If this is true for both terms in r, replace p’ and the two 
involved terms of p — p’ by the contraction results, exit. 


Example 3.18. The polynomial factor on the right side of (3.3.8) is as follows: 
p= [124][125][127][136][236][457] + (125][126][127][134][234] [567] 
—[124][125][126][137][237][456] — [124][126][127][135][235][467]. 


Do strong contraction to it. 


By Step 1 of Algorithm 3.17, we get i = 4. The points in p with their de- 
grees are 14, 24,37, 47,57, 6,72. The brackets in p with their total degrees are 
[125] 1°, [13j]8, [235]8 for 4 < 7 < 7, and [jkl]® for4<j<k<I<7. 

We start from any bracket with total degree 6, for example [567]. In Step 3, 
S = {1,2,3,4}. The second term p’ of p is the only one that contains [567]. There 
are two brackets in p’ with total degree 8 and composed of points in S: [134], [234]. 


Start from any of them, say [134]. Then p” = [125][126][127][234]. 
The six explosions of [567][134] are 

[134][567] = [135][467] — [136][457] + [137][456] 
= —[145][367] + [146][357] — [147][356] 
= [345][167] — [346][157] + [347][156] (3.3.11) 
= [167][345] — [367][145] + [467][135] ie 
= —[157][346] + [357][146] — [457][136] 
= [156][347] — [356][147] + [456][137]. 


Only the first explosion has its three terms in the three terms of p — p’ respectively. 
The correspondence discovered in Case (3) of Step 3 is 
p" [135][467] <> —[124][126][127][135][235][467], 
—p""(136][457] <> [124][125][127][136][236][457], 
p" [137][456] —> —[124][125][126][137][237][456)]. 


The three corresponding pairs are all contractible. The contractions are 


[125][234] — [124][235] = —[123][245], 
[124][236] — [126][234] = [123][246], 
[127][234] — [124][237] = —[123][247]. 


So 
p = (123]{—[126][127][135][245][467] + [125][127][136][246][457] 
— [125][126][137][247][456]}. 


It is also possible to use VW syzygies and successive contractions to reduce the 
number of terms. A VW syzygy which is not a GP syzygy contains at least six 
terms. In 2D projective geometry there is only one such syzygy: 

[121'][342"] — [131/][242’] + [141][232" 
4+(231'][142"] — [241’][132’] + [341/][122’] = 0. 


(3.3.12) 
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Among all pairs of terms in (3.3.12), there is only one kind of combination that 
is not contractible: 


[121’][342'|+[122'][341] = [131’][242'] —[141'][232"] — [231/][142’] + [241’][132’]. 

(3.3.13) 
(3.3.13) is called a van der Waerden (VW) transformation. The right side of (3.3.13) 
is uniquely determined by the left side. 

Assume that there is a bracket polynomial that is not contractible, but contains 
the left side of (3.3.13). When (3.3.13) is applied to the polynomial, the number of 
terms is increased by two, so three contractions to monomial results are required 
to reduce the number of terms. This kind of simplification cannot be realized 
by either strong contraction or level contraction. It is neither encountered in our 
bracket computing practice. 


3.4 Exact division and pseudodivision 


In the polynomial ring of coordinates, division and pseudodivision are major al- 
gebraic manipulations. In bracket algebra, algebraic dependencies among brackets 
make the two manipulations much more complicated. In this section, the two ma- 
nipulations are explored at a preliminary level, and some surprising phenomena are 
discovered. 


3.4.1 Exact division by brackets without common vectors 


Given a bracket polynomial p and a set of bracket polynomials qi, q2,...,qz, if no 
two q; have any vector variable in common, then an exact division of p by the q; 
refers to a decomposition of the form 


P= QUT1 + G272 + °° Ok; (3.4.1) 


where the r; are bracket polynomials. It is not required that the r; be unique. 

Exact division can be easily done by means of homogeneous coordinates, 7.e., 
by eliminating all algebraic dependencies among brackets. Without resorting to 
coordinatization, an exact division can usually be realized by explosions and suc- 
cessive contractions. Cayley factorizations (3.2.1) and (3.2.2) are typical examples 
of division by either a basic bracket or a Cayley bracket. 


Example 3.19. Divide by bracket [123] the left side of (3.2.1): 
p = [121’][232'][133’] — [122'][233'][131’]. 
From the following explosion in the first term of p: 


[121’][133’] = [123][11'3"] + [123][131', 
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the divisor [123] is generated. So 
explo’ (4 93)(11/3'][232’] + [131’]((123'][232"] — [122'][233’]) 


conireet [123] ([11/3'][232"] — [131’][22’3’]). 


Example 3.20. Divide by Cayley bracket 12 V 35 V 46 the left side of (3.2.2): 
p = [125][126][345][346] — [123][124][356][456]. 


From the following explosion in the first term of p: 
[125][346] = 12 V 35 v 46 — [123][456], 
the divisor 12 V 35 V 46 is generated. So 
p ee 14 26)[345] 12 V 35 V 46 — [123][456]((126] [345] + [124][356]) 
factor’ ((126][345] — [123][456]) 12 v 35 v 46. 
In the previous two examples, using coordinates leads to the same result although 
in a different form. The following example shows that using coordinates can produce 


drastically different results from using brackets, and the results from the coordinate 
approach may be geometrically inexplicable. 


Fig. 3.4 Pappus Theorem. 


Example 3.21. [Pappus Theorem] In the projective plane there are two lines 123 
and 1'2’3’ each passing through three points. Then the intersections a = 12'N1’2, 
b = 13/0 1'3, c = 23’ 2’8 are collinear. 


Hypotheses: [123] = [1'2’3’] = 0. 
Conclusion: [(12’ V 1'2)(13’ v 1'3)(23! v 2/3)] =0. 


We remove the two hypotheses and check how they influence the conclusion 
expression. 
[(12’ v 1/2)(13' v 1'3)(23’ v 2’3)] 
erpan4 _1y99N[1'(13' v 1/3) (23! Vv 2'3)] + [11/2][2(13' v 1/3)(23’ v 2/3) 


expand (3.4.2) 
pen’ 11. 2.21[11'3'|[1/3 (23! v 2/3)] — [11/2'][232’][2(13' v 1/3)3’] 


expand 


—(122'][11'3'][233’][31’2’] + [123’][11’2][232'][31’3'. 
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The expansion is finished but the result has neither [123] nor [1'2'3’]. Division 
of the result of (3.4.2) by [123] is needed to find out both brackets. 
Any GP relation containing [123] is one of the following forms: 
[123][145] — [124][135] + [125][134] =0, 
[123] [456] — [124][356] + [125][346] — [126][345] = 0, 
[123] [456] — [124][356] + [134][256] — [234][156] = 0. 
A bracket monomial can generate [123] through explosion if and only if it contains 
two such brackets: one contains two of the three vectors 1,2,3, say it is bracket 
[124]; the other contains the third vector 3 but not the bracket mate 4 of the first 
two vectors in the previous bracket. 
In the result of (3.4.2), the first term has two brackets [122"][233’] that are the 
only pair of brackets that can generate [123] by explosion. The explosion is 


[122][233’] = [123][22’3"] + [123'][232’). 


Immediately after the explosion we need to do simplification to the “remainder 
of the division”. The technique is contraction: 


—[11/3")[31/2") + [11'2'][31'3"] = [131’][1’2'3'|. 

Now the result of (3.4.2) becomes 
—[122'][11'3’][233'][31/2’] + [123'][11/2’][232'][31'3"] 

ewnlode _1493][11'3'][22'3][31/2"| — [123’][232’]((11'3'][31/2"] — [11'2"][31'3’]) 
coniract _ 14 23][11/3'][22/3'][31'2'| + [123'][131’][232'][1'2’3'], 


(3.4.3) 
where both brackets in the hypotheses are produced. 

In comparison, using homogeneous coordinates i = (2;,y;,2;)' and if = 
(x', yl, 24)? for i= 1,2,3 to represent the result of (3.4.2) leads to a polynomial f 
of 720 terms. Do pseudodivision to f by 

g = [123] = (yoz3 — y3z2)a1 + 2122y3 — 2123Y2 — Yi 223 + Y1 7322, 
with x, as the leading variable, then we get 

h[123] ne (y1.23 <= Z1y3)(y1 22 = y221){1'2'3'] [231] [232’][233’ 
(y2z3 — y3z2)? (y2z3 — ysz2)? 
where h is an irreducible polynomial of 894 terms, and where the brackets represent 
their corresponding coordinate polynomial expressions. Polynomial h has no clear 


9 


geometric meaning. 

The difference of the above result with (3.4.3) is caused by the complete elimi- 
nation of the coordinate x; of point 1 from the result of (3.4.2). In coordinate form, 
vector 1 cannot stay in brackets [11/3’], [123], [131'] of the result of (3.4.3) after 
pseudodivision. 

One may ask whether the equality between the first and the last expressions 
in (3.4.3) has any geometric meaning. Indeed the equality is meaningful only in 
projective conic geometry: 
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Lines 123 and 1'2’3’ form a conic in the plane. By Pascal’s Conic Theorem, 
the three intersections a,b,c are collinear if and only if points 1,2,3,1’, 2’, 3’ are 
on the same conic. The function 


conic(123456) = [135][245][126][346] — [125][345][136][246] (3.4.4) 


is antisymmetric with respect to the six points 1 to 6 in the plane, and equals zero if 
and only if the six points are on the same conic. The equality between the first and 
the last expressions in (3.4.3) is just —conic(121'32’3’) = conic(121'2’33’), .e., the 
antisymmetry of the function with respect to 3,2’. It shows that conic(123456) 
is an advanced invariant, where the nontrivial identity (3.4.3) is translated into an 
easy antisymmetry within the advanced invariant. 


3.4.2 Pseudodivision by brackets with common vectors 


Division by a set of bracket polynomials having common vector variables is much 
more complicated. The result is rather surprising: the pseudo-coefficient, the quo- 
tients and the remainder are no longer bracket polynomials, instead they are sym- 
metric tensor products of vectors. 

In 2D projective geometry, if two bracket polynomial equations have a common 
vector variable, then the common vector can be completely determined by the two 
equations. The remainder of a bracket polynomial by the two bracket polynomials, 
with the common vector as the leading vector variable, is the result of eliminating 
the common vector from the dividend. 

For example, let 3 be the intersection of lines 12 and 1’2’ in the plane. By 
substituting 3 = 12 V 12’ into bracket [345], we get that the remainder of [345] 
by [123] and [1'2’3], with 3 as the leading vector variable, contains a factor 12 V 
1/2’ V 45. This factor is all we can get by elimination alone. 

If 3 is not on the two lines, how does bracket [345] vary with [123] and [1’2’3]? 
This question can only be answered by pseudodivision in bracket algebra. 

For the current example, the pseudodivision of [345] by [123] and [1'2’3], with 3 
as the leading vector variable, refers to the finding of bracket polynomials c, q, q’,r, 
where c is called the pseudo-coefficient, q and q’ are called the first and second 
quotients respectively, and r is called the remainder, such that 


(i) [345] = q[123] + q/[1’2’3] +r, 

(ii) r contains a factor 12 V 1'2’ V 45, 

(iii) c does not contain 3, 

(iv) the degree of c is the lowest among all the c’s satisfying requirement (i). 
In coordinate form, let i = (2;,y;,2;)" for i = 1,2,3, and let j’ = 

(xjp,Yjp,Zjp)- for j = 1,2. The following Maple session computes c, q, q', 1: 

> f1:=det([[x1,y1,z1] , [x2,y2,z2], [x3,y3,z3]])-a: 

> £2:=det([[xip,ylp,zip], [x2p,y2p,z2p],[x3,y3,z3]])-b: 

> g:=det([[x4,y4,z4],[x5,y5,z5] ,[x3,y3,z3]]): 
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> h:=solve({f#1,£2},{x3,y3}): 
> fin:=simplify(subs(h,g)): 
> collect (fin, [a,b]); 


(—24 y5 wlp 22p + yf 25 lp 22p + 25 zh ylp 22p — «5 zh zlp y2p — xh 25 ylp 22p + xh 25 zlp y2p — yh 25 x2Qp zlp + z4 y5 2p zlp) a 
—xl1p 22p yl 22 + wlp 22p z1 y2 + x2p zlp yl 22 — w2p z1p 21 y2 + ylp 22p x1 22 — ylp 22p «2 z1 — z1p y2p x1 22 + z1p y2p 22 21 


(—a4 25 21 y2 — yf 25 cl 22 + wh 25 yl 22 — 25 zh yl 22 + 25 24 21 y2 + yf 25 02 21 + 24 yS wl 22 — zh y5 w221)b 


—alp 22p yl 22 4+ xlp 22p 21 y2 + 22p z1p yl 22 — 22p z1p zl y2 + ylp 22p x1 22 — ylp 22p x2 21 — zlp y2Qp xl 22 + zlp y2p x2 z1 


1 


—alp 22p yl 22 4+ xlp 22p 21 y2 + 22p z1p yl 22 — w2p z1p z1 y2 + ylp 22p x1 22 — ylp 22p x2 21 — zlp y2p xl 22 + z1p y2p x2 z1 
(a4 y5 23 wip 22p yl 22 — xh y5 23 vlp 22p z1 y2 — xh y5 23 x2p zlp yl 22 + xh y5 23 x2Qp z1p zl y2 — x4 yS 23 ylp 22p xl 22 

+ xf y5 28 ylp 22p w2 21 + xf y5 28 zlp y2p wl 22 — xh yd 23 zlp y2p 12 zl — a4 25 xlp y2p 23 yl 22 + xh 25 vlp y2p 23 z1 y2 

+ xh 25 x2p ylp 23 yl 22 — xh 25 22p ylp 23 zl y2 + xf 25 ylp z2p vl y2 28 — x4 25 ylp 22p 22 yl 238 — xh 25 zlp y2p xl y2 23 

+ xf 25 z1p y2p x2 yl 23 — 25 yf 23 xlp 22p yl 22 + x5 yh 23 clp 22p 21 y2 + x5 yh 23 w2p z1p yl 22 — x5 yf 23 w2Qp z1p z1 y2 

+ 25 yf 28 ylp 22p cl 22 — 25 yf 23 ylp 22p 22 21 — 25 yf 23 zip y2p wl 22 + 25 yf 23 z1p y2p x2 21 + x5 z4 wlp y2p 23 yl 22 

— w5 24 wlp y2p 23 21 y2 — 25 z4 22p ylp 23 yl 22 + 25 z4 w2p ylp 23 21 y2 — 25 zh ylp 22p x1 y2 23 + 25 zh ylp z2p 12 yl 23 

+ 25 24 zlp y2p x1 y2 23 — 25 x4 zip y2p 12 yl 23 + yf 25 xlp y2p 23 x1 22 — yf 25 xlp y2p 23 22 21 — yf 25 lp 22p xl y2 23 


+ yf 25 xlp 22p 22 yl 23 — yf 25 w2p ylp 23 wl 22 + yf 25 2p ylp 23 22 21 + yf 25 22p 2lp xl y2 23 — yf 25 w2Qp zp x2 yl 23 
— 24 yS vlp y2p 23 wl 22 + 24 y5 vip y2p 23 22 21 + 24 y5 clip 22p wl y2 23 — z4 yS xlp z2p x2 yl 23 + 24 yS wp ylp 23 v1 22 
— 24 y5 w2p ylp 23 22 21 — 24 y5 2p zip al y2 23 + 24 y5 x2p z1p x2 yl 23) 


It takes us great efforts to decipher the geometric meaning of the above result. 
Let x,y be the basis vectors along the z-axis and y-axis respectively. Then the 
above computing returns the pseudo-coefficient c: 


12 V 1/2! V xy = —21p Zap Y1 Za + L1p Zap 21 YQ + Lap Z1p Y1 22 — Lap Zp 21 Y2 
+Y 1p 22p L1 22 — Y1p 22p L221 — Z1p Y2p L1 22 + 21p Y2p Le 21; 
(3.4.5) 
the quotient q with respect to a = [123]: 
—1/2' V 45 V xy = —(— 2 Y5 Lip Zap + Yy 25 Lp Zap + U5 24 Ytp Zap — U5 24 Z1p Y2p 
2X4 25 Y1p 22p + Ly 25 Z1p Y2n — Y4 25 Lop Z1p + 24 Y5 a ec 
3.4.6 


the quotient q’ with respect to b = [1'2’3]: 


12V 45V xy = —(-2y, 25 21 Y2 — Y4 25 Ly ZQ + Ly 25 Y1 ZQ— L524 Yt 29 (3.4.7) 
+05 24 21 YO + YY 25 Lo 21 + 2 Ys L1 Zo — 2 Ys Le 21); _ 
and the remainder r: 
zg 12 V 1'2' V 45 = [3xy] 12 v 1/2’ V 45, (3.4.8) 


as a coordinate polynomial of 48 terms. 
We consider how to obtain the above results using brackets instead of coordi- 
nates. 


(1) To divide [345] by [123] is to find bracket polynomials x, y, z of lowest degree 
such that 


x[345] = y[123] + z. (3.4.9) 
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The GP relation in the form of (3.4.9) is 
[12v1][345] = [45v,][123] — [124][35v,1] + [125][34vi], (3.4.10) 


where vector v; is arbitrary. This explosion is just the pseudodivision of [345] 
by [123], because the pseudo-coefficient [12v,] is a bracket monomial of lowest 
degree. The remainder is 


—[124][35v1] + [125][34v)]. (3.4.11) 
(2) To divide (3.4.11) by [1/2’3], we only need to divide those brackets containing 
vector 3. 
x’ [84v1] = y'[1/2'3]) + 2’ => 
[s4vi] = y/[1'2'3| aes 
[1/2'v2][34v1] = — [4vovi][1'2’3] + [1'2’4][3vovi] + [1/2’v,][34v9]. 
Similarly, 
x" |35v4] = y”[1/2’3] + 2” => 
Sd Slee (3.4.13) 


—[1'2'v9][35v1] = [5vevi][1/2'3] — [1/2/5][3vevi] — [1/2’vi][35v9]. 


n (3.4.12) and (3.4.13), the same arbitrary vector v2 is used to control the 
degree of the pseudo-coefficient to one. 


(3) Putting together the results of the previous steps, we get 


[12v4][1/2’v2] [345] 


= [45v,][1/2'vo][123] + ((124][5vovi] — | 
—((124][1'2'5] — [125][1 
—((124][35v9] — [125] [34 
= [45v,)[1/2’v2][123] — 12 v 45 V vov, [1/2’3 
12 V 12! V 45 [3v2vi] — 12 V 45 V 38vp [1/2’vi]. 


| (3.4.14) 


(4) The last term in the result of (3.4.14) is not part of the remainder. It is a com- 
bination of the dividend [345] and the divisor [123], according to the expansion 


12 V 45 V 8v2 = [123][45v9] — [12v2][345]. 
By Cayley factorizations 


[12v4][1/2’vo] = [12vo9][1'2’v;] =-12V 1/2’ V V2V1; 
[45v4][1/2’vo] = [45vo][1'2’v;] = 12° V 45 V V2V1; 


we get the final result of the pseudodivision: 


12 V 1/2! V vov, [345] = —1/2’ V 45 V vov; [123] + 12 V 45 V vov; [1/2’3] 
+12 Vv 1/2! v 45 [3v2vj]. 
(3.4.15) 
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On one hand, the final result (3.4.15) agrees with the results (3.4.5) to (3.4.8) 
from coordinate computing, by setting v2,v; to be the basis vectors along the 
z-axis and y-axis respectively. On the other hand, the following peculiarity of 
pseudodivision in bracket algebra is disclosed: since (3.4.15) depends on arbitrary 
vectors V2,v1 € V°, the result of pseudodivision is covariant instead of invariant. 

In purely covariant form, the pseudodivision result (3.4.15) is 

[345] 12 V 1'2’ = [123] 45 v 1'2’ + [1'2'3] 12 V 45 + (12 V 1'2' VV 45)3. (3.4.16) 
It is nothing but the Cramer’s rule of vector 12 V 1’2’ with respect to vectors 
45 V 1'2', 12 45 and 3 in V®, if multiplied by —12 Vv 1’2’ v 45: 
[3(12 V 45)(45 v 1/2’) 12 v.12! = —[8(12 V 12’) (12 v 45)] 45 v 1/2’ 
+[3(12 V 1/2')(45 v 1/2’)} 12 v 45 
+[(12 v 1/2’)(12 Vv 45)(45 Vv 1/2’)]3. 
(3.4.17) 
Similarly, if we do pseudodivision to degree-2 bracket monomial [345][34’5’] by 
brackets [123] and [1’2’3], with 3 as the leading vector variable, we get 
[345][34’5’] (12 V 1/2’) @ (12 V 1'2’) = (12 V 1'2' V 45)(12 V 1/2’ V 4'5')3.@3 
+u[123] + v[1'2’3), 
(3.4.18) 


where u,v are each a symmetric tensor product of two vectors. 


3.5 Rational invariants 


A projective space has various subspaces, and each subspace has its own invariants. 
An invariant of a projective subspace is no longer an invariant in the whole space, 
instead it becomes a covariant. For example, on a projective line, the bracket of 
two points is an invariant, but no longer an invariant in the projective plane. It 
becomes the covariant representing the line: the outer product of the two points. 

Nevertheless, the ratio of two invariants of a projective subspace is always an 
invariant, called an invariant ratio. For example, the ratio of two brackets [12] and 
[34] for collinear points 1,2,3,4 is an invariant: for any point 5 not collinear with 
the four points, 

ia] _ [125 51) 
[34] [345] 
is independent of the choice of dummy vector 5. This is a ubiquitous property of 
all invariant ratios in projective geometry. 

Invariant ratios are as fundamental as brackets in projective geometry. They 
are the direct heritage of low dimensional invariants. The fundamental absolute 
invariant in projective geometry, the cross-ratio of four collinear points 1,2, 3,4, is 
the following absolute invariant ratio: 

[13] [24] 


(12; 34) = 7 33) (3.5.2) 
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Definition 3.22. A rational invariant is a rational monomial composed of invari- 
ant ratios and rational bracket monomials. The algebra of rational invariants is 
generated by invariant ratios over the quotient field of the bracket ring. 


Despite its indispensable role played in projective geometry, the algebra of ra- 
tional invariants is far from being well studied in the literature. In this section, we 
investigate rational invariants by two approaches: partial antisymmetrization and 
partial symmetrization. 


3.5.1 Antisymmetrization of rational invariants 


The transformation from a rational invariant to an equal rational bracket monomial 
is called the completion of the rational invariant. Since this is always possible by 
adding dummy extensors to the components of invariant ratios, the aim should be 
to find the simplest completion of a rational invariant. 

There are two aspects for a completion to be the simplest: 


(1) The degree of the resulting rational bracket monomial should be the lowest. 

(2) When the degree is the lowest, sometimes it is required that the sum or differ- 
ence of the numerator and the denominator of the rational bracket monomial 
be Cayley factorizable. 


Like other symbolic geometric computing problems, the completion problem 
of a rational invariant whose vector variables satisfy incidence constraints, can be 
handled by the elimination approach. Following the reverse order of a construc- 
tion sequence of the geometric configuration, the constrained points in the rational 
invariant are eliminated, and after each elimination, the Cayley expressions pro- 
duced in the rational invariant are expanded and simplified, leading ultimately to 
a rational bracket polynomial that contains no constrained points. If each Cayley 
expansion results in a bracket monomial, then the final result is a rational bracket 
monomial. 


Example 3.23. In the projective plane, let the rows and columns of the following 
table of points be collinear, while any other triplets of points in the table are non- 
collinear ones: 


23 
456 (3.5.3) 
789 
Write equation 
79 28 36 45 
— — —— =1 (3.5.4) 
78 25 39 46 


as an incidence constraint in projective geometry. 
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By the table of incidence relations (3.5.3), the geometric configuration can be 
constructed as follows: 

Free points: 2,3,4,5,7,9. 

Intersections: 6 = 45139, 8 = 251179. 


The eliminations of the two intersections from the left side of (3.5.4) are by 
straightforward substitutions of their Cayley expressions followed by Cayley expan- 


sions: 
79 8 79 expand 1 28 8 2(25 V 79) expand [279] 
78 «-7(25V 79) [257]’ 25 25 7 : (3.5.5) 
36 6 3(45V 39) expand igyx) 9 45 @ 4B expand _ 1 7 
39 39 = ; 46 4(45V39) ~ [349] ” 
After the eliminations, equality (3.5.4) is changed into 
[279][345] + (257][349] “2° 27 v 59v 34 =0, (3.5.6) 


whose geometric meaning is obvious: lines 27,59,34 concur. 


The elimination approach requires a construction sequence of the points in a 
rational invariant. It guarantees neither the rational monomial form of the final 
result, nor the simplicity of the completion. Techniques for the specific purpose of 
simplest completion need to be developed. 

Since the numerator and denominator of an invariant ratio are both covariants, 
they can multiply with other covariants by either the outer product or the meet 
product. A monomial of invariant ratios is then changed into a monomial of ratios 
of outer products and meet products. Since the two products are antisymmetric, 
this transformation is called a partial antisymmetrization of the rational invariant. 

After the antisymmetrization, by monomial expansions, a monomial of ratios of 
meet products and outer products can be changed into a rational bracket monomial. 
This is the antisymmetrization approach to the completion of rational invariants. 

Example 3.23 can be handled in the antisymmetrization approach as follows: let 
p be the left side of (3.5.4), where each invariant ratio is taken as a ratio of two 
blades that differ by scale only. The 2-blades in the numerator and denominator of 
p can be separately multiplied using the meet product as follows: 


_ 79 28 36 45 79 V 28 36 V 45 capand —[279]8 [345|6 [279] [3.45] 
P78 25 3946 «78V2539V46 [257|8 [349]6 = [257][349]’ 
(3.5.7) 


Although the result is still the same with that of (3.5.5), where points 6,8 are 
also eliminated from the rational invariant, the antisymmetrization approach does 
not demand any construction sequence for elimination. 

In (3.5.7), the key to reducing the degree of the numerator (and also the denom- 
inator) of p from four to two, is the generation of two common vectors 6,8 in both 
the numerator and the denominator by Cayley expansions of meet products. Since 
6 is the intersection of lines 456 and 369, vector 6 has to occur in both 36 V 45 
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and 39 V 46 as a common factor after their Cayley expansions. Similarly, vector 
8 = 7891 258 occurs as a common factor of 79 V 28 and 78 V 25 after their Cayley 
expansions. 


Definition 3.24. A line in a rational invariant q refers to a 2-blade occurring in 
an invariant ratio of g. Symbolically, a line is represented by all atomic points on 
it, so it may have more than two atomic points. An explicit intersection in q, refers 
to the common atomic point of two different lines in gq. 


The left side of (3.5.4) contains four lines 789, 258, 369, 456. Besides 6, 8, there 
are two other explicit intersections: 5 = 4561 258, 9 = 789 369. If using the 
latter two intersections instead, then in the antisymmetrization approach, 


79 28 36 45 79. V 36 28V 45 expand [367]9 [248]5 


P78 25 3946 «78V3925V46 —[378]9 [246]5’ 


and (3.5.4) is changed into 


factor 


[248] [367] + [246][378] 37 V 68 V 24 = 0. (3.5.8) 


(3.5.6) and (3.5.8) are related as follows: Substituting 5 = 46 V 28, 9 = 36 V 78 
into meet product 27 V 59 V 34, we get 


27 59 Vv 34 

—[(27 v 34)(46 V 28) (36 V 78) 

= —(27 V 46 V 28)(34 V 36 V 78) + (34 V 46 V 28) (27 V 36 V 78) 
[246] [278] [346] [378] + [346][248][367] [278] 

= [278][346] 37 V 68 v 24. 


I 


I 


Conversely, substituting 6 = 45 V 39, 8 = 25 V 79 into meet product 37 V 68 V 24, 
we get 27 V 59 V 34 up to two bracket factors. 


Completion strategy 1. To reduce the degree of the completion of a rational 
invariant, multiply by the meet product pairs of lines having explicit intersections. 


Example 3.25. Let 1’,2’,3’ be points collinear with sides 23,13,12 of triangle 
123 respectively. 


(1) [Ceva’s Theorem and its converse] Lines 11’, 22’, 33’ concur if and only if 


1/2 23 3/1 
ee 3.5.9 
31’ 12’ 23’ ( ) 
(2) [Menelaus’ Theorem and its converse] Points 1’, 2’,3’ are collinear if and only 
if 

1/2 2’3 3/1 

— — — =-1, (3.5.10) 

31’ 12’ 23’ 
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2 Yr 3 
Fig. 3.5 Ceva’s Theorem and Menelaus’ Theorem. 


Proof. (1) Denote the left side of (3.5.9) by p. Since the degree of the numerator 
of p is three, a natural antisymmetrization is 
1/2 V 2/3 V 31 
PS BI V 12) V 23" 
The following expansion of (3.5.11) leads to Ceva’s Theorem: 
(1’2V 2/3) V 3/1 [21'2"][133"] 


(23’V 31/)V 12’ [31/3[122]° 


(3.5.11) 


It changes (3.5.9) into 
[21’2’][133'] — [122'[31/3'] = 11’ v 22’ v 33’ =0. 
(2) The following expansion of (3.5.11) leads to Menelaus’ Theorem: 

(1/2V2'3)V 3/1 [21/2’[133] 
(31 V 12!) V23’——[11’2"][2337]’ 

It changes (3.5.10) into 

[21'2'][133’] — [11'2’][233'] = —12 v 1'2’ v 33’ = —[123][1'2’3’] = 0. 
L] 


Remark: (3.5.11) has nine different Cayley expansions, leading to nine different 
results of the form s/t, where s,t are degree-2 bracket monomials. So there are 


eighteen expressions of the form s +t. Half of them are not Cayley factorizable. 
Among the other half, six have factorization [123][1'2’3’], leading to Menelaus’ 
Theorem; the other three have factorization 11’ V 22’ V 33’, leading to Ceva’s 
Theorem. 


By concurrency transformations, all the eighteen expressions of the form s+t can 
be changed into Cayley factorizable expressions, see Example 3.11. Concurrency 
transformations make the derivation of the simplest completion robust against dif 
ferent Cayley expansions. 


Completion strategy 2. To make the derivation of the simplest completion 
robust against different Cayley expansions and antisymmetrizations, use collinearity 
and concurrency transformations. 


Example 3.26. [Menelaus’ Theorem for quadrilateral] A line cuts the four sides 
12, 23, 34, 41 of quadrilateral 1234 at points 1’, 2’,3’,4’ respectively. Then 
11’ 22’ 33’ 44’ 
oe SL (3.5.12) 
21’ 32’ 43’ 14’ 
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Fig. 3.6 Menelaus’ Theorem for quadrilateral. 


Proof. We remove the collinearity of points 1’, 2’, 3’, 4’, and see how the conclu- 
sion depends on the removed hypothesis. It turns out that this hypothesis can be 
replaced by a more general one: lines 13, 1’2’,3’4’ are concurrent. It is a sufficient 
and necessary condition for the conclusion to be true. 
The left side of (3.5.12), denoted by p, has four explicit intersections: 
1=121'N144’, 2=121'N232’, 3 = 232' 343’, 4=144' 343’. 
Using explicit intersections 2,4, 
11’ v 22 33'v 44’ 112") [334’] 
P= 21'v 32! 43/V 14’ — [31/2'] [13/4’]’ 
so (3.5.12) can be written as 
[11'2’][33'4'] — [31'2'][13'4‘] = 13 v 1/2’ v 34’ = 0. (3.5.14) 
Alternatively, using explicit intersections 1, 3, 
11’ v 44! 22'v 33’ = [41’4’] [223 
P* 21'V 14’ 32/43! [21/4’] [42'3’]’ 
so (3.5.12) can be written as 
[22’3][41'4'] — [21'4’][42’3'] = —24v 1/4’ v 2’3/ =0. (3.5.14) 


Its equivalence with (3.5.13) can be proved as in Example 3.23. L] 


Fig. 3.7 Five-star in Example 3.27. 


Example 3.27. Let there be a five-star with vertices 1, 2,3, 4,5 and concave points 
1’, 2’, 3’, 4’, 5’, as shown in Figure 3.7. Then 
43' 54’ 15’ 21’ 32’ 
— — — —_ — =-1. (3.5.15) 
12’ 23’ 34’ 45’ 51’ 
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Analysis: Denote the left side of (3.5.15) by p. The explicit intersections in p 

are 

1 = 134'5' 1 142’3’, 2= 241'5'N253/4’, 3 = 134'5'’N 351'2’, 

4 = 142/39 241'5’, 5 = 253/4’ 1 351'2’. 
So any antisymmetrization of p leads to a ratio of two bracket monomials of degree 
three. The difference lies in the number of common factors of the two bracket 
monomials. The more the number of common bracket factors, the lower the degree 
of the completion result. 

We check how a common bracket factor is produced. In the numerator of p, the 
meet product 43’ V 54’ of the first two bivectors produces a bracket by monomial 
expansion: [454’]. This bracket cannot be reproduced by any Cayley expression of 
the denominator of p, as points 4,5, 4’ are scattered in three different bivectors. On 
the contrary, the meet product 43’ V 15’ of the first and the third bivectors in the 
numerator produces a bracket [43’5’] by monomial expansion. This bracket can be 
reproduced in the denominator by the meet product 23’ V 45’ = [43/5']2. 


First proof. Produce one common bracket factor, add a ratio of two identical 
vectors to produce two other common bracket factors. 

_ 43/v 15! 54’ v.21 32/ __[43’5'] [51/4’] 32° 4’ [5/4] [32/4] 
P™ 2/V 34! 23/V45' 51’ —Ss«(32/4'] [435] 51 42/4] [514 


Second proof. Produce two (and hence three) common bracket factors. In the 
denominator of p, the meet product 12’ V 34’ of the first two bivectors produces 
a bracket [32’4’]. This bracket can be reproduced in the numerator by the meet 
product 54! V 32! = —[32'4'5. 

43'V 15! (54’V 32’)V21' ——-[43/5’] [32/4’][251] 


~ 12/34! (23'V 45) V 51! —[82/4’] [43/5'][251 


=-l. 


O 


Completion strategy 3. In the completion of a rational invariant, commute 
stepwise between the numerator and the denominator of the rational invariant, in 
order to reproduce at each step the bracket factor that is produced in the previous 
step. 


Despite the above strategies, concurrency transformations can make the deriva- 
tion of the simplest completion robust against different antisymmetrizations. For 
example, let p be the left side of (3.5.15), then by concurrency transformations, any 
antisymmetrization of p can be simplified to —1, no matter what the degree of the 
antisymmetrization result is. 

A typical antisymmetrization of p is 

43' V 54’ V 15! 21’ Vv 32’ 


aa ea OL 
12’ V 23’ Vv 34! 45’ V 51”’ oe) 
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where the two long meet products each have three bracket monomial expansions: 
43’ V 54’ V 15! = —[13/5'][454’] = —[155][43’4’] = —[154’][43’5, (3.5.17) 
12’ v 23’ v 34! = —[123'][32’4'] = —[122'][33/4’] = [233/][12'4’). as 
If choosing arbitrarily among the above monomial expansions, say choosing in 
(3.5.17) the first expansion of each meet-product expression, then (3.5.16) becomes 
[13’5'][454’] [232'| 
[123’][32’4’] [455’] " 
The numerator of (3.5.18) has three concurrency transformations: 
[13’5/][454’] = —[155’][43/4] = —[154’][43’5’, 
[45.4'][232']| = [245][32’4’). 


(3.5.18) 


The last transformation produces a bracket [32’4’] common to the denominator of 
(3.5.18), changing (3.5.18) into 
[13’5'][245] 
[123'][455’] 
The two brackets in the denominator of (3.5.19) have two concurrency transfor- 
mations: 


(3.5.19) 


[123'][455'] = [125][43’5’] = —[13'5’][245]. (3.5.20) 
The last transformation changes (3.5.19) to —1. 


3.5.2 Symmetrization of rational invariants 


Deficit brackets and deficit meet products occur naturally in algebraic representa- 
tions of low-dimensional geometric constraints. For example, In (n—1)D projective 
space Y”, points a,b,c are collinear if and only if a is on hyperplane U,,_3be, 
where U,,_3 is a generic (n — 3)-blade representing a generic (n — 4)D projective 
plane: 


[U,,-3abc] = [abc] = 0. (3.5.21) 


Here [abc] is a deficit bracket. 
As another example, if lines 12 and 1’2’ intersect at point a in the (n — 1)D 
projective space, then a is where hyperplane U,_312 and line 1/2’ meet, so 


a= U,_312V 1/2’ =12Vv 12’, (3.5.22) 


where the latter is an (n — 3)-deficit meet product. 

In a projective subspace, rational invariants are invariants, and so can be used 
to represent geometric constraints among low dimensional objects. In the whole 
projective space, such a representation takes the form of deficit brackets and deficit 
meet products. Since the two deficit algebraic operators are both scalar-valued and 
thus commutative, transforming a rational invariant into a ratio of deficit brackets 
and deficit meet products is called a partial symmetrization of the rational invariant. 
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In the case of 2D projective geometry, let ui, ug be generic points outside lines 
12,34 respectively. By (3.5.1), for collinear points 1,2,1',2’, ratio 12/1'2’ = 
[12u;]/[1’2’uj] is independent of the vector variable uy. Similarly, for collinear 
points 3,4, 3’,4’, ratio 34/3’4’ = [34ug]/[3’4’ug] is independent of the vector vari- 
able ug. So 

12 34 — [12u)) [84u] _ [12u] [34ui] Ben 
1/2/ 3/4 [1/2’uy] [3/4/ug]—*[/2ug] [3/4] oe 

To change uj, uz into the same dummy vector U,, we need to make symmetriza- 

tion to the two results in (3.5.23): 


12 34 [12u4][34u2] + [12u9][34u)] 


1/2/ 3/4" [1/24 ][34"we] + [1/2"u2][3/4’uy] 
7 [12(ui + ug)][34(uy + ue)) — [12u4][34u;] — [12u9][34u] 
~ [1/2’(u, + ug)][3/4/(uy + u2)] — [1/2/04 ][3’4/u,] — [1/2/9][3/4/ uy] 
(U,12][U,34] 
(U,1/2/[U3/4]" 


(3.5.24) 
where the last step is based on the property that if a, : b) = a2: b2 = a3: bg for 
scalars a;,b;, then (a1 + a2 + a3) : (b1 + b2 + b3) = ay: by. 

In comparison, the antisymmetrization of the two results in (3.5.23) yields 


12 34  —([1.2up}[34uz]) — [12u)][34u2] 

1/2’ 3/4’ 1/2’ u9][3/4/uy] — [1/2/u;)[3/4/u 
(0/2/u][3/47 uy) — [1/2] [84a] pees, 
12 V 34V uju2 12V 34 


12 V 3/4’ Vujun = 1/2 V 3/4" 

By (3.5.24), the symmetrization of a rational invariant can be done by simply 
appending the same dummy vector to each bivector in the invariant ratios of the 
rational invariant. The difficulty lies in the geometric part of the symmetrization: 
explaining the symmetrization result in high-dimensional projective geometry. 


Proposition 3.28. By means of deficit brackets and (n — 3)-deficit meet products, 
the incidence relations among points and lines in (n—1)D projective space have the 
same algebraic representations as in the projective plane. 


Proof. We only prove that any three lines 11’, 22’,33’, no two of which are 

collinear, concur in the (n — 1)D projective space VY” if and only if for a generic 

(n — 3)-blade U,_3 € A(V”), hyperplanes U,,-311’, U,,-322’ and line 33’ concur, 
1.€., 

Un_311' V Un_322’ V 33’ = 11' V 22’ V 33’ = 0. (3.5.26) 

If any two of the three lines, say 22’,33’, are coplanar, then a = Un_322' V 

33’ represents the point of intersection of the two lines. The representation is 


independent of U,,_3 in the sense that the vector changes only by scale for different 
Un_-3’s. So Up,_-311' Va = [11’a] = 0 if and only if points 1,1’, a are collinear. 
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If no two of the three lines are coplanar, the dimension d of the vector space 
spanned by vectors 1,1’, 2, 2’,3,3’ ranges from 4 to 6. Without loss of generality, 
assume n = d. 

(1) If d = 6, then the six vectors are all basis vectors. For any generic 3-blade 
Ue AV), 


U11' V U22' Vv 33’ = [U22’3'][U11'3] — [U22’3][U11’3'. (3.5.27) 


The right side of (3.5.27) is a polynomial of 4 different coordinate components of 
U, so the left side cannot be zero for generic U. 

(2) If d = 5, suppose 1’, 2,2’,3,3’ form a basis of V°. For any generic 2-blade 
U € A(V?), if (3.5.27) equals zero, then the coordinate component [U22’3’] of U is 
a factor of [U11'3’], but this is impossible because by Cramer’s rule 


[1’22'33']1 = [122'33/]1' — [11/2/33']2 + [11/233']2’ — [11/22'313 + [11/22/3]3’, 


the right side of (3.5.27) is changed into a rational polynomial that does not have 
the coordinate variable [U22’3’]: 


[U22'3] 


oo 3 as) 
Vel [1’22’33"] 


({11/2'33'][U1'23'] — [11/233'[U1'2'3'] 
4. (ai'22'3' (133). 


(3) If d = 4, suppose that 2,2’,3,3/ form a basis of V4. For any generic vector 
U € V4, if (3.5.27) equals zero, then [U22’3’] is a factor of [U11/3’] when 11’ is 
written as a linear combination of bivector basis 22’, 23, 23’, 2’3, 2'3’, 33’. So the 
coordinate components of 11’ with respect to 23,2’3 are both zero. Similarly, if 
(3.5.27) equals zero, then [U22’3] is a factor of [U11/3], and the coordinate compo- 
nents of 11’ with respect to 23’, 2'3’ are both zero. So 11’ is a linear combination 
of 22’,33’. Since 11’ is a blade, from 


O = (11’)(11') = (A22’ + 33')(A22’ + 133") = 2p 22'33’, 


we get Ay = 0, so 11’ must be in the 1D space spanned by 22’ or 33’, i.e., either 
1,1’, 2,2’ or 1,1',3,3’ are collinear. Both are against the noncoplanarity assump- 


tion of any two of the three lines 11’, 22’, 33’. L 


Example 3.29. Example 3.23 is valid in 3D, where the four points 5,6,8,9 need 
not be coplanar. Similarly, Example 3.26 is valid in 3D, where the four points 
1’, 2’, 3’, 4’ are not only noncollinear, they are even noncoplanar. However, any lift 
of the geometric configuration of Example 3.6 or 3.25 to nD space lies in a 2D plane, 
because the configuration is completely determined by a triangle, which has only 
2D structure. 


To extend a 2D projective incidence theorem to nD, the key is to explain in nD 
projective geometry the components of the Cayley algebraic identity representing 
the theorem. The translation from the Cayley bracket algebra of deficit brackets 
and deficit meet products to nD projective incidence geometry, is related to the high 
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dimensional projective reconstruction of an nD incidence geometric configuration 
from the 2D data obtained from it by a sequence of 1D perspective projections [122]. 


Example 3.30. Find the condition for the configuration of Figure 3.8, drawn as a 
2D wireframe, to be realizable in space as a solid figure by the reverse of a general 
perspective projection, such that the five planes 123, 1/2’3’, 11'22’, 11'33’, 22/33’ 
are pairwise noncoplanar. 


2 3 


Fig. 3.8 3D realizability of a truncated pyramid. 


The 3D configuration can be constructed as follows: 

Free points: 1,2,3,1’. 

Free coplanar point: 2’ on plane 11’2, i.e., [11/22’] = 0. 

Free collinear point: 3’ on line 311’ 322’, i.e., 3'(311’ V 322’) = 0. 

By a perspective projection onto the plane, the first constraint [11'22’] = 0 is 
changed into a trivial equality, because the outer product of any four points in the 
projective plane is always zero. 

The second constraint can be written as 


33’(11' Vs 22’) =0. (3.5.28) 


Since points 1,1’,2,2’ are coplanar in space, the reduced meet product 11’ V3 22’ 
is up to scale independent of the choice of 3, and can be replaced by 11’ Vy, 22’. 
Then (3.5.28) becomes 

U133'(11' Vy, 22’) = U133' V Uj) 11! v 22! = 33’V 11'v22'=0. (3.5.29) 


This equality is changed into a nontrivial 2D condition by perspective projection: 
the images of lines 33’, 11’, 22’ in the image plane concur. It is the sufficient and 
necessary condition for the configuration of Figure 3.8 to be realizable in space as 
a truncated pyramid [178]. 


3.6 Automated theorem proving 


The characteristic set method [201] of automated geometric theorem proving is 
based on triangulating a set of polynomials. Given a set S of polynomials in free 
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parameters u1,t2,...,Up and indeterminates 71 < %2 =<... < q, where uz < x 
for alll < k < p, a triangulation of S is a procedure of changing S into the following 
triangular form: 


{ foi (ui, ua, 8 ., Up) |4 € Th, 
fi(ai, ui, Ua, er Up), 
fo(@1, ©2, U1, U2,..., Up), (3.6.1) 


Fog M15 Ha, +++ 4 Mqy tha; Ua, «+5 Up); 


where J is an index set, the f’s are polynomials, and for any 1 < 7 < q, the leading 
variable of f; is x;. 

Pseudodivision is the most important technique in triangulation. Under some 
inequality conditions called nondegeneracy conditions, the original set of polynomi- 
als is equivalent to the new set of polynomials (3.6.1) when only their zero sets are 
taken into account, and the verification of a conclusion in polynomial form based 
on the set of hypotheses S$, can be made by reducing the conclusion polynomial to 
zero with (3.6.1). 

In the setting of Grassmann-Cayley algebra, the triangular form needs to be 
revised as follows: 


Definition 3.31. Given a set S of polynomials in GC algebra A(V”), with free 
atomic vectors U;,U2,...,U, and vector indeterminates x; < x2 < ... < Xq, where 
uz < xX; for all 1 < k < p, a triangulation of S is a procedure of changing S' into 
the following triangular form: 


4 foi (Wis Wa) 60.4 Wp) |t eto} 
{ Fig( 21, Wig Mayes. Mp) [2S Lif, 
{ foi(X1, X2,U1, U2,...,Up,) |i € Lo}, (3.6.2) 


{foi (X1, X2, +++) Xq, uj, Ug2,... , Up) |2 € dg}, 
where the J; are index sets, the f;; are GC polynomials, such that for any 1 <7 < q, 


e the leading vector variable of f;; is x;, for all i € Ij; 

e the GC polynomials in { fj;(x1, X2,...,Xj;,U1,U2,...,Up)|7 € Lj}, after being 
decomposed with respect to a basis of A(V”), are a set of scalar-valued GC 
polynomials among which at most n — 1 are algebraically independent modulo 
the fx; for allk <j andi € I. 


If under some inequality conditions called nondegeneracy conditions, the original 
set of GC polynomials S is equivalent to the new set of GC polynomials (3.6.2) when 
only their zero sets are taken into account, the verification of a conclusion in GC 
polynomial form based on the set of hypotheses $, can be made by reducing the 
conclusion expression to zero with (3.6.2). 
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In projective incidence geometry with Cayley bracket algebra, the most impor- 
tant method of triangulation is multivector equation solving [103], [107]. As a simple 
example, let there be four points 1, 2,3,4 in the plane, and let point x be collinear 
with lines 12 and 34. Then under the nondegeneracy conditions 12 4 0 and 34 £ 0, 
the GC polynomial equations 

[x12] = 0, [x34] = 0, (3.6.3) 
can be triangulated into the following covariant form, or equivalently, a form of 
deficit bracket and deficit meet product: 

x=12V34, ie., [Uox] = U2 V12V 34. (3.6.4) 

Obviously, the most efficient way of solving for x from (3.6.3) is simply by 
representing the input geometric constraint x = 12 1 34 algebraically as (3.6.4). 
There are others that cannot be so easily solved. They require more advanced 
multivector equation solving techniques [107]. 

The result of multivector equation solving in projective incidence geometry is 
usually a Cayley expression. The verification of a conclusion is usually reduced to 
eliminating the vector indeterminates from the conclusion expression by substituting 
them sequentially with their Cayley expressions, and then simplifying the result 
using techniques like Cayley expansions, factorizations, contractions, etc. 

There are two main issues in elimination: the order by which to eliminate the 
vector indeterminates, and the nondegeneracy conditions under which the original 
geometric constraints are equivalent to the Cayley expression representations of the 
vector indeterminates. In this section, we first investigate the two main problems, 
then present an algorithm of automated theorem proving based on Cayley expan- 
sions and bracket polynomial simplifications, and use it to prove theorems in both 
2D and 3D projective incidence geometries. 


3.6.1 Construction sequence and elimination sequence 


In classical geometry, a geometric configuration is usually determined by a sequence 
of geometric constructions, and each construction determines a point of the config- 
uration. Example 3.1 at the beginning of this chapter is a typical example. The 
construction sequence is usually composed of three parts: the first part is the set 
of free points in the geometric space; the second part is the set of semifree points, 
i.e., non-free points having nonzero degree of freedom, e.g., free collinear points in 
2D projective geometry, free coplanar points in 3D geometry, etc.; the third part is 
the set of constrained points, i.e., points with no degree of freedom. 

The parents and children of a constructed point are respectively those points 
used directly in its construction and those points constructed directly with it. A 
constructed point usually has more than one parent. A construction without any 
child is called an end. The parents-children relations among the constructions form 
a diagram, called the parents-children diagram. The ancestors and descendents of a 
constructed point can be defined recursively by the diagram. 
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The construction sequence defines a total order among the constructed points. 
However, constructions are generally in batch instead of one by one. If several points 
can be constructed independently and in parallel, they are said to be in the same 
construction batch. In Example 3.1, free points 1, 2,3,d are constructed in the same 
batch. The order among the four points are arbitrary, and in our opinion, totally 
unnecessary for bracket computing without resorting to either coordinatization or 
straightening. The construction sequence in fact defines a total order among the 
batches of constructed points. 

In theorem proving by Cayley bracket algebra, the elimination of the construc- 
tions in batch, called batch elimination, is needed to control middle expression swell. 
The most often used order in batch elimination is the reverse of the order of con- 
struction batches. However, this order is not necessarily the most appropriate for 
the best performance of batch elimination, as to be shown in Example 3.36 of this 
section. 

We use an example to demonstrate a dynamic order of batch elimination, which 
is generally not the reverse of the order of construction batches. 


Example 3.32. [Nehring’s Theorem] Let 18, 27, 36 be three lines in triangle 123 
concurrent at point 4, and let point 5 be on line 12. Let 9 = 138/58, 0 = 23169, 
a= 12070, b=13/N 8a, c= 23 6b. Then points 5,7,c are collinear. 


Fig. 3.9 Nehring’s Theorem. 


Construction sequence: 


Free points: 1, 2, 3, 4. 
Free collinear point: 5 on line 12. 
Intersections: 


6=12N34, 7=13N24, 8=14N23, 9=13/N58, 
0=23N69, a=12N70, b=13N8a, c=23N6b. 


Conclusion: 5, 7, c are collinear. 


The construction sequence defines the following order of construction batches: 


1,2,3,4~<~5 <6,7,8<+9<x0~<a~<bX<c. (3.6.5) 


FreeEngineeringBooksPdf.com 


130 Invariant Algebras and Geometric Reasoning 


The order is unable to reflect the following parents-children structure of the con- 
structions: 


6,7 
1,2,3,4 5 : 3.6.6 
2aa—os— ft gj 254 be ( ) 


? 


where 9 +8: 0 means that the construction of 0 requires, besides point 9, another 
point 6 that is constructed in parallel with point 8 in another branch. 
The dynamic order of batch elimination should be 


c<~bxa~<7,0<~6,9<8+<5<1,2,3,4. (3.6.7) 


The reason is as follows: First, c is an end of the whole constructions, so the 
elimination starts from c. After the elimination, c disappears from the parents- 
children diagram (3.6.6), and b becomes the new end. After eliminating b and then 
a, we find that both 7 and 0 become the new ends. They can be eliminated at the 
same time. After the eliminations of 7 and 0, the new ends are 6 and 9. Hence we 
get (3.6.7). 

In elimination, if a vector indeterminate representing a construction to be elim- 
inated from an expression, no longer has any descendent in the expression, then 
it is called an end of the expression. A batch elimination is always carried out to 
the ends of the expression, and after each batch elimination, those points having 
been eliminated from the expression are removed from the parents-children dia- 
gram. Such a diagram is called a dynamic parents-children diagram, and the order 
of batch elimination guided by the ends of the expression is called a dynamic order. 

To maintain the dynamic parents-children diagram is very easy: before a batch 
elimination, we only need to scan the set of constructed points in search of those 
without children; after the batch elimination, we only need to update the children 
information for the parents of the eliminated points. There is no tracing beyond 
two generations for grandparents or grandchildren. 

The dynamic order of batch elimination is generally more efficient than the 
reverse of the order of construction batches, because Cayley expansion is more 
efficient in the former order of elimination. There are exceptions. For Nehring’s 
Theorem, whose proof immediately follows this paragraph, the efficiency is much 
the same for both orders. 


Proof of Example 3.32. 


Rules [57c| 
57 V 23 V 6b 


Ilo 


57V23V6b 
=[(57V23)6(13V8a)| 


|e 


—[136][235][78a] — [13a] [237][568] 


—[235]67V13V8a—[237]56V13V8a 
—[235][136] [78a] —[237][13a] [568] 
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||» 


[127][136][235][780] + [123] [170] [237][568) 


o 


2 


[136] [568] (—[138][235] — [123][358}) 
— 


contract 
= 0. 


O 


The brackets with underbraces in the proof are explicit common bracket factors 
that occur at each step, and are removed once they are detected. They are moved 
to a set containing all common bracket and p;-typed meet-product factors of the 
conclusion expression. Generally no elements of the set can be zero, and by removing 
them from the main procedure the proof can be significantly simplified. If by chance, 
one element of the set is exactly the only factor nullifying the conclusion expression, 
then after the main procedure finishes, the removed factors will be further computed. 

If by the dynamic order of batch eliminations (3.6.7), 7,0 are eliminated simulta- 
neously, and then 6,9 also simultaneously, the proof is almost the same. In the last 
step of the above proof, by the GP relation [138][235] + [123][358] = [135]/238], 
since [238] = 0 by collinearity, the program simply evaluates the result to zero. 
Thus, in the reverse order of the construction batches, the proof finishes even be- 
fore points 5,6,7,8 are eliminated. The disappearance of points 6,7 before their 
eliminations is caused by the removal of four common bracket factors. 


3.6.2. Geometric constructions and nondegeneracy conditions 


Each geometric construction is associated with one or several inequality constraints 
as the prerequisite for the existence of the construction, called the associated non- 
degeneracy conditions. For example, if 3 is the intersection of lines 12 and 1/2’, 
then both lines must exist, and the four points are not collinear, so that the two 
lines intersect; the associated nondegeneracy condition is 12 V 1'2’ 4 0. 

The following is a list of projective incidence constructions in 2D and 3D ge- 
ometries, together with their associated nondegeneracy conditions: 


1) 

2) 

3) xis a free coplanar point in plane 123: 123 4 0. 

4) x is a free collinear point on line 123M 1/2’3’: 123 Vv 12/3’ 4 0. 


x is a free point: no inequality constraint. 
x is a free collinear point on line 12: 12 4 0. 


( 
( 
( 
( 


Let c¢ be a point on line ab. Then [ab]e = [acl]b — [bc]la. The harmonic 
conjugate, or simply called conjugate, of c with respect to a,b, is a point d on 
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line ab such that the cross-ratio 
[ac] [bd] 
b; cd) = ———— = -1. 6. 
The conjugate of c with respect to a,b has the following expression: 
conjap(C) := [ac]b + [beja. (3.6.9) 


(5) x is the conjugate of a point 3 on line 12: 12 4 0. 
x is the point of intersection of two lines 12, in the plane: 12 V : 
6 is th int of int ti f two li 12,1'2’ in the pl 12Vv1'2'40 
x is the point of intersection of line 12 and plane in space: 12V ; 
7 is th int of int ti f line 12 and pl. 1'2'3' i 12V1'2'3’ 40 
(8) x is the point of intersection of three planes 123, 1'2’3’, 123” in space: 123 V 
1/2’3' V 1”2"3"” x 0. 


In the procedure of proving a geometric theorem, some inequality requirements 
that are not associated nondegeneracy conditions may occur. They are called the 
additional nondegeneracy conditions. Such inequalities are not needed by the geo- 
metric constructions, but are required by the algebraic proof of the theorem. 

For example, to eliminate a free collinear point x on line 12, we can use the 
Cramer’s rule [12]x = [1x]2 — [2x]1. If 3 is another free collinear point on line 12, 
and the conclusion expression is relevant to 1,3 but irrelevant to 2, then using 1,3 
to represent x may reduce the number of terms, with the cost of the additional 
nondegeneracy condition 13 ¥ 0. 

If the expression of x by 1,3 is used in the proof of a geometric theorem, then 
the proof is incomplete without considering the degenerate case 13 = 0. This does 
not indicate that the theorem is incorrect if 13 = 0. The additional nondegener- 
acy condition demands an additional proof for the degenerate case, only after this 
supplement is the algebraic proof of the theorem finished. 


Proposition 3.33. If x is a free collinear point on the line of intersection of planes 
123, 1'2’3’ in space, then in elimination, x can be replaced by any of the following 
two expressions: 


([x1][ I 
+((x1][21/2'3’] — [x2][11/2'3’])3 
+([x1/][1232"] — [x2’][1231'])3’ 


In particular, if 1 = 1’, then 
x = [x1]23 V1 2’3' — [x(23 V1 2’3’)|1 = —[x1]2’3’ V1 234 [x(2’3’ V1 23)]1. (3.6.11) 
Proof. For dummy bivector U2, by [123x] = [1'2’3’x] = 0, 
Uox V 123 v 1'2’3' 
(U2 V 123 V 1/2'3’)x, 


(U2x V 123 V 2/3')1' — (Uox V 123 V 1/3’)2’ + (Uox V 123 V 1/2')3’, 
—(U2x V 1/2'3’ V 23)1 + (U2x V 1/2'3’ V 13)2 — (Ux V 1'2’3/ V 12)3. 


expand 
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Continuing to expand the meet products, we get (3.6.10), where the coefficient of x 

should have been U2 V 123 V 1/2’3’, which is nonzero by the associated nondegen- 

eracy condition of x, and is removed because the representation is homogeneous. 
If 1 = 1’, then points x, 1, 23 V4 2’3’ are collinear, and (3.6.11) is their Cramer’s 


rule, where the coefficient of x is removed. L 


3.6.3. Theorem proving algorithm and practice 


Algorithm 3.34. Automated theorem proving in projective incidence geometry. 


Input: (1) A sequence of batches of constructed points x;, (2) a conclusion expres- 
sion conc in the Cayley bracket algebra generated by the x;. 


Output: (1) The proving procedure, including eliminations, expansions, various 
contractions and factorizations; (2) additional nondegeneracy conditions. 


Step 1. [Collection] Collect planes and lines. A line is composed of all points (at 
least three) collinear with each other; a plane is composed of all points (at least 
four) coplanar with each other. 


Step 2. [Dynamic batch elimination] Start from the ends x; of conc in the dynamic 
parents-children diagram, while conc £ 0 and the x; are not free points, elimi- 
nate the x; from conc by substituting their GC algebraic expressions into conc, 
expand and simplify the result. 


The algorithm is tested by more than 50 theorems in 2D and 3D projective 
incidence geometries. All the theorems tested are given binomial proofs. Sev- 
eral examples are presented below for illustration. In the proofs, explicit common 
bracket and meet-product factors are marked with underbraces and then removed. 
Their detection does not require any multivariate polynomial factorization. 


Example 3.35. [Saam’s Theorem] 
Free points: 1, 2, 3, 4, 5, 6. 
Free collinear point: 7 on line 12. 


Fig. 3.10 Saam’s Theorem. 
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Intersections: 

8=13N24, 9=23N14, 0=15N46, a=35N16, b=13N67, 
f=57N14, c=16N90, d=15N8a, e=12Nbe. 
Conclusion: d, e, f are collinear. 


Proof. 
Rules [def] 


[def]= [(15V8a)(12Vbe)(57V14)] 
= [18a][5(12Vbe)(57V14)] .e, 147]|1bc][58a 


—[B8a][1(12Vbc)(57V14)] 145][18a][7bc]) 
= [125] ((147][1be][58a]—[145][18a][7bc]) 


[168] 
[358] b, 136][147][156] [190] (358) 


67V16V90=[137][167] [690] 135]/137]/145 [168][690}) 
13V16V90=[136][167][190] 


[136] 

[234] 8,9,0 [135][136][145]/146][156][234] 
= —_——— 

23V14V46=[146][156](234] (— [123] [147] + [124] [137]) 


14V15V46=—[123][145][146] 


contract 
= 0. 


Additional nondegeneracy condition: none. L 


Remark: [(15 V 8a)(12 V be)(57 V 14)] is the perspective pattern (A.3.49) in 
Appendix A. If expanding the first meet product by separating 1,5, or expanding 
the last meet product by separating 5,7, then a unique factored result can be 
obtained. For other expansions, no common bracket factor can be produced. With 
the aid of collinearity transformations, the common bracket factor [125] can be 
produced from any binomial expansion of the Cayley expression. For example, 

[((15 V 8a)(12 V be) (57 V 14)] 


crpené 1 8al[5(12 V be)(57 V 14)] — [58a][1(12 V be)(57 V 14)| 
ane —[125][145][18a][7bc] + [124][157][1bc] [58a] 
couimea’ 14 95](—[145][18al[7bc] + [147][1be][58al), 


where the collinearity transformation in the last step is [124][157] = [125][147]. 


Example 3.36. Free points: 1, 2, 3, 4, 5, 6, 7, 8, 9. 

Semifree point: O on line 19. 

Intersections: 

a =13924, b =24735, c =35746, d =46957, e =57/M68, 

f =68N17, g =17N28, h =28N13, a, =29N0h, by = 39NMaay,, 
ci, = 491 bby, di = 59/N CCy, €1 = 69M ddi, fy = 79N ee1, 21 = 89 ff. 

Conclusion: 0, g, g; are collinear. 
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Fig. 3.11 Example 3.36. 


Proof. 
Rules (Ogei| 


[Oggi] = [0(17V28)(89Vff1)| 
= [028]17V89Vff, —[017]28v89Vff, e181 —(028][17f,)[89f] 


—[017][289][8f, | 
= —[028][17f,][89f]—[017] [289] [Sf;] 
17f,] = [179][7ee1] ¢.¢,  [178]((028][179][689][7ee,] 
89f] = —[178][689] => “SNe 
8ff,] = [178]68V79Vee,——[178][68e,][79e] +[017]|[289][68e,][79e]) 
6ddj] ec, [678] [689] ([(028][179][57d,|[69d] 
678] — — 
57V69V ddi=[57d1][678] [69d] +[017]|[289][579][6dd,)) 
= [579][5cc)] aa, (567][579] ({028](179] [469] [5cc,| 
= [469][567] = —_—_ 
=—[567]46V59Vcc1=[46c; ][567][59c] +[017}[289][46c;][59c]) 
[see lisbb:] c.c, [456] [469] ([028][179][35b;][49b] 
[359][456] ES eGee” 
—[456]35V49V bb =[35b 1] [456] [49b] +[017)[289][359][4bb,)) 
BGR = [peel aes b.b,  (345][359]((028] [179] [249] [3aaj] 
49b] = [249][345] ng 
Abb,] =—[345]24V39Vaa,=[24a][345] [39a] +[017][289][24a,][39a]) 
aiee)— —We2h i249) aa, —|284][249]((013][028][179][29h| 
39a] = [139][234] — —-_——" 
3aa,] =—[234]13V29VOh=—[013][234][29h] +[017][02h][139][289}) 
[013)[179]=[017][139] colinee (91 71/139] ([028] [29h] + [02h][289}) 
— 
contract 
= 0. 
Additional nondegeneracy condition: none. L] 
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If the reverse of the order of construction batches is used in elimination, the 
proof is still binomial, but the maximal degree among the bracket binomials is nine 
instead of four here. In this example, considerable simplifications are achieved by 
using the dynamic order of batch eliminations. 


Example 3.37. [148] [A non-realizable torus] 
Free points in space: 1,2,3,4,5. 
Free coplanar points: 6 on plane 134, 7 on plane 125. 
Intersections: 8 = 124) 2361457, 9 = 237 4561678. 
Conclusion: 1,3,5,9 are coplanar. 


oo 


9 7 


Fig. 3.12 A non-realizable torus in space. 


Proof. 
Rules [1359] 
[1359] 
=135V237V456V678 9  [1235](3678] [4567] 
=([1235]37+[1357]23) V456V678 ~ +[1357][2367][4568] 
=(1235][4567][3678]+[1357][4568] [2367] 
[2367]36V124V457 
_[2367][1457][2346] 3  |2367][2346] [4567] 
= ——a 
[AST | abv 124V 286 ((1245] [1357] — [1235][1457]) 


[4567][1245] [2346] 


contract 
= 0. 


Additional nondegeneracy condition: none. L 


Example 3.38. [148] [Sixteen-Point Theorem] Let there be two groups of lines in 
space, each group being composed of four lines. When selecting one line from each 
group and put them together, there are sixteen pairs of lines. If fifteen pairs are 
coplanar ones, so is the sixteenth pair. 
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Li 
Fig. 3.13 3D Sixteen-Point Theorem. 


In Figure 3.13, the sixteen pairs of lines are 
{12,17} {12,23} {23,37} {37,17} {45, 46} {45,L,} {46,L2} {12,45} 
{23,46} {17,46} {37,45} {17,L,} {23,L,} {12, Lo} {37, Lo} {L1, Lo}. 
Free points: 1,2,3,4. 
Free coplanar points: 5 on plane 124, 6 on plane 234. 
Free collinear point: 7 on line 4161 435. 
Conclusion: Ly = 157M 235 and L2 = 126 NM 367 are coplanar. 


Proof. 
Rules 157 V 235 V 126 V 367 


157V235=[1257]35—[1357]25 
35V126V367=— [1236] [3567] = = [1256][1357][2367] — [1236][1257][3567] 
25V126V367=— [1256] [2367] 


7=—[47]16V 435—[7(16V435)]4 


ea Nese tse) 7 _ (47)[7(16 V4 35)][1236][3456] 
aes en ia 7 ({1256][1345] + [1235]([1456]) 
[3567] =—[7(16V435)] [3456] 
contract ( 
Additional nondegeneracy condition: none. L] 


Remark: In eliminating 7, two brackets containing 7 each have a unique mono- 
mial expansion: 


[1357] = [7(16 V4 35)][1345], 
[3567] = —[7(16 V4 35)][3456); 
two other brackets containing 7 each have two monomial expansions: 
[2367] = —[47][236(16 V4 35)| = = [47][1236]/3456] = [47]/1346][2356], 
[1257] = —[47][125(16 V4 35)] = —[47][1256][1345] = [47]/1235][1456]. 
(3.6.12) 


So there are four different combinations of the monomial expansions in (3.6.12), 
leading to four proofs different in their final steps. The first monomial expansions 
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in each line of (3.6.12) are the best combination, and the proof finishes immediately 
after the elimination of 7. The last monomial expansions in each line of (3.6.12) are 
the worst combination, the proof cannot be finished without using either Cramer’s 
rule to eliminate 6, or two coplanarity transformations as shown in Example 3.9 to 
make factorization. The other two combinations each need a contraction to finish, 
one of which is already in the above proof. 


3.7 ErdGs’ consistent 5-tuples* 


Around 1994, Erdos et al. proposed the following challenging problem in enumera- 
tive projective incidence geometry: 

“For ten points ajj, 1 <7 < j <5, in the projective plane, if there are five 
points az, 1 < k <5, in which at least two points are different, such that a;,aj;, aj; 
are collinear for all 1 <7 < 7 <5, we say the five points form a consistent 5-tuple. 
Now assume that no three of the a;; are collinear. Is it true that there are only 
finitely many consistent 5-tuples?” 


Fig. 3.14 Erdés’ consistent 5-tuple configuration. 


This is Erd6és’ consistent 5-tuple problem. It still remains open today. The 
number of consistent 5-tuples is called the number of solutions of Erdés’ problem. 
In [105], the following two theorems were established: 


Theorem 3.39. For ten generic points {a;;|1 << 7% < j < 5} in the plane, any 
consistent 5-tuple {a,|1< k <5} satisfies: 

(1) a; fa, fori Fj. 

( ) ay # aij for i# 7. 

(3) a; Aaj, fori AGF. 

(4) a;,ai;, ain are noncollinear for 14 j # k. 

(5) 


aj, aij,a;~ are noncollinear for i A j # k. 


If any of the above conditions is violated by the ten input points a,;;, then there 
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are only finitely many solutions. 


Theorem 3.40. For ten generic points {a;;|1< «i<j <5} in the plane, there are 
at most six solutions. 


In this section, we show that Cayley expansion and Cayley factorization tech- 
niques contribute to not only significant improvements over the proof of [105], but 
also new results on this open problem. 


3.7.1 Derivation of the fundamental equations 


We shall prove Theorem 3.39 in Subsection 3.7.3. In this subsection, we use the 
theorem directly. 
The ten constraints on the five points az are 


[aiajaij] =0, Vi Fj, (3.7.1) 
where when i > j, we set aj; = aj;. To solve (3.7.1) for the az, we do triangulation to 
the ten equations by the order of vector variables {a;;} ~ as < a4 < a3 ~ ag <a. 

Step 1. The equations with leading vector a; are 
[ayazaj2] = 0, 
[aiagay3] = 0, 
[arasaya] = 0, 
[ayasais| = 0. 


(3.7.2) 


From the last two equations we get a1, whose existence for generic data {a;,;} is 
guaranteed by Theorem 3.39: 


a, = agay4 V a5ajs5. (3.7.3) 
Step 2. The equations with leading vector ag are 


[agagzag3| =0, 
[agayaz4| = 0, (3.7.4) 
[agasags| = 0. 


From the last two equations we get 
ag = a4ao4 V a5ag5- (3.7.5) 


Step 3. The equations with leading vector a3 are 


een ors 
from which we get 
ag = a4a34 V asazs. (3.7.7) 
Step 4. The equation with leading element ay is 
[ayasa45| = 0. (3.7.8) 
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Substituting the obtained Cayley expressions of a;,a2,ag into the three unused 
equations in (3.7.2) and (3.7.4), we get 


[(asaya V a5a15)(asacg V €5a95)ar2| = 0, (3.7.9) 
[(agaya Vv a5ai5)(asasa Vv €5a35 )a13| = 0, (3.7.10) 
[(azaz4 Vv €5a95)(asasa Vv €5a35 )ag3| = 0. (3.7.11) 


We need to solve equations (3.7.8) to (3.7.11) for ay. To this end we first 
change (3.7.9) to (3.7.11) into bracket polynomial equations by Cayley expansions. 
By interchanging subscripts 1 and 2, (3.7.10) and (3.7.11) are switched, and by 
interchanging subscripts 1 and 3, (3.7.9) and (3.7.11) are switched. So we only need 
to concentrate on one equation, say (3.7.11). 

The left side of (3.7.11) has all together two different binomial expansions, which 
are obtained by distributing a4aq4,a5a25 and a4a34,a5a35 respectively. After the 
expansions, we get two equations both equivalent to (3.7.11): 


[a4a23a34][a4a5ag4][a5a25a35] = [asacsaz4][ara5a25][a5a23a3s], 
[a4a23@24][asa5az4][a5a25a35] = [asac.az4][ara5a35][a5a23a2s]. 
Generically ag # as and as # ays by Theorem 3.39, so blade ayas in the 
brackets of (3.7.12) can be replaced by blade asay45, because they differ only by scale 
according to (3.7.8). This collinearity-like transformation will be used frequently in 
this section. 
Replacing a4as5 by asaq;5 eliminates a vector ay from each side of the two equa- 
tions in (3.7.12), changing (3.7.12) into two equations linear in a4: 


(3.7.12) 


a4a3q([a5a24a45|[a5a25835]a23 — [a5a23835][Aa5a25a45]a24) = 0, (3.7.13) 
a4a24((a5a25ag5][a5sassads|ac3 + [a5a23895][a5a35a45 az.) = 0. (3.7.14) 
By changing subscript 2 to 1 in (3.7.13) and (3.7.14), we get two equations both 
equivalent to (3.7.10): 
a4a3q([a5ai4a45][a5ai5a35]ai3 — [a5ai3a35][asaisagsJaia) = 0, (3.7.15) 
a4ay4([a5a15435][a5a34a45]ai13 + [asaizais5][a5ag5a45]aza4) = 0. (3.7.16) 
By changing subscript 3 to 1 in (3.7.13) and (3.7.14), we get two equations both 
equivalent to (3.7.9): 
azay4([a5ai5a5 |[a5acdadsai2 + [asai2ais|[asae5ad5jaea) = 0, (3.7.17) 
a4aya4([a5aj4a45][a5ai5a25)ai2 — [a5aj2a5][a5aj5aq5jar4) = 0. (3.7.18) 
In (3.7.13) and (3.7.15), since generically ag # a34 by Theorem 3.39, by the 
collinearity of the four points: a4, a34, and 
[a5ag4a4s | [a5a25a35 |a23 = [a5a23a35| [a5a25a45 ao, 
[a5aj4a45][a5a15a35]a13 = [a5a13a835][a5ai5aq5 jars, 
we get the following equation in as: 
[aza([asazsags] [a5a25a35 ]a23 = [a5 a23a35| [a5a25a45 ]a24) 


3.7.19 
([a5a14@45][€5815a35]a13 _ [a5a13435][/a5a15a45]a14)| =0. ( ) 
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Conversely, if (3.7.19) holds, then by the noncollinearities of a34,a23,a24 and 
a34, 413, a14, (3.7.13) and (3.7.15) are equivalent. 

Notice that (3.7.19) is antisymmetric with respect to subscripts 1 and 2. By 
interchanging subscripts 2 and 3 in (3.7.19), we get the second equation in as: 


[aza( 5 42535 ||A5AaZ4A45 |A23 + |A5A23A25 ||A5AZ5 A45 a34) (3 7 20) 
((asai4ass 454815425 /A12 — |A5A12a25||A5a15 445 ai4)] = 0; 


by interchanging subscripts 1 and 3 in (3.7.19), we get the third equation in as: 
[ara( €5€15 425 |(a5a24845 Ja12 + [a5 a12815|(a5a25a45 aos) 
([asa15a35 454834445 /A13 1 [A5A13A815]|A5a35a45 a3a)] =0. 


The three equations (3.7.19), (3.7.20) and (3.7.21) are called the fundamental 
equations of Erdés’ problem in as. Any two of them deduce the third. 


(3.7.21) 


Triangulation result: 

Under some inequality conditions stated in Theorem 3.39, the original ten 
equations (3.7.1) are equivalent to the three Cayley expression representations of 
@1,a2,a3 (they are equivalent to six scalar equations), plus equation (3.7.8), plus 
equations (3.7.13) and (3.7.14) (they are equivalent to each other), and plus the 
three fundamental equations (two of them are algebraically independent). 


Proposition 3.41. Under the five groups of inequality conditions in Theorem 3.39, 
the number of solutions of Erd6s’ problem is equal to the number of solutions of 
the fundamental equations in vector indeterminate as. 


Clearly as = ays satisfies all three equations, a5 = ays satisfies (3.7.19) and 
(3.7.21), as = aos satisfies (3.7.20) and (3.7.21), and as = ag5 satisfies (3.7.19) and 
(3.7.20). They are all solutions of the fundamental equations. 


Proposition 3.42. For any given data {a,,;} satisfying the noncollinearity assump- 
tion, the left side of any fundamental equation is not identically zero, and no two 
fundamental equations represent the same quartic curve in a5. 


Proof. We only need to consider the first two fundamental equations (3.7.19) 
and (3.7.20). If they represent the same quartic in as, then ag5 should be a double 
point of (3.7.19), i.e., the derivative of the left side of (3.7.19) with respect to as 
at a5 = ag5 should be zero. If (3.7.19) is an identity for all points as in the plane, 
this derivative should also be zero. Denote 


X = [ay4a25845][a15a25a35]a13 — [a13a25835][A15a25845]ar4. (3.7.22) 
Then the above-mentioned derivative equals the dual of the following bivector: 
25 (—[az4a25a45|[Xa23a34]a35 + [a23a25a35][XAa24a34]a45), (3.7.23) 


which is nonzero because of the noncollinearities of ag5,a35,a45 and aj3, a14, a34. 


O 
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Proposition 3.43. Line a35a45 is a branch of quartic (3.7.19) in as if and only if 
aj13a14 V a23a824 V ag5a45 = 0. (3.7.24) 


It cannot be a common branch of (3.7.19) and any of (3.7.20), (3.7.21). 


Proof. Substituting as = Aag5 + wags into (3.7.19), we get, by denoting 7 = 
d?7?[a5435845][a25a35 845], 
0 = 7([a13a23834][a14a35@45][a21a35a45] — [a13a24a34][a14a35a45][a23a35 845] 
—[a13@35a45][a14€23a834] [A24435845] + [a13a35a45][a14a21a34][a23835a45]) 
= T[(aizai4 V a35a45)(a23a24 V a35a45 )aza] 
= T[a34a35845] a13a14 V a23A24 V a35a45- 

When line a35a45 is a branch of quartic (3.7.19), aigaia V ae3aea V ag5a45 = 0. 
Assume that the three lines aj3a14, a23a24, 435845 concur at point o. Then 0 # aj; 
for any i ~ 7. By symmetry we only need to prove that line a35a45 is not a branch 
of (3.7.21). 

Assume that the line is a branch of the quartic. Substituting a5 = Aa35 + pags 
into (3.7.21), we get 


[ay2@13a14][a24a35a845](A[aisa25ag5] zs H[a15€25a45]) 
+[a13a14a24][ae5a35a45](A[ai2aisags| +r Hla12815a45]) = 0. 


The coefficients of A, 4 respectively should be both zero, so 


[aizai3ar4] [a15€25435] [a24a35a45] = —[ai2@15a35][a13a14a24] [a25a35a45], (3.7.25) 
[a12€13814][@15a25a45][a24a35a45] = —[ay2@15a45][a13a14a24] [225.835 845]. 
By collinearity, replacing a;3a,;4 by oaj;4, and replacing a35a45 by oays in the 
brackets of (3.7.25), we get 
[0a;2a14][a15a25435][Oagsa45] = —[ai2a15a35][0a14a24][0a25a45], 
[oa12€14][a15€25a45][Oagsa45] = —[a12€15a45][Oa14a24|[Oa25a45], 
which can be written in the following ratio form: 


[oay2ar4] [0ag4a45| [aj2a15a35] [aj2aisass| 


SE ee ee ee 3.7.26 
[0aj4a24] [Oaz5a45| [ai5a25a35] [aisaz5a45| ( ) 
From the last equality in (3.7.26), we get 
tract 
0= [a12€15435][a15a25a45] = [a12€15a45][a15a25a35| — [a12@15€25][a15a35a45], 
violating the noncollinearity assumption. L 


Now let us find one more special solution of the fundamental equations. In [105], 
a special solution in coordinate form is found on line aj4a45. Below we deduce its 
expression in GC algebra. 

In (3.7.19), if [asay4a45] = 0 (generically this is not true according to Theorem 
3.39), then after removing bracket factors [asai3a35][a5aisa45], we get from (3.7.19) 
the following: 


[a5 a24a45][a5a25435][a14a23a34] = [a5a23a35][Aa5a25a45 |[Aa14a2.az4]. (3.7.27) 
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Replacing asa45 by aj4a45 in the brackets of (3.7.27), we get 
[a5 ags ([a14a23834][a14a24845]a25 — [a14a24a34][a14a25a45]a23)] = 0. (3.7.28) 
Combining (3.7.28) and [asai4a45] = 0, we get 


a5 = a4a45 V ([a14a23a34][a14a24a45 ]ag5 _ [aj4ao4a34][a14@25 845 ]A23 )ag5 
= [ay4ao.aga| [ay4ao5a4s | [ar 435245 ]a23 
= [aj4ao3a34| [ay4aosags | [ar 435845 ]a25 
+[aj4a93a24][ai4ae5a45|[a14a34a45ags, 


(3.7.29) 
where we have used the contraction 


[ay4a93a34][a14a21a45| = [ay4ao4a34][a14a23a45| = [ay4a3a24]/a14a34a45]. 


Denote by ti4,45 the point represented by (3.7.29). It is the fourth point of 
intersection of line aj4a45 with quartic curve (3.7.19) in as, the other three being 
point a4; counted twice and point aj4a45 V a13a35. 

Similarly, in (3.7.20), if [asaj4a4s] = 0, then after removing bracket factors 
[a5aj2a25|[a5aisads], we get from (3.7.20) the following: 


[asa34a45 |[a5a25a35][a14a23824] = [a5a23a25][a5a35a45|[a14a2sasal. (3.7.30) 
Replacing asaq5 by aj4a45 in the brackets of (3.7.30), we get 
[a5 aos ([a14a23824][A14834845]a35 — [a14a24a34][A14a35a45]a23)] = 0. (3.7.31) 
Combining (3.7.31) and [asai4a45] = 0, we get 
a5 => ai4a45 V a25 ([a14a23ae4][a14ag4a4s jags + [ay4aosaga| [a14435845]823) 


( 
( 


a14823a24 [ay4a34a45]ag5 + [ay4acsaga| [a1 4435845 |a23) 
414423445 [ay4aosaga| + [aj4a93€24][a14a34845])a25 


[aj4ao5a45 


— [814435445 


] 
] 
contract 
= 414425445 [a14a35a45]a23 
[ 
[ 


[ 
[aizaz4aza]| ] 
—|a14€23834]/a14a24845][a14a35 a45 ]a25 
+[a14a23a24][a14a25a45 |[a14a34a45]a35 

(3.7.32) 
It is the fourth point of intersection of line ayj4a45 with quartic curve (3.7.20) in as, 
the other three being point a4; counted twice and point aj4a45 V a12495. 

From (3.7.29) and (3.7.32), we get 


Proposition 3.44. a5 = ti4,45 is a solution of the two fundamental equations 
(3.7.19) and (3.7.20). 
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3.7.2 Proof of Theorem 3.40 
We write (3.7.19) and (3.7.20) as 


‘ates 6 (3.7.33) 


The following is a classical result in the theory of algebraic curves [10]: 


Lemma 3.45. Let f(z,y) = 0,g(x,y) = 0 be two algebraic curves in C?. Let 
the lowest total degrees of f(x,y), g(x,y) be m,n respectively. Then (0,0) is an 
intersection of the two curves with multiplicity at least mn. 


Corollary 3.46. Let f(x,y), g(x,y) be two complex polynomials of lowest total 
degree m,n respectively. Then 2” is a factor of the resultant of f(x,y), g(z, y) 
with respect to y. 


In (3.7.19), the degrees of the vector variables are 


A$ A} } 38] 44}54}3894895834955,845. 

In (3.7.20), the degrees of the vector variables are 

Asap yA} 3A} 4A]5 87385485585 ,855245. 

When as = aj5, A925, 235, A45, 14,45 respectively, both g; and gz are zero, with mul- 
tiplicity 1,1,2,2,1 and 1,2,1,2,1 respectively. So the five points are solutions of 
(3.7.33) in as, with multiplicity > 1x1l=1,1x2=2,2x1l=2,2x2=4, 
1x 1=1 respectively. 

By the classical Bezout’s Theorem [2], if two complex quartic curves intersect 
at isolated points, then there are sixteen points of intersection. For the two quartic 
curves g; and gg, if the condition of Bezout’s Theorem is satisfied, then after removal 
of the above ten points of intersection, there are six points of intersection left. So to 
prove Theorem 3.40, We only need to prove that for generic {a;,,;}, the two quartic 
curves intersect at isolated points. We need the method of proving a generically 
negative conclusion by a single integer instance, called the Gnein method, to over- 
come the symbolic computation difficulty in proving such a conclusion. 

This method is based on the following obvious facts on complex polynomials of 
one or two variables. Let u be a free complex parameter, x,y be complex variables, 
and m be an integer. All the polynomials are assumed to have complex coefficients. 


(i) Let f(u) be a polynomial. If f(m) #0, then for generic u, f(u) 4 0. 
(ii) Let f(a,u) be a polynomial whose leading coefficient in x is I(u). If l(m) 4 0 
and f(x,m) is irreducible, then for generic u, f(x, u) is irreducible. 
(iii) Let f(a, u), g(x, u) be polynomials whose leading coefficients in x are 1, (wu), l2(w) 
respectively. If 11(m) 4 0,la(m) 4 0, then 


(resultant(f (x, u), g(x, u),x))| = resultant( f(a,m), g(a,m), x). 


u=m 
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By the Gnein method, replacing a free parameter u by an integer instance m 
can be used to prove that a complex polynomial with free parameter u is generically 
nonzero or irreducible, and can evaluate the resultant of two complex polynomials 
with common free parameter u at the instance u = m by first evaluating the two 
polynomials at instance m. This is a method of indirect inference. It is used when a 
computer algebra software is unable to complete the symbolic computation needed 
to verify a generically negative conclusion directly. 

To apply the Gnein method to Erdés’ problem, we need to introduce homoge- 
neous coordinates. Since a45,€@25,a35 are not collinear, they form an affine basis 
of the affine plane in space, where the last coordinate of every point is 1. Their 
homogeneous coordinates can be set to 


a45 = (0, 0, 1), a2 = (1,0, 1); ag5 = (0, 1, 1). (3.7.34) 
Let 


© ag = (La, Ya, 1) for any other double index a € {ij |i 4 j} — {25, 35, 45}; 
© as = (2, y, Z); 
© tisas = (Xt, Yt, 2). By (3.7.29), generically z, 40, so we may assume z% = 1. 


Proposition 3.47. For generic {a;;}, any point in a consistent 5-tuple is an affine 
point. In particular, as is affine, 7.e., z 4 0. 


Proof. If z=0, by Theorem 3.39, generically x,y cannot be both zero. Assume 
y #0. Since gi, g2 are homogeneous multivariate polynomials, we can set y = 1. 
The resultant of gi (2, 1,0), g(a, 1,0) with respect to x is a polynomial h in variables 
Le,Ya. Using the Gnein method, by replacing the t,,yq with special integers 
generated randomly between 1 and 100, such that the noncollinearity conditions of 
the ay are satisfied, we get that h is nonzero in such an instance of the tq, Ya, SO 
for generic {Xa, Ya}, the resultant h # 0, and polynomial equations gi(z,1,0) = 
g2(x, 1,0) =0 have no solution. L] 

Choose z = 1. The resultant of gi(a,y,1),92(a,y,1) with respect to y is a 
polynomial h’(a) of degree sixteen in x. This polynomial cannot be factorized by 


Maple 10. By Corollary 3.46 and the five special solutions of (3.7.33) in as together 
with their multiplicities, we get that h’(x) has factors 


a“ (a — #15)(@ — £95)"(a — £35)"(x — 24). (3.7.35) 


Removing these factors from h’(x), we get a polynomial of degree six in x, denoted 
by f(z). 

By the Gnein method, we find that f(a) is irreducible for generic {2a, ya}. Its 
leading coefficient is generically nonzero. The triangulation result of (3.7.33) is of 
the form 


{ I(x)y — r(a), 
f(z), 


FreeEngineeringBooksPdf.com 


146 Invariant Algebras and Geometric Reasoning 


where [(a), r(x) are nonzero polynomials of degree less than six. Again by the Gnein 
method, we get that when f(x) = 0, generically I(x) 4 0. This finishes the proof of 
Theorem 3.40. 


3.7.3 Proof of Theorem 3.39 


There are five cases (1) to (5) in the theorem. We prove them one by one. 

(1). By symmetry we only need to consider the case ay = as. Since at least two 
of the five points are different, without loss of generality, let ay 4 a4. 

If ag = ay, then aj, a4, 414, 415, 412 are collinear, violating the assumption that 
the latter three points are not collinear. So az # a4. Similarly, a3 ¥ ag. 

So lines ajay = a14@15, 2284, = A24@5, and agay = a34a35. The three lines 
€14815, 424895, 34435 concur (at point a4), which is generically not true. This 
proves that generically a, # as. 

We further consider the non-generic case a4 = as, which is caused by aj4aj5 V 
A24825 V a34a35 = 0. 


a35 


Fig. 3.15 Consistent 5-tuple in the non-generic case a4 = a5. 


If a,,a2,a4 are collinear, so are aj4,815,€24, violating the noncollinearity as- 
sumption. So a), a2, a4 are not collinear. Similarly, a), ag,a4 and ag, ag, aq are sep- 
arately not collinear. If ag = aig, then aj3, a4, ag34,ag35 are collinear, violating the 
noncollinearity assumption. So ag # aj3. Similarly, a; A aj; for all 1 < i<j <3. 
The geometric configuration is shown in Figure 3.15. 

The following intersections exist: 


a, = agay3 Vagay4, ag = a3ao3 V agag4. (3.7.36) 
Substituting them into [a;agaj2] = 0 and expanding the result, we get 
[aga4a3][azai2a13|[asasae] = [agasacs][azai3a23|[asaizara]. (3.7.37) 


Replacing aga, by a34a35 in the brackets of (3.7.37), and combining with equa- 
tion [aga34a35| = 0, we get 


ag = a34a35 V a73([a23a34835][asarsacsare + [a2saz.ag5][asai2ai4|a23), (3.7.38) 


where the meet product is nonzero because a13, €12,€23 and a34, 35,13 are sepa- 
rately noncollinear. 
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So points a1, ag are determined by (3.7.36), point a3 is determined by (3.7.37), 
and points a4 = a5 = a)4€15 V ao4a25. The solution of Erdds’ problem is unique if 
a4 = as. 

(2). By case (1), we can assume that a; # a; for alli # 7. By symmetry, we 


only need to consider the case as = ays. Then ay # ays. 
If aq = aya, then 


a2 = a14€24 V a25a45, 
a3 = 14834 V a35a45, (3.7.39) 
@y = a15a45 V aj2(arsaea V ag5a45). 


Substituting the expressions of a2, a3 into [aga3ag3] = 0, we get 
[a23(ai4ae4 V ag5a45)(a14aza V a35a45)| = 0, (3.7.40) 


which is generically false. 

In the non-generic case where a4 = aj4, by (3.7.39), the solution is unique. The 
cases a4 = ag4 and a4 = agy are similar. 

Now assume ay ¢ {aj4,€24,a34}. Then 


ay = a15a845 V agaya, 
az = A25445 V agana, (3.7.41) 
a3 = a35a45 V agaga. 
Substituting them into [aja;a,;;] = 0 for 1 <i <j < 3 and expanding the results, 
we get two sets of equations by different Cayley expansions. The first set is 


ayay4a4][asaosa45|[ai2ai5a45| = [agay2ara|[asacsags|[ai5ae5ads], (3.7.42) 

a4ay4a34][aqa35a45 |[ai3ai5a45| = [agai3az4][asagsays|[aisag5aa5], (3.7.43) 

a4aq4a34][aqa35a4s |[a23a25a45] = [agag3ae4][agag4ays|[a25ag5ag5]. (3.7.44) 
The second set is 

a4aj4a24][aqay5a4s|[ai2a25a45|] = [agaj2ae4][agaysays|[aisa25ag5], (3.7.45) 

a4aj4a34][aqay5a4s |[ai3a35a45] = [agai3a3a][agay4ays|[aisagsaas], (3.7.46) 

a4az4a34][aqag5a4s |[a23a35a45|] = [agag3aza][asag4ays][a25ag5ag5]. (3.7.47) 


They are equivalent to the three equations in the first set one by one sequentially. 
Obviously, a4 = aj4,a24,a45 each satisfy (3.7.42), ay = aj4, asa, a5 each satisfy 
(3.7.43), and a4 = ag4,a34, a45 each satisfy (3.7.44). 
Introduce homogeneous coordinates: 


@aq5 = (0,0, 1), ay = (1,0, 1), agg = (0, 1, 1); 

© ag = (La, Ya, 1) for all other a € {ij |4 A 7} — {14, 24, 45}; 

ea, = (z,y,z). If z = 0, then we may assume y 4 0 and choose y = 1. 
Then (3.7.42), (3.7.43), (3.7.44) are univariate polynomials with free parame- 
ters {%a, Ya}. By the Gnein method, the resultant of (3.7.42) and (3.7.43) is 
generically nonzero. So generically z 4 0, and we can choose z = 1. 
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Denote (3.7.42), (3.7.43), (3.7.44) by 


fia(z, y) = 0, fis(z, y) = 90, fo3(x, y) = 0, 
and let 


resultant( fis, fo3,y) = hi(2), 

resultant( fis, fo3,y) = he(x). 
Then x(x — 234) is a factor of hy(x), and x(# — x24) is a factor of ho(x). Removing 
these factors from hj, h2, we get two irreducible polynomials h{, hi, of degree two in 
x. By the Gnein method, for generic {xq, ya}, the resultant of h4,,h with respect 
to x is nonzero. This proves that generically as # ags. 

Next we prove that in the non-generic case a5 = a45, the number of solutions is 
finite. (3.7.42) taken as an equation in a4, represents a conic passing through three 
explicit points a,4,@4,a45. Let us find more points on the conic. 

If [agaj2ai4] = 0, then (3.7.42) is changed into [aya25a45| = 0. So 


a4 = a12814 V ag5 845 (3.7.48) 


is a fourth point on the conic. If [agajsa45] = 0, then the same conic (3.7.42) but 
in a different algebraic form (3.7.45) is changed into [ayaj2a24] = 0. So 


a4 = aj2a94 V a15445. (3.7.49) 
is a fifth point on the conic. 
Among the five points 
A14, Ag4, Ags, A12A14 V AQ5A45, A12A24 V A15a45, (3.7.50) 


no three are collinear, so they determine a unique nondegenerate conic, i.e., no 
three points on the conic are collinear. Similarly, by changing subscript 2 to 3 in 
(3.7.50), we get that (3.7.43) represents the unique nondegenerate conic determined 
by points 


Ala, 434, A45, A13a14 V 35845, A13A34 V A15A45; (3.7.51) 
by changing subscript 1 to 2 in (3.7.51), we get that (3.7.44) represents the unique 
nondegenerate conic determined by points 

€24, 434, 45, €23A24 V €35845, €23834 V A25a45. (3.7.52) 


Erd6s’ problem has infinitely many solutions if and only if the above three 
nondegenerate conics are identical. Since any line in the plane has at most two 
points of intersection with a nondegenerate conic, if the two conics determined by 
(3.7.50) and (3.7.52) respectively are identical, then among the three collinear points 
€45, 212814 Va95845, A23a34 Va25a45, two must be identical. It can only be the latter 
two points that are identical, by the noncollinearity assumption. So 


aj2ay4 V a93€34 V ag5a45 = 0. 


By similar arguments, we get that the three conics determined by (3.7.50), 
(3.7.51) and (3.7.52) respectively are identical if and only if the following conditions 
are satisfied: 
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aj2az4 V a93€34 V ag5a45 = 0, 
aygaz4 V a23ae4 V ag5aq5 = 0, (3.7.53) 
a12824 V a13a834 V aj5a45 = 0; 


(ii) points a4, ao4,a34,a45 are on the same conic with points 


P = aj2a4 V aogaza4, GQ = a13a14 V ag3ae4, FT = aj2ae4 Vajgag4. (3.7.54) 


By (3.7.54) and the nondegeneracy of the conic, we get 
aig = payMrag, aig =qaiMrags, ag3 = pasa gags. (3.7.55) 


By Pascal’s Conic Theorem, points p,q,r,a14, 24,34 are on the same conic if and 
only if [aj2a13a23] = 0. Since the latter is forbidden, the conic cannot pass through 
the six points simultaneously. This proves that when as = ays, there are finitely 
many solutions to Erd6és’ problem, or more accurately, there at most 3+ 2 = 5 
solutions, three from a4 = ajq for i = 1, 2,3, and two from the common intersection 
of the three nondegenerate conics, as any two conics already have two explicit points 
of intersection ays and a;4, for some 1 <j < 3. 


(3). Assume that a; # a;;. By symmetry we only need to prove as # a4. If 
a5 = aga, by [agaaga4] = [agiaza35] = [agaasays] = 0, points a3, a4, aga, a35, 45 are 
collinear, violating the noncollinearity assumption. 

(4). We only need to consider the case where as,a35,a45 are collinear. Assume 
that a; Aaj, aj Aaj, and aj A ajy, for i Aj Ak. Then as,ags, az, a45, as, aga are 
collinear, violating the noncollinearity assumption. 

(5). We only need to consider the case where as, a45,a34 are collinear. Again as- 
sume that aj A aj, a; A ayj, anda; Aaj, fori Aj Ak. Then as, ays, ag, aga, a3, a5 
are collinear, violating the noncollinearity assumption. 
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Chapter 4 


Projective Conic Geometry with Bracket 
Algebra and Quadratic Grassmann-Cayley 
Algebra 


Because of its nonlinear nature, projective conic geometry is more complicated than 
incidence geometry. For a basic geometric relation like six points being on the same 
conic, it is well known that this can be represented by an equality of degree-four 
bracket binomial, which is the bracket algebraic representation of Pascal’s Conic 
Theorem. It is less well known that there are fifteen such equalities representing the 
same relation, although in homogeneous coordinates these equalities are identical. It 
is much less well known how to employ these different equalities to simplify bracket 
computing involving conic points. 

The first part of this chapter is devoted to the development of methods and 
algorithms for the representation and simplification of conic geometric objects, con- 
straints and their computing based on Cayley bracket algebra. The second part is 
on a very efficient algorithm based on the “breefs” principle, for generating hand- 
checkable proofs for theorems in projective conic geometry. While the majority of 
the theorems can be given two-termed proofs, those theorems on intersections of 
conics are always outside the scope of two-termed proofs. 

This phenomenon indicates that the Grassmann-Cayley algebra A(V%) and the 
associated bracket algebra may not be the intrinsic language for projective conic 
geometry. They are invariant algebras only for linear forms on Y?. To represent 
nonlinear forms the base vector space V? needs to be enlarged to the space of sym- 
metric tensors generated by vectors in V?. The Grassmann-Cayley algebra and 
bracket algebra established upon the space of symmetric tensors of step two, called 
quadratic Grassmann-Cayley algebra and quadratic bracket algebra respectively, are 
the intrinsic language for describing and computing conic geometric problems. The 
third part of this chapter is an exploration of the two new algebras and their con- 
nections with the two old algebras based on V?. 


4.1 Conics with bracket algebra 


Conic geometry has a prominent feature of many different representations for the 
same geometric constraint in the GC algebra over V?. The first necessary work is to 


151 
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represent in this algebra basic geometric constructions such as conics, intersections, 
conjugates, poles, polars and tangents. 


4.1.1 Conics determined by points 


There are three kinds of projective conics: (1) a line and itself, called a double-line 
conic, (2) two different lines, called a line-pair conic, (3) a conic without any line 
branch, called a nondegenerate conic. The intersection of the two lines in a line-pair 
conic is the double point of the conic. In this chapter, the term “conic” refers to the 
latter two kinds of conics by default. 

Any point on a given conic is called a conic point. By Pascal’s Conic Theorem, 
six points 1,2,3,4,5,6 € V° are on the same conic, called coconic, if and only if 
the intersections 129 56,131 45, 24/1 36 are collinear. Expanding the left side of 


[((12 V 56)(13 V 45)(24 V 36)| = 0 (4.1.1) 
into a bracket binomial by splitting 5,6 in 12 V 56, we get 
conic(123456) := [135][245][126](346] — [125][345][136][246). (4.1.2) 


Let 1,2,3,4,5 be five points in the projective plane. Assume that no four of 
them are collinear. This inequality condition is denoted by 412345. A classical 
conclusion is that such five points determine a unique conic, denoted by 12345, 
such that any point x is on the conic if and only if 


conic(12345x) = 0. (4.1.3) 


The juxtaposition here does not denote the outer product of vectors, although 
the antisymmetry property still exists. Such a conic is called a point-conic, meaning 
that it is determined by points. 


Proposition 4.1. For any six points 1,...,6 in the plane, the expression 
conic(123456) is antisymmetric with respect to the six points. Furthermore, for 
any point 6’ in the plane, 


[126’][346’]conic(123456) + [125][345]conic(123466’) 


= [126][346] conic(123456’). (4.1.4) 


Proof. Obviously, conic(123456) is antisymmetric within each of the pairs (1, 4), 
(2,3) and (5,6). We only need to prove the antisymmetries within (1,2) and within 
(1,5). This can be verified by contractions: 


conic(123456) + conic(213456) 
=  [126][346]([135][245] — [235][145]) — [125][345]((136][246] — [236][146]) 


contract 


Bock q 
conic(123456) + conic(523416) 
=  [135][346]((245][126] + [124][256]) — [125][246]((345][136] + [134][356]) 


contract 
= 0. 
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(4.1.4) is a trivial identity obtained from (4.1.2). L] 
Corollary 4.2. If points 1,...,5,1’,...,5’ are coconic, then for any point a in the 
plane, 
conic(al2345) __ [125][345] 
conic(al2345/) [125/][345']’ 
conic(a12345) 7 [124][125][345] (4.1.5) 
conic(al234/5’) —s«[124][12.5'][3.4’5’]’ ~ 
conic(al2345) [123][124][125]/345] 


conic(al23/4’/5’) = [123/][124’][125/][3’4’5] 
Proof. The first formula is a corollary of (4.1.4). The second formula comes from 


conic(a12345) conic(al2345) conic(al2345’) 


conic(al234/5’) — conic(al2345’) conic(al234/5’) 


The third formula can be obtained similarly. L 


Recall that if there are more than two points on the same line, then the line 
can be represented by the outer product of any two points. The ratio of the two 
representations is a rational invariant. Similarly, if there are more than five points 
on the same conic, then the conic can be represented by any five points. Different 
representations differ by a ratio of bracket monomials as in (4.1.5), which is a 
rational invariant of the conic. 


Definition 4.3. In the GC algebra of 2D projective geometry, let p(A) be a polyno- 
mial containing vector variables A = {aj,a2,a3, a4, a5} which represent five points 
on the same conic. If for some 1 < i < 5, for any two points 1,1’ on the conic, 


p(A) asl _ [Lay, ax, |[Lars ar, (4.1.6) 
p(A) ai=l’ [Lag ax] [1/ansae,] 
for any permutation ky, ko,k3,k4 of {1,2,3,4,5} — {i} such that the right side of 


(4.1.6) is nonzero, then p(.A) is said to satisfy the point-conic transformation rule 


in aj. 


The right side of (4.1.6) is called the transformation coefficient of p(A) in a; 
from 1 to 1’. It is independent of the permutation of ay, ,a.,Ax,,Ak,, according 
to (4.1.2). 

Besides (4.1.2), a point conic has a degree-five bracket trinomial representation 
as follows: 


Proposition 4.4. Any point x on conic 12345 satisfies the following equation: 


conicy23,45(x) := [145][234][235][x12][x13] — [134][135][245][x12][x23] 
+ (124][125][345][x13][x23] (4.1.7) 
=0. 
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The expression conic123,45(x) is symmetric with respect to 1, 2,3 but antisymmetric 
with respect to 4,5. It satisfies the point-conic transformation rules in 4 and 5. 
Furthermore, if 1,2,3 are not collinear, then (4.1.7) is equivalent to (4.1.2). 


Proof. Applying the following GP relations to (4.1.7), 


[13.4][x23] = [123][x34] + [234][x13], 
[124][x23] = [123][x24] + [234][x12}, 


we get 


conicy23,.45(x) =  [123]((125][345][13x][24x] — [135][245][12x][34x]) 
4+ [x12] [x13][234] ((145][235] + [125][345] — [135][245]) 


—[123] conic(12345x). 


contract 


O 


Polars and tangents: 


For four distinct points a,b,c,d on the same line, pairs (a,b) and (c,d) are 
said to be conjugate with respect to each other, if the cross-ratio (ab;cd) = —1. If 
a = b, then the pair (a,a) is conjugate with respect to any pair (a,d) where d is 
any point on the line. 

Two distinct points a,b are said to be conjugate with respect to a conic, if either 
they are conjugate with respect to the points c,d where line ab meets the conic, or 
line ab is part of the conic. A point is conjugate to itself with respect to a conic if 
it is on the conic. 

If ais not a double point of a conic, 7.e., not the intersection of the two lines of a 
line-pair conic, then the conjugates of a with respect to the conic form a line, called 
the polar of a. In particular, if a is on the conic, its polar is the tangent at a. Dually, 
the points on a line L which is not part of a conic, have a unique common conjugate 
with respect to the conic, called the pole of L. When L is tangent to the conic, its 
pole is the point of tangency. The term tangency agrees with the geometric intuition 
that a line is tangent to a conic if and only if the point of tangency is where they 
meet twice, i.e., with multiplicity two. 


Definition 4.5. The polarization (or derivative) of the function conic(12345a) of 
a by b is the polynomial 


conic(12345(ab)) := 5 {(185][245]((129] [34b] + [12b][34al) 
—[125][345] ({13a] [24b] + [13b][24a])}. 


(4.1.8) 


Proposition 4.6. Two points a,b are conjugate with respect to conic 12345 if 
and only if 


conic(12345(ab)) = 0. (4.1.9) 


FreeEngineeringBooksPdf.com 


Projective Conic Geometry with Bracket Algebra and Quadratic Grassmann-Cayley Algebra 155 


When a is not a double point of the conic, its polar has the following bivector 

expression: 

polar, (12345) := [135][245]([{12a] 34+ [34a] 12) —[125][345]((13a] 24+ [24a] 13). 
(4.1.10) 

The expressions conic(12345(ab)) and polar,(12345) are both antisymmetric in 

1,2,3,4,5, and follow the point-conic transformation rules in the five points. 


Proof. If a=b, we have 
conic(12345(aa)) = conic(12345a). (4.1.11) 
Ifa # b and a is not a conic point, let x be a point of intersection of line ab with 
the conic. Let A = —[bx]/[ax]. Substituting x = b + Aa into conic(12345x) and 
expanding the result, we get 
conic(12345x) = [135][245]((12b] + A[12a])([34b] + A[34a)) 
—[125][345]((13b] + A[13a]) ((24b] + A[24al]) 


= conic(12345b) + 2A conic(12345(ab)) + A? conic(12345a). 


(4.1.12) 
Let c,d be the points of intersection of line ab with the conic. They are con- 
jugate with respect to a,b, t.e., [be]/[ac] = —[bd]/[ad], if and only if the sum of 


the two roots of (4.1.12) in A is zero, i.e., the linear part of the polynomial is zero, 
which is just (4.1.9). 

If a # b and b is not a conic point, we still have (4.1.9). If a # b and both 
are conic points, they are conjugate with respect to the conic if and only if line ab 
is part of the conic, i.e., if and only if (4.1.12) equals zero for any scalar 4. Since 
the quadratic and constant parts of the polynomial are already zero, the linear part 
must also be zero. 

By removing b from both sides of (4.1.8) we get (4.1.10), i.e., 

[polar,(12345)x] = 2 conic(12345(ax)), Vx € V®. (4.1.13) 


O 


Proposition 4.7. The tangent of conic 12345 at point 5 which is assumed not 
being a double point of the conic, has the following bivector expression: 
tangents 1934 := polars; (12345) = —[134]|[235][245] 15 + [135][145] [234] 25. 
(4.1.14) 
The expression is antisymmetric with respect to 1,2,3,4 and satisfies the point- 
conic transformation rules in the four points. 


Proof. Setting a = 5 in (4.1.10), we get, for any x € V°, 
[polars (12345)x] =  — [125][135]((245][34x] — [24x][345}) 
+[245][345]((12x][135] — [125][13x]) 


125]([135] [234] [45x] — [123][15x][245][345] 


contract 
=" | [ 
= —Itangents 1432 x]. (4.1.15) 


O 
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Poles: 


The pole of line ab with respect to a conic is the intersection of the polars of 
points a, b respectively. Direct expansion of the meet product of the polars leads to 
a complicated expression of the pole. To obtain a succinct expression, we consider 
constructing the pole by two tangents. 

Let 1,2 be the points of intersection of line ab and conic 12345. Then 


—tangent o345 V tangents 4345 = —_ ({134][135][245]12 — (124][125][345]13) 
V ({145][234][235]12 + [124][125][345]23) 


[123][124][125][345] ([145][234][235]1 
+(134][135][245]2 — [124][125][345]3). 
(4.1.16) 


From this we get the following representation of a pole: 


Proposition 4.8. If line 12 is not a branch of conic 12345, then the pole of line 
12 with respect to the conic is 


poleys 345 = (145][234][235]1 + [134][135](245]2 — [124][125][345]3. (4.1.17) 


It is symmetric with respect to 1,2, antisymmetric with respect to 3,4,5, and 
follows the point-conic transformation rules in 3,4, 5. 


Corollary 4.9. For points 3’, 4’, 5’ on conic 12345, 


tangent, 9345 V tangent 34/5, = [123'][124'][125'][3'4’5'] poleys 345, (4.1.18) 
poleyg 345 Poley3 24/5 = —2 [14'5'][234'][235'] tangent, 9345. (4.1.19) 


Proof. (4.1.18) is from (4.1.16) by the point-conic transformation rules of 
tangentz 1345 in 3,4,5. When 4 = 4’ and 5 = 95’, (4.1.19) is straightforward 
from (4.1.17). By the point-conic transformation rules of poley3 245 in 4,5, 


[14’5’][234'][235’] 
[145][234][235] 
= —2[14’5’][234’][235’] tangent, o345- 


poley2 345 poley3 24/5 = poley2 345 poley3 245 


O 


Corollary 4.9 characterizes the relations among different Grassmann-Cayley rep- 
resentations of poles and tangents when there are more than five coconic points. The 
proof shows the power of point-conic transformation rules. The following proposi- 
tion provides more elegant results on the brackets formed by poles and tangents. 


Proposition 4.10. Let 1,...,5;2’,...,5/;1”,...,5” be coconic points, then 
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(1) 
[polegs 123 tangent 9/34/5] = 2 [124][12'5][134][13’5][14’5)[2’3’4’][235]. (4.1.20) 
(2) 


[poley2 345” poley3 24/5) polegs 423] 
= —4/1"24][125][134][1"35][14'5’][14"5”"|[234’|[234”][235'][235”), 


(4.1.21) 
[poley2 3475” Poley3 2457 Polegs 12/73”'] 
= —4[124][125)[134][13’5][14”5/][145'][2”3” 4][234”][235”][235’]. 
(3) 
[1 poleys 3:45 Poles’ 19/5] = 2 [123'][12'4’][13'4][13'5][14’5'][2'3'5'][245], 
(4.1.22) 
and 
[1 poleye 345 polegy 125] _ [134] [1 poley2 345 polega 125] ane [124] (4.1.23) 
[2 pole; 345 poleg4 125] [234] [3 poley2 345 poles, 125] [234] 


Proof. As the proofs are similar, we only prove (4.1.20). First remove all the 
primes. We have 


[polegs 123 tangent, 2345] 
= —[124][125][135]{[134][235]((124][345] — [134][245]) 
—[134][234]((125][345] — [135][245])} 


= 2[124][125][134][135][145] [234] (235). 


By the point-conic transformation rules of tangent, 2345 in 2,3,4, we get (4.1.20). 


O 


Intersections: 


In the projective plane, if a line and a conic intersect at a given point, then they 
must intersect at a second point, disregard of the base field of the geometry. The 
reason is that the second point of intersection satisfies a linear equation by removing 
a factor representing the given point of intersection as a root. 


Proposition 4.11. If line ab is not part of conic a1234, then their second point 
of intersection always exists, denoted by x = ab al1234. It has the following 
representation in GC algebra: 


Xab,1234 := [134][24a[3ab] 12 Vv ab — [124][34aj[2ab] 13 v ab. (4.1.24) 


(4.1.24) is antisymmetric with respect to 1, 2,3, 4 and satisfies the point-conic trans- 
formation rules in the four points. 
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Proof. Expanding (4.1.24) by separating a,b in the meet products, we get 


Xab,1234 = ([12b][134][24a][3ab] — [124][13b][2ab][34a])a 
+({124][13a][2ab] [34a] — [12a][134][24a][3ab])b (4.1.25) 
=ca-+ tb, 


where by (4.1.13) and (4.1.15), 
ce=conic(123ab4),  t = —|[b tangent, 2314] = —2 conic(1234(ab)). 
Since line ab is not part of the conic, c and t cannot be both zero. Substituting 
(4.1.25) into conic(4321ax) = [12x][13a][24a] [34x] — [12a][13x][24x][34a], we get 
conic(4321laxap,1234) = ct{[12a]|24a]((13a][34b] — [13b][34al) 
+[13a][34a]([12b] [24a] — [12a][24b])} 
+t? ([12b] [13a] [24a] [34b] — [12a] [13b][24b][34a}) 
= ct([12a][134][24a][3ab] — [124][13a][2ab][34a]) + ct? 
=0. 
So x is a point on both line ab and conic a1234. L 
Corollary 4.12. Let points 1,2,a be noncollinear. If intersections 1’ = 12345N 1a 
and 2’ = 12345 /: 2a have their expressions as (4.1.24), then 
polar, (12345) = 12541345 _ 21442345: (4.1.26) 
Likewise, in the projective plane, if two conics intersect at three given points, 
then after removing three factors representing the given points of intersection as 
roots, the fourth point of intersection satisfies a linear equation, disregard of the 
base field of the geometry. For two distinct conics 12345 and 1234/5’, if none of 
lines 12, 13, 23 is part of the two conics, then 1,2,3 are not collinear, and the 


two conics do not have a line in common. So they have four points of intersection. 
Denote the fourth point of intersection by 12345 9 1234’5’. 


Proposition 4.13. 12345 M 1234/5’ has the following coordinate representation: 


od A as, (4.1.27) 
where in K? (K is the base field of the geometry), 
1 (* [145] [234] [235] (14’5'][23.4'][2357] 
fag? [134][135][245] | x | (134'J[135J[24’5’) |}. (4.1.28) 
Ny, [124] [125] [345] (124'][125'][34'5’] 


Here “X” is the cross product in the vector algebra over K?. 
Furthermore, for any permutation i,j,k of 1,2, 3, 
N= fi pole;, jas pole;, ja’5’] 
= —|i poles; kas pole;; x4’5’] (4.1.29) 
= ii poles; kas poles, ja’s’]- 
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Proof. Denote the right side of (4.1.28) by v. Let the fourth point of intersection 
be x. Since [123] 4 0, a point y is on conic 12345 if and only if conici23,45(y) = 0. 
By (4.1.7), 
conicy23.45(x) = [145][234][235][x12][x13] — [134][135][245][x12][x23] 
+ [124][1.25][345] [x13] [x23] 
= 0, 


conici23,45/(x) = [14'5’][234’][235/][x12] [x13] — [134’][135'][24’5’]|[x12] [x23] 
+ [124'][125/][34’5'][x13] [x23] 
= 0. 
(4.1.30) 
So v = 0 if and only if the above two equations differ by a constant scale, 7.e., if and 
only if the two conics are identical. Since the latter is not true, this proves v # 0. 
By (4.1.30), v is parallel to vector (\4,, \5, 43)", where 
Ay = [x12][x13], 5 = —[x12][x23], A5 = [x13][x23). 
So vectors (A,,A5, A$)" and (Ai, A2,A3)7 are parallel. By this and the Cramer’s 
rule [123]x = [x23]1 — [x13]2 + [x12]3, we get that vector x is parallel to 
vector (ASA, M45, X,A5)" in the coordinate system {1,2,3}. Since vectors 
(A2A3, A1A3, A1A2)? and (ASAS, AA, X45)" are parallel, (4.1.27) follows. 
(4.1.29) can be easily deduced from (4.1.17) and (4.1.28). L] 


The representation of the fourth point of intersection is very complicated. Its 
compact representation in GC algebra by meet products is still not found. 


4.1.2 Conics determined by tangents and points 


A conic can be determined by any five linear objects incident to it: conic points 
or tangents. In this section, we consider conics determined by one or two points 
of tangency and the corresponding tangent lines, together with three or one conic 
point respectively. 


Tangent-point conic: 
Proposition 4.14. There exists a unique conic passing through points 1,2,3,4 


and tangent to line 45, denoted by 1234(45), if the following set of nondegeneracy 
conditions, denoted by 41234(45), are satisfied: 


e 1,2,3,4 are distinct and noncollinear, 
e 4,5 are distinct, 
e either (a) points 1,2,3 are not on line 45, and point 4 is not on any of the 
lines 12,13, 23, or (b) only one of the three points 1,2,3 is on line 45. 
A point x is on the conic if and only if for the polarization function (4.1.8), 


2 conic(x1234(45)) = [134][245][14x][23x] — [234][145][13x][24x] = 0. (4.1.31) 
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Proof. By the given nondegeneracy conditions, if [145] = 0, then [134], [245] 
are nonzero, and (4.1.31) is the equation of the line-pair conic (14, 23). If [245] = 
0, then (4.1.31) is the equation of the line-pair conic (13,24). If [345] = 0, by 
collinearity transformation [234][145] = [134][245], (4.1.31) becomes 


0 = — [134][245]((14x][23x] — [13x][24x]) 
cone’ _[13.4][245][12x][34x], 


which is the equation of the line-pair conic (12,34). The conclusion is true in the 
three degenerate cases. 

Below we assume that points 1, 2,3 are not on line 45. By the given hypotheses, 
[124], [134], [234] are all nonzero. If [123] = 0, by collinearity transformation 
[234][13x] = [134][23x], (4.1.31) becomes 

0 = [134] [23x] ([245] [14x] — [145]|[24x]) 
contre! _ 11 24][134] [23x] [45x], 
which is the equation of the line-pair conic (23,45). The conclusion also holds in 
this degenerate case. 

So we further assume [123] 4 0. Then no three of the four points 1,2,3,4 are 
collinear. Let x be any point in the plane distinct from the four points, then no 
four of the five points 1,2,3,4,x are collinear, so they determine a unique conic 
1234x. Obviously none of the four points 1,2,3,4 can be a double point of the 
conic, and the tangent at 4 exists. Comparing (4.1.31) with (4.1.14), we find that 
(4.1.31) is exactly 


0 = 2conic(x1234(45)) = —2 conic(123x4(45)) = —[tangent, 193,.5]. 
L] 


The conic in Proposition 4.14 is called a tangent-point conic, as besides points, 
it is determined by a tangent and the point of tangency. 


Corollary 4.15. Any point x on conic 1234(45) satisfies 
[234]? [145][12x][13x] — [134]?[245][12x][23x] + [124]?[345][13x][23x] = 0. 


(4.1.32) 
If [123] 4 0, point x is on the conic if and only if (4.1.32) holds. 
Proof. By Cramer’s rule [123]x = [23x]1 — [13x]2 + [12x]3, 
2 [123] conic(x1234(45)) 
rae" 1234]?[145][12x][13x] — [134]?[245][12x]/23x| 
+ [124] [13x] [23x] ((134][245] — [145][234]) (4.1.33) 
cone! (93.4]?/145][12x][13x] — [134]?[245][12x][23x] 
+ [124]?[345][13x][23x]. 
L 
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Similar to the point-conic case, it can be proved that for any points 1,...,5,x, 1’ 
in the plane, 
(1'34][1’4x] conic(x1234(45)) — [134][14x] conic(x1'234(45)) 
= [234][24x] conic(x11/34(45)). 


A direct corollary is the following tangent-point conic transformation rules: 


(4.1.34) 


(1) If 1’,2’,3’ are points on conic 1234(45), then for any point x in the plane, 


conic(x1234(45)) [124] [134] _ [123][145] 
conic(x1/234(45)) [1’24][1’34] - [1/23] [1/45] ’ 
conic(x1234(45)) ——_ [124][134][234) [123] [145] [245] 
conic(x1/2/34(45)) —— [1/2/4][1/34][2’34] ————s*[12’3] [145] [2’45]’ 
conic(x1234(45)) [124][134][234] ———[123][145][245][345] 
conic(x1/2’3/4(45))  [1/2’4][1/34][2’3'4] _[12/3’][1'45] [2/45] [3/45] 
(4.1.35) 


(2) If line 4’5’ is tangent to conic 1234(45) at point 4’, where point 1 is not a 
double point, then for any point x in the plane, 
conic(x1234(45)) —  [145][234]? (4.1.36) 
conic(x1234/(4'5’))  [14/5'][234’)2" i 
Proof. (1) The second equality in the first line of (4.1.35) is by the incidence of 
point 2 and conic 11/34(45), i.e., [124][134][1/23][1’45] = [123][145] [124] [1/34]. 
The other equalities in (4.1.35) are easy to derive. 

(2) If 1,2,3 are not collinear, then if 4,5 are replaced by 4’, 5’, from (4.1.33) 
and the independence of the coordinate variables [12x], [13x], [23x] of vector x, we 
get (4.1.36). 

If 1,2,3 are collinear, then 4,5,4’,5’ must also be collinear, and (4.1.31) be- 
comes —[124][134][23x][45x] = 0, which is the equation of the line-pair conic 
(23,45). Since 1 is not a double point, it is not on line 45. Then (4.1.36) is the 
result of 

[45x] [145] [234’]? [23.4]? 
[4’5’x] -[14’5’]’ [124’|[134’] — [124][134]” 


Tangency: 
Proposition 4.16. If point 1 4 2345, then the tangent of conic 1234(45) at 
point 1 is 
tangent, ((1234(45)) := [134]?[245]12 — [124]?[345]13 
= [134][145]/234]12 — [123][124][345]14 (4.1.37) 
= [124][145]/234]13 — [123][134][245]14. 


It is antisymmetric with respect to 2,3 and satisfies the tangent-point conic trans- 
formation rules (4.1.35) in the two points. 
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Proof. The equalities among the three bivector expressions in (4.1.37) can be 
proved by contractions. For example, for any point x in the plane, 


({134]?[245][12x] — [124]?[345][13x]) — ([134][145][234] [12x] 
—[123][124][345][14x]) 
=  [12x][134]((134][245] — [145][234]) — [124][345]((124][13x}[—[123][14x}) 


contract 


We prove that the first bivector expression in (4.1.37), denoted by B, represents 
the tangent at 1. For conic 1234(45), if [245] = 0, by Proposition 4.14, [345], [124] 
are both nonzero. By symmetry, if [345] = 0, then [134][245] 4 0. Similarly, if 
[134] = 0, then [124][345] 4 0; also by symmetry, if [124] = 0, then [134][245] 4 0. 
So the two coefficients in B cannot be both zero. 

Assume [124][345] 4 0. Let x be a point on conic 1234(45). By (4.1.14), the 
tangent of conic 1234x at 1 is 


[13.4] [13x] [24x]12 — [124][12x][34x]13. (4.1.38) 


By writing conic(x3214(45)) = 0 as 


and substituting the ratio equality into (4.1.38), we get B up to scale. L 
Intersection: 


Proposition 4.17. Let x = a234(45) Mab be the second point of intersection of 
conic a234(45) and line ab, then it has the following expressions in GC algebra: 


Xab,a234(45) := [234][45a][8ab]24 V ab — [245][34a][4ab]23 V ab 
[23.4][24a][3ab]45 V ab — [245][23a][4ab]34Vab — (4.1.39) 
[345][24a][3ab]24 V ab — [245][34a][2ab]34 V ab. 


Proof. First we have 
2 conic(ax234(45)) = [34x][245]|[4ax][23a] — [234][45x]/3ax][24a] = 0. (4.1.40) 
Substituting x = Aa + pb into it, we get 


\  [234][24b][3ab] [45a] — [23b][245][34a][4ab] 
yw  [23a][245][(34al[4ab] — [234][24a][3ab] [45a * 


The expression 


x= ((234][24b][3ab] [45a] — [23b][245][34a][4ab])a 
+({23a][245][34a][4ab] — [234][24a]|[3ab]|45al)b 


equals the first expression in (4.1.39) if the latter is expanded by splitting a, b in the 
two meet products. Similarly, from conic(a2x34(45)) = conic(a23x4(45)) = 0, we 
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get the other two expressions in (4.1.39). The equalities among the three expressions 


can be proved by contractions. L] 


Bitangent-point conic: 
When expression 2 conic(x1234(45)) is taken as a function of vector variable 3, 
its polarization (or derivative) by vector a is 
1 
2 conic(x12(3a)4(45)) := 5 t[14x] [245] ([134]|2ax] — [14a][23x]) 
—[145][24x](—[13x][24a] + [lax][234])}. 


(4.1.41) 


If 3 = 2, then 
A4conic(x12(2a)4(45)) = [14x][124][245][2ax] + [12x][145][24a][24x]. (4.1.42) 
By the last expression of tangent,(2x14(45)) in (4.1.37), using contractions 
[12a][24x] — [124][2ax] = [12x][24a], [124][45x] — [145][24x] = —[14x][245], 
we get from (4.1.42) the following relation: 


A4conic(x12(2a)4(45)) = [tangent,(2x14(45))a] = [tangent (x124(45))al. 
(4.1.43) 


Corollary 4.18. 


4 conic(x12(24)3(35)) = —[123]?[24x][35x] + [124][135][23x]? 
= [123][13x][235][24x] + [12x][135][234][23x] (4.1.44) 
[124] [13x] [235] [23x] + [123][12x] [234] [35x]. 


Proposition 4.19. There exists a unique conic passing through points 1,2,3 and 
tangent to lines 24,35, denoted by 12(24)3(35), if the following set of nondegen- 
eracy conditions, denoted by 312(24)3(35), are satisfied: 


e 1,2,3 are not collinear, 

e 24, 35 are lines and are distinct, 

e either (a) 1 is on one of the lines 24,35, or (b) 1,3 are not on line 24, and 1,2 
are not on line 35. 


A point x is on the conic if and only if conic(x12(24)3(35)) = 0. 


Proof. Denote the first expression on the right side of (4.1.44) by p = p(x). If 
[124] or [135] is zero, then p(x) = 0 represents the line-pair conic (24,35). If 
[234] = 0 or [235] = 0, then [135] = 0, and p(x) = 0 still represents (24,35). The 
conclusion is true in these degenerate cases. 

Below we assume [124][135][234][235] 4 0. Then points 1,3 are not on line 
24. Let x be any point not on lines 12 and 23. Then point 2 is not on any of the 
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three lines 13, 1x, 3x. Since (1) 3,1,x, 2 are pairwise distinct and noncollinear, (2) 
2,4 are distinct, (3) either it is only point x among {1,3,x} that is on line 24, or 
it is all three points 1,3,x that are not on line 24, by Proposition 4.14, there exists 
a unique conic 31x2(24). Since 3 is not on line 24, it cannot be a double point of 
the conic, and the tangent at 3 exists, whose equation is just p = 0 where it is 5 
instead of x that is the vector indeterminate. L] 
By the first expression in (4.1.44), it can be easily proved that for any points 
1,...,5,x,1’ in the plane, 
[1'23]?conic(x12(24)3(35)) — [123]?conic(x1/2(24)3(35)) (4.1.45) 
+ [x23]?conic(11/2(24)3(35)) = 0. — 


The conic in Proposition 4.19 is called a bitangent-point conic. There are the 
following bitangent-point conic transformation rules: 


(1) If point 1’ is on conic 12(24)3(35), then for any point x in the plane, 
( 


conic(x12(24)3(35)) [123]? 


= 4.1.4 
conic(x1/2(24)3(35)) [1/23]? oa 
(2) If lines 2’4’, 3’5’ are tangent to the conic at points 2’, 3’, then 
conic(x12(24)3(35)) [123]?[235] _ (234]?[135] 
conic(x12(24)3/(3/5/)) [123/]2[23’5’] ~— [23/4]2[13/57]’ 
conic(x12(24)3(35)) [123 ]?[23’4][235] 
conic(x12/(2’4’)3’(3’5’)) — [12/3’]2[2’3/4’][23/57]" 
(4.1.47) 


Tangency: 
Proposition 4.20. The tangent of conic 12(24)3(35) at point 1 4 241 35 is 
tangent, (12(24)3(35)) := [135][234]12 + [124][235]13. (4.1.48) 
In particular if 4 = 5, 7.e., 4 is the pole of line 23, the tangent of conic 12(24)3(34) 
at point 1 is 
tangent’ (12(24)3(34)) := [134]12 + [124]13. (4.1.49) 
Proof. For conic 12(24)3(35), by Proposition 4.19, if [124] or [235] is zero, then 
[135], [234] are both nonzero, and (4.1.48) represents line 12. If [135] or [234] is 
zero, then (4.1.48) represents line 13. The conclusion is true in these degenerate 
cases. 
When none of [124], [135], [234], [235] is zero, let x be a point on conic 


12(24)3(35). By the second expression in (4.1.37), the tangent of conic 12x3(35) 
at point 1 is 


[135] [13x][23x]12 — [123][12x][35xj13. (4.1.50) 
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The last expression of 4 conic(x12(24)3(35)) = 0 in (4.1.44) can be written as 
[123] [12x] [35x] = —[124][13x][235][23x] /[234]. 
Substituting it into (4.1.50), we get (4.1.48) multiplied by [13x][23x] /[234]. L 
The following are some transformation properties of the tangent expressions: 


(1) If lines 2'4’, 3'5’ are tangent to conic 12(24)3(35) at points 2’, 3’ respectively, 
then 


tangent (12(24)3(35)) [123][235] 
tangent, (12(24)3/(3/5’)) [123'][23'5")’ ae 
tangent,(123,24,35) ———_[123]23’4][235] vee) 
tangent, (12’(2/4’)3’(3'5’)) ——‘ [12/3’][2’3’4'][23’5’] 
(2) If 4=5 and 4’ = 5’ in (4.1.51), then 
tangent{(12(24)3(34)) _—- [123][124] _—-[123][23’4| 
tangent’, (12(24/)3/(3/4’)) —- [123/)[124’| —-[123][23’4’)’ dees 
tangent} (12(24)3(34)) [123][23’4 a) 


) 
tangent’, (12/(2/4’)3/(3/4’))  [1.2/3'][23’4’] 


Intersection: 


The second point of intersection ab M a2(24)3(35) of line ab and conic 
a2(24)3(35) has the following expression in GC algebra: 


[234]|2ab][35ajab V 23 + [235][23a]|[3abjab V 24. (4.1.53) 


4.2 Bracket-oriented representation 


We have seen from the previous section that for the same conic geometric object 
or constraint, usually there are several different representations in GC algebra or 
bracket algebra. Although the representations are equal up to scale, such equalities 
are difficult to establish from the syzygy relations and coconic constraints. It is 
an important task to select suitable algebraic representations for both geometric 
constructions and conclusions. 

The idea bracket-oriented representation refers to determining optimal algebraic 
representations of all points in a bracket at the same time, by substituting the 
representations into the bracket and setting the goal of optimization as producing a 
factored and shortest bracket polynomial result out of the expansions of the Cayley 
polynomials obtained by different substitutions. 
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4.2.1 Representations of geometric constructions 


The following is a list of typical geometric constructions in projective conic geom- 
etry, together with their associated nondegeneracy conditions. Points constructed 
in items (3), (4) below are called incidence points. 


(1) x is a free point in the plane: no nondegeneracy condition. 
(2) x is a free collinear point on line 12: 12 40. 

(3) x is the conjugate of point 3 on line 12: 1240. 

(4) x is the intersection of two lines 12,34: 12 V 34 £0. 

(5) 


5) x is a free point on a conic. 


Nondegeneracy condition: Jconic, where the conic is one of 12345, 1234(45), 
and 12(24)3(35). 
(6) Conic 12...i, where the number of points 7 > 6. 
It means that five of the i points are free and determine a conic, and the others 
are free points on the conic. All i points are called free conic points. 
Nondegeneracy condition: there exist five points {j1,...,js} C {1,2,...,i} 
such that dj, ...js; denoted by 412...i. 
(7) L is the poled laelading tangent) of point a with respect to a conic. 
Nondegeneracy conditions: Jconic, and a is not a double point; denoted by 
dpolar, (conic). 
(8) x is a free collinear point on the tangent at point 1 of a conic: Spolar, (conic). 
(9) x is the intersection of line ab and the polar of point 1 with respect to a conic. 
Nondegeneracy conditions: ab 4 0, dpolar, (conic), either a or b is not conju- 
gate to 1 with respect to the conic. 
(10) x is the pole of line ab with respect to a conic. 
Nondegeneracy conditions: ab 4 0, Jconic, ab is not part of the conic; denoted 
by Spole,,(conic). 
(11) xis the second point of intersection of line ab and conic a1234: Spole,, (conic). 
(12) x is the fourth point of intersection of conics 12345 and 1234’5’. 
Nondegeneracy conditions: 123 4 0, points 1,2,3,4,5,4’,5’ are not coconic, 
and Jpole;;(12345), Spole;;(1234’5’) for ij = 12,13, 23. 


Definition 4.21. Let x be a point or line constructed from a set of points A. 
Usually there are more than one way of construction, so x can be constructed by 
a subset of A. If a point y in A has the property that in every construction of x 
by a subset of A, in every GC algebraic expression of x by points of the subset, y 
always occurs in the vector part of the expression instead of the scalar coefficient 
part, then y is an essential point of x. If no such point exists for x, then x is its 
own essential point. 


In the above twelve constructions, the corresponding essential points are 


(1)x (2)1,2 (3)1,2 (4)1,2,3,4 (5)x (6) 1,2,...,3 
(7)a (8)1 (9)a,b,1 (10)ab (11) a,b (12) 1,2,3. 
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In constructions (5) and (6), there are no essential points other than the constructed 
points themselves, because a free conic point can be represented by three arbitrarily 
selected conic points. 

The difference among various representations of the same geometric construction 
lies not only in the 5-tuple of points and tangents representing the conic, but also 
in the order of elements within the 5-tuple. Below we check an example. 


Example 4.22. Let there be five points in the plane: 1,2,3,4,5. Let 6 = 34/15, 
7=14N35, 8=1345. Conic 12345 intersects line 26 at points 2,9, and lines 
25, 19 intersect at point 0. Then points 7, 8, 0 are collinear. 


Fig. 4.1 Example 4.22: optimal representation of 9 = conic 12345: line 26. 


Free points: 1,2,3,4,5. 

Intersections: 
6 = 34/15, 7=14935, 8=13145, 
9 = 123450 26, O0= 25019. 

Conclusion: [780] = 0. 


Proof. 


Rules [780] 


[((14V35)(13V45)(25V19)] 
(18V45V19)(14V35V25) 


[135]?[149][245] — [139][145]?/235] 
—(18V45V25)(14V35V19) 


[139] [145]? [235]—[245][135]7[149] 


Sidagie (as yaaeeaatlayae 9 _ [126][134] [135] [145] [235] [245] 
= NS” 
+[135][236][245]14v26 ({135][246] — [145][236]) 
contract 
= 0. 


O 


Remark: In the above proof, the first Cayley expansion produces a bracket 
binomial in which 9 occurs in two brackets: [139] and [149]. To eliminate 9, since 
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1 occurs in both brackets, 3 and 4 each occur in a bracket, an ideal representation 
is to let points 1,3, 4 occur in the vector part of 9. By (4.1.24), the unique optimal 
representation for 9 is 926.1345, aS 3,4 are trivially antisymmetric in the expression 
of 926.1345. 

The order 2 > 1 > 3,4 > 5 of conic points in the representation of 9 can be 
explained as follows: 2 is the essential point of the construction; 1 occurs twice as 
a bracket mate of 9 in the conclusion expression, while 3,4 each occur once; 5 is 
not a bracket mate of 9. 

In this example, conic points 1,3,4 occur explicitly in the brackets containing 
the element 9 to be represented. In many examples, the bracket mates of the 
element to be represented are not conic points, instead they are constructed by 
some conic points as essential points. After such bracket mates are eliminated, 
their essential conic points become explicit bracket mates of the element to be 
represented. Taking into consideration both the explicit and the implicit conic 
bracket mates, we propose the following conic points selection algorithm for optimal 
representation of a geometric construction involving conic points. 


Algorithm 4.23. Conic points selection. 


Input: (1) A construction x = x(P) related to a conic, where P is the set of points 
used in the construction, 
(2) C, the set of existing conic points before x is constructed, 
(3) p(x), a Cayley polynomial where x occurs in brackets (including also Cayley 
brackets and deficit brackets). 


Output: A set of pairs (q(x), s,), each g being a bracket in p(x) containing x, and 
each sq being a sequence of elements in C. 


Step 1. Let C, be the elements of C that are not essential to x. For each bracket 
q(x) in p(x) containing x, do the following. 


(1) For every bracket mate y of x, find all its essential points €y in Cy. Set 
the essential weight of each element in Ey to be (#(Ey))~', where #(Ey) is 
the number of elements in €,. The more essential conic points y has, the less 
important each of them is in representing x. 


(2) Let the union of all the Ey’s be E,. Compute the sum of the essential weights 
for each element of €,. Order the elements by their essential weights, denote 
the descending sequence by the same symbol €g. 


Step 2. If there is only one q(x) in p(x), then return (q(x), €4,Cx — Eq); else, the 
order of elements in Cx — €, should be refined as follows by the principle of 
minimizing the change of conic representations for different q’s, in order to 
minimize the size of transformation coefficient. 


Let € be the union of all the €,’s. Compute the sum of the essential weights 
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for each element in €. Order the elements by their essential weights, denote the 
descending sequence by the same symbol €. 


Step 3. For every q(x), return (q(x), E,€ — Eq,Cx — €). 


Conic points selection has already been used tacitly in the proofs of Corollary 
4.9 and Proposition 4.10: 


(i) In the proof of (4.1.18), when computing the intersection of the tangents 
at points 1,2 of a conic, we selected the representations tangent, 934, and 
tangentg 4345- The result has four bracket factors. For other representations, 
usually no bracket factor can be obtained. 

(ii) In the proof of (4.1.19), when computing the line connecting the poles of 
12 and 13 with respect to a conic, we selected poleyg 345 and poley3 245 to 
represent the poles, and obtained three bracket factors. 

(iii) In the proof of (4.1.20), when computing the bracket composed of the tangent 
at point 1 of a conic and the pole of line 45, we selected the representations 
tangent, 2345 and polegs 123 by setting 2’ = 2, 3’ = 3 and 4’ = 4, otherwise 
the result is very difficult to factorize. 

(iv) In the proof of (4.1.22), when computing the bracket composed of conic point 1 
and the poles of 12,34’, we first computed [1 poley2 345 poleg4 125] by setting 
3 = 3’, 4= 4’, 5 = 5’, and then applied the point-conic transformation rules. 
The computing based on the original representations is very difficult. 


Representation of the second point of intersection of a line and a conic. 


As in Example 4.22, in a bracket polynomial p(x), the second point of inter- 
section x of line ab with a conic passing through point a should be represented as 
follows: 


(1) Use the conic points selection algorithm to find for each bracket g(x) containing 
x a sequence of conic points sg. Substitute the first four elements of sg into 
1,2,3,4 of (4.1.24). 

(2) Fix a q(x), substitute the corresponding representation of x into it. For any 
other bracket containing x, substitute into it the corresponding representation 
of x, and multiply the result with the corresponding transformation coefficient. 


Representations of poles, polars and tangents. 
By (4.1.10), for conic 12345, the polar of point a has three different forms: 


polar, (12345) 
= [135][245]((12a] 34 + [34a] 12) — [125][345]((13a] 24 + [24a] 13) 
= [145][235]((13a] 24 + [24a] 13) — [135][245]((14a] 23 + [23a] 14) 
= [145][235]((12a] 34 + [34a] 12) — [125][345]((14a] 23 + [23a] 14). 
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For conic 1234(45), the tangent has three different forms (4.1.37). 

The representations of poles, polars and tangents in a bracket polynomial or 
Cayley polynomial follow much the same procedure as the above representation of 
the second point of intersection of a line and a conic. If there is any difference, it 
is that if there are several equivalent forms of the same representation, e.g., (4.2.1) 
and (4.1.37), then the forms are substituted one by one into the same place of the 
polynomial, and the simplest among the computing results is selected. 


Example 4.24. [Brianchon’s Theorem] Let there be six points 1,2,3,4,5,6 on a 
conic. Draw tangent lines of the conic at the six points, such that the neighboring 
tangents meet at points 7,8,9,0,a,b respectively. Then lines 9b, 8a, 70 concur. 


Fig. 4.2 Brianchon’s Theorem. 


Free conic points: 1,2,3,4,5,6. 

Poles: 
7 = pole,,(123456), 8 = poleg,(123456), 9 = poles,(123456), 
0 = pole,;(123456), a= polegg(123456), b = poleg, (123456). 


Conclusion: 9b V 8a V 70 = 0. 


Proof. 
expand 
9b V 8aV 70 = [780] |9ab] — [70a] [89b] 
represent 
= (721,345 823,145 045,213][934,651 865,134 be1,534| 
—[712,546 054,612 856,412] [832,461 934,261 be1,324] 
721,345 823,145 934,651 045,213 865,134 b61,534 
712,546 832,461 934,261 054,612 256,412 b61,324 
7,8,9,0,a,b 


=" 16 [124][125][134]?[136][145]?/146] [235] 
a 


[245][346](356] [126] “(234]~?[456]~? 
SS Eee 


{[126]4[135]*[234]?[245] [346] [456]? 
—[123]?[125][136][156]°(246]4/345]+} 
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conic 


[123]? [156]? (246]*/345]*{ [126] [135] [245](346] 
a a” 
—[125][136](246](345]} 


conic 


0. 
Additional nondegeneracy conditions: 


512345, 312346, 312456, 313456, 12640, 23440, 45640. (4.2.2) 
L] 


Remarks: 

(1) 9bV 8aV 70 has three different expansions, leading to much the same proofs. 

(2) The second step is choosing representations for all the points in the brackets 
for batch elimination. For example, in [780], the three points have essential points 
1!,2?,3!,4!,5!', where the exponents denote the multiplicities of the points as 
essential points of 7,8,0. So 2? denotes that point 2 is an essential point of two 
of 7,8,0. Definitely it should be used in the representation. 045,213 is the unique 
optimal representation for pole 0. For poles 7 and 8, the representations 721 345 
and 823,145 minimize the size of transformation coefficient. 

(3) The four brackets in the first line of the proof can be computed by applying 
(4.1.21): 


124][125][134]?[135]?(234][235][245)2, 
[ 135]*[136][145]°[146][346]*[356] [456], 
Fra cad Osaersacaais 125]?[145][146]?[156](245][246]?(256], 


(721,345 823,145 045,213 


i= 
934,651 865,134 b61,534] = (4.2.3) 
j= 2. 


| 
tl 
=A| 
832,461 934,261 be61,324] = —4 [123][124]?[134][136]?(236]/246]?[346). 
(4) The six points 7,8,9,0,a,b each need two different representations, so the 
second term in the second line of the proof is multiplied by the transformation 
coefficient 
a 721,345 823,145 934,651 045,213 365,134 be1,534 
712,546 832,461 934,261 054,612 256,412 b61,324 


_ 288) 9 1988)e)) (568)aI6(68)e) (662 uI63e) yy g 
[6(36) (1)][6(36) 2] [6(56) (1)][6(56) (2)]_ [2(52) (1)][2(52) 29] 
. ‘ ve : we [3(32) (1)][3(32) 29] [5(52)/,)1[5(52)(.)] 


where ij denotes the 4-tuple points after removal of ij from 123456, and each ij 
is partitioned into two parts (ij) 4) and (ij) (2) of equal size. Some 4-tuples have two 
ways of partition, and to distinguish between them, the prime symbol is used. 

(5) (4.2.4) shows that there are many different representations of the transforma- 
tion coefficient. In the proof, the partitions of 4-tuples in (4.2.4) are automatically 
selected according to the representations of the poles. For example, 

Ts aae [123] [453] 


712,546 (126][456]’ (4.2.5) 
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because the partition 12,45 of 4-tuple 36 = 1245 is already provided in the rep- 
resentations of 7 on the left side of (4.2.5) by the commas in the subscripts. The 
negative sign on the right side of (4.2.5) is caused by 


721,345 712,345 
712,546 712,645. 

(6) In (4.2.4), there is a lot of freedom in choosing the partitions — we do not need 
to follow the partitions provided by the representations such as (4.2.5). The follow- 
ing is the unique set of partitions for the result after the elimination of 7,8,9,0,a,b 
to be a bracket polynomial instead of a rational bracket polynomial: 


,, _ 815)[824] [314][325] [513][546] [514][536] [513][524) [315)[346) |, . 
~ (615][624] [614][625] [213][246] [214][236] [613][624] [215][246] eee) 


There are two approaches to find the best representation (4.2.6). After eliminat- 
ing the six poles by (4.2.3) and removing common bracket factors, the conclusion 
expression becomes 


[134][135]4[145][23.4][235][245][346][356](456] 


— [123] [124] [125] [136] [146] [156] (236](246]*[256] k. (4.2.7) 


Denote 
ce = [134][135]*[145] [234] [235] [245] [346] [356] [456], 
ce = [123][124][125][136] [146] [156] (236][246]4/256). 
The first approach is to consider the brackets of c that can occur in the denom- 


inator of the result of (4.2.4) in one and only one manner. There are four such 
brackets: 


, .. [153] [546 5x] [5x 
123]: occurs only in of type —-~— _, 
123] [246 2*| |2* 
135} [346 3x] [3x 
125]: ly in ——~ —— oft — 
5]: occurs only in 125] 246 of type Da] 2a)” as 
cnet: yin eee 1245) oe ne B#l - 
: occurs only in 735 oa6) of *YP° Tex Teal’ 
_ , [153} [243 3x] [3x 
156]: occurs only in ——— —— of type —-—., 
156] [246 6x] [6x 
where every “x” is an abbreviation of a 2-blade. 
The denominators in (4.2.8) cancel eight of the twelve brackets in c. The four 


brackets left in c, [124][146][236][256], can be generated by the denominators of 
the two remaining ratios in (4.2.4): 


[3*] [3*]  [143][253] [5x] [5*] — [514][536] 

[6] [6x] ° [a4e|[256)’ = P° [ax] [as] © [214] [236] 
The second approach is to consider the ratio k’ = c’/c and prove that it is a 
representation of k. Start with the bracket of the highest degree in the denomi- 


nator (or numerator) of k’. Distribute it among the brackets in the numerator (or 
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denominator) of k’ to form ratios of type 3/6, 5/2, 5/6, 3/2 respectively. Then 
continue to the brackets of lower degree in the denominator (or numerator). In this 
example, starting with [246]* (or [135]*), we get the same pairing as (4.2.8). 

The benefit of representation (4.2.6) is obvious: substituting it into (4.2.7) we 
get zero immediately, without resorting to conic transformations as in the above 
proof. Furthermore, the last three nondegeneracy conditions in (4.2.2) are avoided. 

(7) Is it indispensable that all the six poles must change their representations in 
order to obtain a bracket polynomial proof rather than a rational one? According 
to (4.1.21), we only need to change the representations of two points instead of six: 


[9bc] = — [721,345 823,145 045,261][934,612 265,134 661,534] 


823,145 465,134 
—[712,534 054,612 456,412] [832,461 934,261 661,345] ————_ 
832,461 456,412 


16 [124][125][134]?[135]?[136][145]?[146][(235][245][246]?/346][356] 


a 


{[123][156][245][346] — [125][136][234][456]} 


conic 
= 0. 


(8) The last two steps are conic transformations to be studied in the next section. 

(9) The additional nondegeneracy conditions include all the existence conditions 
of the 5-point conics used in the proof, together with the bracket factors in the 
denominator of the transformation coefficient that cannot be canceled by the bracket 
monomial being multiplied with the transformation coefficient. 


Representation of the fourth point of intersection of two conics. 


Let x = 12345 7 1234’5’. The coordinate representation (4.1.27) — (4.1.28) 
of x has twelve terms, where the bracket coefficients are of degree twelve. Some 
simplifications must be carried out to the representation when substituted into a 
bracket polynomial p(x) containing x: 


(i) First apply Cramer’s rule [123]x = [x23]1 — [x13]2 + [x12]3 to p(x). It is 
the coordinatization of x with respect to basis 1,2,3. Since the computing is 
always homogeneous, the coefficient [123] of x is not needed. 

(ii) Compute 


i = [145][234][235], fig = [134][135][245], jg = [124][125][345], 
pi, = [14'5'][234][235],  uS = [134/][135'][24’5'], us = [124’][125’][34’5’] 
(4.2.9) 
by eliminating all the incidence points from the brackets of the ju’s. 


(iii) Compute Ay = [2h — p34, Ag = Ry — Hibs, v3 = Lips re Substitute 
x23] = A2\3, [x13] = —A1A3, [x12] = AyA2 


into p(x) after removing their common bracket factors. 
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4.2.2 Representations of geometric conclusions 


There are four typical conclusions in conic geometry: 
(a) points 1, 2,3 are collinear; 

(b) lines 12, 1'2’, 12” concur; 

(c) six points 1,...,6 are on the same conic; 

(d) points a,b are conjugate with respect to a conic. 


The first two conclusions have unique algebraic representations. The latter two 
are to be considered in this subsection. 


Representation of the coconic conclusion. 


The conclusion that points 1,2,3,4,5,6 are coconic has fifteen different repre- 
sentations: without using GP relations, the expression 
conic(123456) = [135][245][126] [346] — [125][345][136][246] 
is antisymmetric within each of the pairs 14, 23,56, and is symmetric among the 
three pairs, so the number of different representations is CZ x C7?/3! = 15. They 
are listed as follows: 
123456 123546 123645 124356 124536 124635 125346 125436 
125634 126345 126435 126534 134256 135246 136245. 

The six points form OC? = 20 brackets. Without computing the brackets any 
representation is just as good as any other one. To compute them means to eliminate 
from them all the incidence points by substituting into them the corresponding 
Cayley expressions, and then make Cayley expansions. 

An obvious criterion for a good representation is that the degree of the explicit 
common factors obtained from the above bracket computing, called the common 
degree of the representation, is maximal among the fifteen representations. 

The following is a list of formulas on generic factored Cayley expansions of some 
layer-1 Cayley expressions, called factorizable Cayley brackets. Their derivation 
can be found in Section 2.5 and Appendix A. In the list, ay = Aji + Aij and 
by = jk + px] are points on lines ij and kl respectively, where the coefficients \’s 
and y’s are generic polynomials linear in the vector variables marked as boldfaced 
subscripts. 


Generic factored expansions of factorizable Cayley brackets 


Double line: Line 1’2’ or 12 or 5’6’. 


1(1/2’ Vv 3/4')(1'2’ v 3’4”)| = [11/2']1/2’ v 3/4’ v3", 

(12 V 34)(12 V 3/4/)(1"2” v 3’4”)| = (12 Vv 34 3/4')(12 V 12” V 34"), 
1(1/2’ V 3/4’)ay/2"] = [11/2'][3’4’ay/2/], 

(12 V 34)as/6/bs-6’| —_ (Ae Ls’ — As’ Le’ )12 V 34V 5’6’, 

(12 V 34)ai2b56"| = 12b56”|[34ai9], 

(12 V 34)(12 V 3'4’)asi6”| = 12a56|12 V 34V 3/4’, 

(12 V 34)(1/2' V 3/4’)ay9] = [34a42]12 Vv 1/2’ v 3/4’. 
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Recursion: Point 1 recurs. 


12°V 12" 'y.1"2" = [122'][11"2", 
[1(12’ Vv 3/4’ )asi6| = [13'4/][12’asv6”], 
[1(1’2' V 3/4’)ai6”] = —)116" Vv 1/2' v 3/4’, 


[1(12' v 3'4')(1"2” v 3"4")] = [13/4]12’ v 12" Vv 3"4", 
Complete quadrilateral: 1234. 
[(12 v 34)(13 V 24) (14 V 23)] = —2[123][124][134] [234]. 
Triangle pair: (122, 344’). 
[(12 V 34) (12’ v 34’) (22' v 44’)] = —[122'][344']13 v 24 v 2/4’. 
Quadrilateral: (1234, 14). 


(12 Vv 34) (13 v 24) (14 V 3’4”)] = —[124][134]((123][43”4”] + [13’4”][234)), 
(12 V 34)(13 V 24)ay4] = [124][134](A4[123] — \1[234)). 


I 


Triangle: 122’. 

(12 V 34) (12’ v 3/4’) (22 v 374”)] = [122']({134][23”4”[2’3'4’] 
—[13/4’][234][2’3”4”]), 

[122’] (Aap: [234] a A2/ 2 [134]), 

[122"](Ag/[13/4’][234] + Ag[134][2’3’4’]). 


(12 V 34)ay2/be2'] 
(12 V 34)(12! V 3'4')ago/] 


Except for the first triangle pattern pry = [(12 V 34) (12' V 3’4’) (22’ v 34”)], 
each factorizable Cayley bracket in the above list has a unique factored expansion. 
In the exceptional case, there are three factored results, which can be obtained 
by either (a) the three outer product expansions, or (b) the three meet product 
expansions by splitting 1,2 in the first meet product, or 1,2’ in the second meet 
product, or 2,2’ in the third meet product: 

piv = [122’]((23"412' v 34 v 3/4’ — [13/4']22’ v 34 34”) 
= [122']((2'34"12 v 34 v 3/4! — [134]22’ v 3/4’ v 34") (4.2.10) 
[122’]([2’3’4J12 v 34 v 34” — [234]12’ v 3/4’ v 34"). 


Algorithm 4.25. Optimal representation of the six-point coconic conclusion. 


Input: The constructions of points 1,2,3,4,5,6. 
Output: A set of sequences of the six points. 


Step 1. Let B be the set of twenty brackets formed by the six points. Find and 
compute all the factorizable Cayley brackets in B. 


Step 2. If there are two triangle pry-typed Cayley brackets generating two differ- 
ent bracket binomial factors of degree three, say p; and pz, compare them by 
contracting p; + po. If they are equal up to sign, then identify the two factors 
up to scale. This step is necessary because the expansion results of such Cayley 
brackets may not be unique. 
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Step 3. Let C be the fifteen representations of the coconic conclusion. For every 
element c in C, first substitute into it the computed results of the factorizable 
Cayley brackets, then collect explicit common factors of the expression of c to 
count the common degree. 


Step 4. Output the elements of C of maximal common degree. 


Example 4.26. If points 1,2,3,4,5,6 are on a conic, then intersections 121 34, 
139 24, 149 23, 34956, 351 46, 45: 36 are coconic. 


Free conic points: 1,2,3,4,5,6. 

Intersections: 
7=12N34, 8=13N24, 9=14N23, 
0= 34756, a=35N46, b=3645. 


Conclusion: 7,8,9,0,a,b are coconic. 


Fig. 4.3 Example 4.26: representation of the coconic conclusion. 


Procedure of representing the conclusion: 
Steps 1—2. There are eight factorizable Cayley brackets formed by 7,8,9,0,a,b: 


1 line: 70 of line 34. There are four associated brackets: 


[780] = —[134][234]12 Vv 34V56, [790] = [134][234]12 v 34 v 56, 
[70a] = —[345][346]12 V 34V 56, [70b] = [345][346]12 v 34 V 56. 


2 complete quadrilaterals: [789] of 1234, and [Oab] of 3456. 
[789] = —2[123][124][134][234], [ab] = —2[345][346] [356] [456]. 
2 quadrilaterals: [890] of (1234, 34), and [7ab] of (3456, 34). 


[7ab] = [345][346]((123][456] + [124][356]), 
[890] = [134][234]((123][456] + [124][356)). 


Steps 3—4. The fifteen representations with their common degrees are 


789a0b™ + 789b0a 7809ab” 780a9b 780b9a‘* 
78a90b”) 78a09b 78ab90 78b90a 78b09a°°) 
78ba90) 7908ab™) 79a80b 79b80a 7890ab. 
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Ten representations have maximal common degree 6. 

Let us see how the proof goes on when choosing one of the ten representations, 
say 78a09b). In this example, a very nice property of the twelve non-factorizable 
Cayley brackets is that their binomial expansion results are all unique. For example, 
all the binomial expansion results of [80b] are identical: 


[(13 v 24)(34 V 56)(36 V 45)] = [134][245][346][356] — [136][234][345][456]. 


Proof of Example 4.26. 


Rules conic(78a09b) 


[789] [Zab] [80b] [90a] 
—[78b][79a][890][Oab] 


eas 2 sa) asa} isasy'(saey’ 
=[345] [346] ((123][456]+[124][356]) ({123] [456] + [124][356]) 
=[134][234]({123][456]+([124][356]) [ 
=[134][245][346][356]—[136][234][345] [456] 
=[134][235][346][456]—[146][234][345][356] 
=[123][134][245][346]—[124][136](234] [345] 


123][124][146]/245][356)? 
]{124][136][235][456)? 
123]?[146] [245] [356] [456 
][356)| 


=(124][134][235][346]—[123][146][234][345] 


([124][356] — [123][456]) 
a” 


factor 


conic 
= 0. 


The next to the last step is a factorization in the polynomial ring of brackets. The 


last step is a conic transformation to be introduced in the next section. LJ 


Representation of the conic conjugacy conclusion. 


The guideline is to reduce the number of terms in (4.1.8). This is only possible 
when some brackets involving the two conjugate points a,b with respect to the 
conic are zero. If any two conic points are collinear with a (or b), they should be 
used in the representation of the conic conjugacy conclusion. In the general case, 
for points a and b, their essential conic points with bigger essential weights should 
be in the conclusion representation. 


Example 4.27. Let 7,9 be points not on conic 12(24)3(34). Let 8 be the inter- 
section of line 23 and the tangent of the conic at 1. Let a= 23747, b=12N79. 
Represent the conclusion that a,b are conjugate with respect to the conic. 


The conic has three points 1,2,3 and three corresponding tangents 18, 24, 34. 
The essential conic points of a, b together with their essential weights are 2!, 12 ; 32. 
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Fig. 4.4 Example 4.27: representation of the conic conjugacy conclusion. 


So there are two optimal representations of the conclusion based on the two conic 
representations 32(24)1(18) and 12(24)3(34) respectively. The proofs following 
these representations can be found in Example 4.51 of Subsection 4.5.2. 


4.3 Simplification techniques in conic computing 


The six-point-on-conic constraint is the basic structure in conic geometry. Just like 
the 2D collinearity and concurrency transformations in projective incidence geome- 
try, the 2D coconic constraint can be used to simplify bracket computing involving 
conic points as a transformation of bracket polynomials. The major difference is 
that the coconic constraint is of degree four, and besides the fifteen equivalent forms 
(4.1.2), it has another group of equivalent forms (4.1.4). In this section, we present 
three transformations based on (4.1.2) and (4.1.4) for contractions and factoriza- 
tions of bracket polynomials involving conic points. 


4.3.1 Conic transformation 


Definition 4.28. Let p be a bracket polynomial which is neither contractible 
nor factorizable in the polynomial ring of brackets. For any six conic points 
a,b,c,d,x,y in p, if the transformation 


[xab]|xcd][yac][ybd] = [xac]|xbd][yab][ycd] (4.3.1) 


either reduces the number of terms of p, or makes it factorizable in the polyno- 
mial ring of brackets, or makes it contractible, the transformation is called a conic 
transformation. 

No matter if (4.3.1) is a conic transformation or not, the term of p containing 
the left side of (4.3.1) is said to be conic transformable. 


In some sense, (4.3.1) and the pseudoconic transformation (4.3.4) to be intro- 
duced in the next subsection are the counterpart of the collinearity transformation 
in incidence geometry. Transformation (4.3.1) is performed only to one term of a 
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bracket polynomial. The simplest way to realize the transformation is to divide the 
term by the left side of the equality, and multiply the quotient with the right side. 


Proposition 4.29. Transformation (4.3.1) has the following properties: 


(1) Any three brackets on the left side determine a unique transformation. 

(2) There are only two transformations on [xab][xcd] when multiplied by two 
brackets containing y. The two brackets are [yac]|ybd] or [yad][ybc]. 

(3) For a conic point x, if there is a point that occurs in every bracket containing 
x, then there is no transformation involving x. 

(4) Let ¢ be the term of p containing the left side of (4.3.1). Then (4.3.1) is a conic 
transformation if and only if one of the following conditions is satisfied: 


(a) a bracket on the right side of (4.3.1) is in every term of p — t; 
(b) t after the transformation becomes a like term of another term of p; 
(c) t after the transformation forms a contractible pair with another term of p. 


In particular, if p has only two terms, then (4.3.1) is a conic transformation if 
and only if a bracket on the right side of (4.3.1) is in p—t. 


Algorithm 4.30. Conic transformation. 


Input: A bracket polynomial p of degree at least four and involving at least six 
conic points. Assume that p is already factorized in the polynomial ring of 
brackets, and that all factors of degree less than four or involving fewer than 
six conic points have been moved into a set q. 


Output: A set g composed of bracket polynomial factors. 


Step 1. Do the following steps for each factor f of p, for each term t of f, by 
setting C to be all conic points in t. 


Step 2. Let p’ be the square-free bracket factors of t formed by points in C. Count 
the degree of each point in p’, which is the number of occurrences of the point 
in p’. Denote by C? the points with degree at least two. 


If #(C?) < 6, then move f to q and go back to Step 1, else if C? 4 C, then set 
C =C? and go back to the beginning of Step 2. 


Step 3. Let x be a point in C whose degree in p’ is the lowest. Let b(x) be the 
brackets of p’ containing x, and let b(x) be the brackets not containing x. 


Find from b(x) all the bracket pairs [xab]|xcd] such that {a,b} {c,d} is 
empty. If there is no such pair, go to Step 5. 


Step 4. For each pair [xab][xcd] found in Step 3, set 


Re = {y €C — {x,a,b, c,d} | [yac]|ybd] € 6(x)}, 
Ra = {y € C — {x,a,b,c,d} | [yad][ybc] € 6(x)}. 
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For every y € Re, let the biggest power of [xab][xcd][yac]|ybd] in t be m. For 

every y’ € Ra, let the biggest power of [xab][xcd][y’ad][y’bc] in t be m’. 

For 7 from m down to 1, for i’ from m’ down to 1, if one of 
([xab][xcd][yac|[ybd])’ = ([xac][xbd] [yab][yed])", 
([xab][xed][y’ad][y’be])" = ([xad][xbe][y’ab][y’cd])", 

is a conic transformation, then perform it, contract and factorize the result, 


replace f by the factors, and go back to Step 1. 


Step 5. If #(C) > 6, delete x from C, go back to Step 2; else, skip to the next term 
of f, and if f has no more terms, move f into gq. 


Example 4.31. Let 1,2,3,4,5,6 be conic points. Simplify the following bracket 
binomial occurred in the proof of Example 4.24: 

p = [126]*[135]*[234]?[245][346][456]° — [123]°[125][136][156]°*[246]*[345]*. 
Steps 1-2. Let ¢ be the first term. Then p’ = [126][135][234](245][346]/456]. 
The conic points with their degrees are C = C? = {17, 2°, 33, 44, 5°, 6°}. 

Step 3. Set x =1. Then b(x) = [126][135] and 6(x) = [234][245][346][456). 
Steps 4-5. y = 4 is the only conic point not in b(x). [234][456] and [245][346] 
are both in 6(x), with multiplicity m = 3 and m/ = 1 respectively. 
If we choose [234][456], then the transformation 
({126][135](234][456])? = ((123][156][246][345])* 


changes t to [123]3[126][135][156]?/245][246]*/346][345]°, which has common fac- 
tors [123]*[156]°[246]?[345]° with the second term of p. After removing the com- 
mon factors, we get 


p = [126][135][245][346] — [125][136][246][345). 


Another conic transformation changes p to 0. 
If we choose the other pair [245][346], then the simplification procedure is much 
the same and only the order between the above two transformations is reversed. 


Example 4.32. Let 1,2,3,4,5,6 be conic points. Simplify 
p=  [124]°[135]?[136][256] [346] — [124]?[125][134]?[136] [256] [356] 
+(124] [126]?[134]/135]?[245][346] — [125][126]?[134]°[245](356). 
The first, the third and the last terms of p each have one conic transformation: 


[124][135][256][346] = [125][134][246][356], 
[126][135](245](346] = [125][136][246](345], (4.3.2) 
[126][134](245](356] = [124][136][256][345]. 


The second term has no conic transformation, because according to Proposition 
4,29, among the conic points C = {14, 2°, 3°, 47, 5°, 6°}, for point 4 which has the 
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lowest degree in the set, another point 1 occurs in every bracket containing 4 in the 
second term. 

The first transformation in (4.3.2) produces a common factor [134] of p. After 
removing it we get 


p=  [124]?[125][135][136][246](356] — [124]?/125][134][/136][256][/356| 
+(124] [126]?[135]?[245] [346] — [125] [126]?[/134]?(245][356]. 
The second transformation produces another common factor [125] of p, and after 
removing it we get 
p=  [124]?[135][136][246](356] — [124]?[134]/136][256][356] 
+(124] [126] [135] [136][246] [345] — [126]?[134]?[245][356]. 


The last conic transformation produces two common factors [124][136]. Finally, 
with all the common factors retrieved, we have 
p = (124][125][134][136]{[124][135][246][356] — [124][134][256](356] 
a 


(4.3.3) 
+ [126][135][246][345] — [126][134][256][345]}. 


4.3.2 Pseudoconic transformation 


Definition 4.33. Let p be a bracket polynomial which is neither contractible, nor 
factorizable in the polynomial ring of brackets, nor conic transformable. For any 
six conic points a,b,c,d,x,y in p, if by the transformation 
[xac] [xbd] [yab]lyed] 
[ybd] 


after removal of common rational bracket monomial factors from p, either the degree 


[xab]|[xcd][yac] = (4.3.4) 


of p is decreased, or p becomes contractible, then the transformation is called a 
pseudoconic transformation. 


Proposition 4.34. Let p be a bracket polynomial which is neither contractible, 
nor factorizable in the polynomial ring of brackets, nor conic transformable. Let 
t be the term of p containing the left side of (4.3.4). Let A be the remainder of t 
after removal of the left side of (4.3.4). Let r be the numerator of the right side of 
(4.3.4). 


(i) The transformation (4.3.4) cannot reduce the number of terms of p. 

(ii) (4.3.4) is a pseudoconic transformation if and only if one of the following con- 
ditions is satisfied: 
(a) Two brackets in r are in every term of p — t. 
(b) The numerator of t after the transformation forms a contractible pair with 
another term of p multiplied by [ybd]. 


(iii) If p is a degree-3 binomial, then it has no pseudoconic transformation. 
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(iv) If p is degree-3 and has at least three terms, then (4.3.4) is a pseudoconic 
transformation if and only if one of the following terms is in p — t: 


(a) —A[xac][xbd][yac], (b) —A[xac][xcd][yab], (c) —A[xab][xac][ycd]. 


Proof. (i). If p has a term which when multiplied by [ybd] becomes a like term 
of Ar, then [ybd] has to be in Ar, contradicting with the assumption that p is not 
conic transformable. 

(ii). Obvious. 

(iii). Let u be the other term of p. Then (4.3.4) is a pseudoconic transformation 
if and only if [ybd]u and [xac][xbd][yab][ycd] have two common bracket factors. 
Then two of the latter four brackets must be in u, contradicting with the assumption 
that p is not factorizable. 

(iv). Let u be a term of p containing two brackets of [xac][xbd][yab][ycd]. 
Since p is homogeneous, the third bracket in u is unique. Up to coefficient there are 
only the three cases given in the proposition. Because every two of the three cases 
have only one common bracket factor, no two brackets of [xac]|xbd][yab][yed] can 
be common to every term different from t. So one term, say u[ybd], must form a 
GP transformable pair with \|xac]|xbd][yab][ycd]. The negative signs in the three 


cases come from the GP transformation requirement. O 


Algorithm 4.35. Pseudoconic transformation. 


Input: A bracket polynomial p of degree at least three and involving at least six 
conic points. Assume that p is already factorized in the polynomial ring of 
brackets, and whose factors do not have conic transformations. Further assume 
that all the factors of p satisfying one of the following conditions are moved 
into a set q: 

(1) the degree is less than three, 
(2) the factor contains fewer than six conic points, 
(3) the factor is a degree-3 bracket binomial. 


Output: A set g composed of rational bracket polynomial factors. 

Steps 1 to 3. Identical to those of Algorithm 4.30 for conic transformation, except 
that the second paragraph of Step 2 is revised to the following: 
If either #(C) < 6 or #(C?) < 3, then move f into q and go back to Step 1. 


Step 4. For each pair [xab][xcd] found in Step 3, set 
R = { [yij] € b(x) | ij € {ac,ad, be, bd}, y € C — {x,a,b,c,d}}. 
For every bracket in R, say [yac], let the biggest power of [xab][xcd][yac] in 
t be m. For i from m down to 1, if 
({xab][xed][yac])' = ([xac]|[xbd] [yab][yed][ybd]~")’ 
is a pseudoconic transformation, then perform it, contract and factorize the 
result, put the result into q, delete f from p and go back to Step 1. 
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Step 5. Identical to that of Algorithm 4.30. 


Example 4.36. Simplify the expression conici23, 45(x) in (4.1.7): 


p = (145][234][235][x12][x13] — [134][135][245][x12]|[x23] 
+ [124] [125][345][x13][x23]. 


Let t be the first term of p. The conic points with their degrees are C = C? = 
{13, 2°, 3°, 4?, 5?,x?}. For point x, since b(x) = [x12][x13], there is no pseudoconic 
transformation. For point 5, since b(5) = [145][235] and R = [x12][x13], there is 
a transformation 


[145][235][x12] = [125][345][14x] [23x] [x34]~', 
which changes p into 


[125][234][345]|[x13][x14] — [134][135][245][x12] [x34] 


+ [124][125][345} [x13] [x34] ee) 


multiplied by factor [x23][x34]~'. Then a contraction between the first and the 
third terms of (4.3.5) changes it to 
[134]([125][345][x13][x24] — [135][245][x12][x34]). (4.3.6) 


A conic transformation changes (4.3.6) to zero. 


Example 4.37. Let 1,...,6 be conic points. Simplify 
p = [123][134][145][356] + [124][135]/136][345]. 


Let t be the first term of p. The conic points with their degrees are C = 
(17,2) 24° 6,6 | eo C? = 19", 3" 47.5 |. 

For x = 4, there is no pseudoconic transformation. For x = 5,1 or 3, the unique 
pseudoconic transformation is 


123][145][356] = [124][135][236]/456](246]~!. 
Performing it to t, we get 
p = [124][135][246]—!({134][236][456] + [136][246][345)). (4.3.7) 
Similarly, for the second term of p, there is only one pseudoconic transformation: 
124][136][345] = [126][134][245]/356](256]~?. 
It yields another result different from (4.3.7): 


p = (134][356][256]—!({123][145)][256] + [126][135][245)). (4.3.8) 


This example shows that different pseudoconic transformations produce different 
simplification results. To produce a unique result irrelevant to the pseudoconic 
transformations, the factorization techniques to be introduced in Section 4.4 are 
required. 
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4.3.3 Conic contraction 


The degree-5 bracket polynomial equality conicg34,56(1) = 0 can be written as 


[123][245][246](356] — [124][235](236][456] = [123][124](256][345](346][134]—!. 

(4.3.9) 
As shown in Example 4.36, deriving (4.3.9) from the left to the right by previous 
simplification techniques can be made by a pseudoconic transformation, a contrac- 
tion and a conic transformation. To save the effort, it is better that (4.3.9) be used 
directly in bracket polynomial simplification, called conic contraction. 


Algorithm 4.38. Conic contraction. 


Input: A bracket polynomial p of degree at least four and involving at least six 
conic points. Assume that p is already factorized in the polynomial ring of 
brackets, and that all the factors of p of degree less than four are moved into a 
set q. 

Output: A set g composed of rational bracket polynomial factors. 


Step 1. Do the following steps for each factor f of p, for each pair of terms t, + to 
of f. 


Step 2. Let c be the explicit common factors of tj +t2, and let t; = ct), for i = 1,2. 
If any of the following conditions is not satisfied, skip to the next pair of terms, 
and if f has no more pair of terms, move f to g and go back to Step 1: 

(1) Each t/ has four brackets, all of which are square-free. 

The coefficient of t) is £1. 


) 
(3) t, has six points, all of which are on the same conic. 
) 


The six points, denoted by 1 to 6 respectively, have degree 1,3,2,2,2,2 in 
t/. This fixes 1, 2. 

(5) Bivector 12 occurs once and only once in each t;. Denote the brackets 
containing 12 in ¢4,t5 by [123], [124] respectively. This fixes 3, 4. 

(6) t; = €[123][245][246][356] and t2 = —e{124][235][236][456], where « € 

{+1}. This fixes 5,6. 


Step 3. Substitute 
ty + te = ec[123][124][256][345][/346][134]—1 


into f, contract and factorize the result, put the result into q and remove f 
from p. 


Example 4.39. Let 1,...,6 be conic points. Simplify 


p = [126][234][245][356] — [124][236][256][345). 
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The degrees of the points are 1', 23,37, 47,57, 6?. The two brackets [126] and 
[124] each occur in a term of p. Point sequence 126453 of p matches 123456 of 
(4.3.9), so 


p = —(124][126][235][346][456][146]—1. 


Algorithm 4.40. Conic simplification: 
Bracket polynomial simplification based on coconic constraints. 


Input: A bracket polynomial p involving at least six conic points. Assume that p 
is already factorized in the polynomial ring of brackets. 


Output: p. 
Procedure. For every factor f of p, do repeatedly (a) contractions, (b) conic trans- 


formations, (c) conic contractions, (d) pseudoconic transformations, until the 
result no longer changes. 


Every time there is any change in steps (b), (c), (d), do contractions. 


4.4 Factorization techniques in conic computing 


There is one more technique in computing bracket polynomials involving conic 
points, without which the computing is often not only very difficult, but extremely 
sensitive to different Cayley expansions and (pseudo)conic transformations, as al- 
ready disclosed by Example 4.37. 

The technique is called conic Cayley factorization. It is an integration of the 
Cayley factorization techniques developed in Section 3.2 and the conic simplification 
techniques developed in the previous section. For maximally factorizing a bracket 
polynomial involving conic points, bracket monomials must be allowed to occur in 
the denominator, which is the feature of this factorization. This is the second form 
of rational Cayley factorization, besides the one discussed in Section 2.7. 


4.4.1 Bracket unification 


In conic geometry, the implicit bracket factors caused by coconic constraints can 
be found by conic transformations and pseudoconic transformations, through the 
following bracket unification algorithm, the counterpart of Algorithm 3.7. 


Algorithm 4.41. Bracket unification. 


Input: Two bracket polynomials p,,p2. Assume that they are already factorized 
in the polynomial ring of brackets and their explicit common factors are already 
removed. 


Output: 71, po. 
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Procedure. Let p; = d;c; for i = 1,2, where d; is all the bracket factors of p;. Set 
d= d, + Ad for transcendental element ». Set b= 1. 


Do the following to d until the result no longer changes, then output p; = bdic, 
and p2= bd2c2. 


(1) Do conic transformations, move the bracket factors to b. 
(2) Do pseudoconic transformations, move the rational bracket factors to b. 


Example 4.42. If points 1,2,3,4,5,6 are on a conic, then intersections 12M 34, 
14M 35, 35426, 12156, 13 46, 251 46 are also on a conic. 


Free conic points: 1,2,3,4,5,6. 

Intersections: 
7=1234, 8=14735, 9=26/35, 
0=12N56, a=13N46, b=2546. 


Conclusion: 7,8,9,0,a,b are coconic. 


Fig. 4.5 Example 4.42: the role of bracket unification. 


Proof. The following are factorizable Cayley brackets of 7,8,9,0,a, b: 


3 lines: 70 on line 12, 89 on line 35, and ab on line 46. There are twelve brackets: 


780| = —|124|/135]12 V 34V 56, [790] = —[126]|235]12 V 34 Vv 56, 
70aj = = [123][146)12 V 34V 56, [70b] = [125](246]12 Vv 34 V 56, 
789| = (|123][345]14V 26V 35, [890] = —[125][356]14 V 26 V 35, 
89a] = —[135][346|14V 26V 35, [89b] = [235]/456]14 V 26 V 35, 
Tab] = [124][346)13V 25V 46, [8ab] = [146][345]13 Vv 25 Vv 46, 
9Yab] = —|246][356]13 V 25 V 46, [Oab] = —|126]/456]13 V 25 Vv 46. 
2 triangles: [78a] of 134, and [90b] of 256. 
[78a] = —[134]([123][146][345] + [124][135][346}), 
[90b] = —[256]([125][246][356] + [126][235][456)). 


The fifteen representations together with their common degrees are 


7890ab”) 789a0b™) 789b0a™ 7809ab™ 780a9b 780b9a) 
78a90b) 78a09b") 78ab90 78b90a° 78b09a™) 78bag0) 
7908ab™ 79a80b') 79b80a\). 
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There are eight representations with maximal common degree 6. In particular, 
in each of the two representations 78b90a, 780b9a°, the eight involved Cayley 
brackets are all factorizable. Choosing any of the two representations, say the first 
one, we get 
conic(78b90a) = [780][7ab][89a][90b] — ['78a][70b] [890] [9ab] 

= (12 V 34 V 56)(14 V 26 V 35)(13 V 25 V 46) 
a 


{[125]?[134][246]?(356]? ({123][146][345] + [124] [135][346]) 
—[124]?[135]?/256][346]?((125][246](356] + [126]/235]/456)) 


Now let us see how the bracket unification works. For 


b; = [125]?[134][246]7/356)?, by = [124]°[135]*[256][346)?, 


Transformations by + Abo 


Baeeesleedles’) come 11 95)[134][246][356] 
=[125][134][246][356] ae ae ee ey 


({125][246][356] + \[124][135][346]) 


[124] [135][346] pseudo 


32 eae eeeces [125][246][356][256]~'([256] + \[134]). 
= a” 


Essentially 6; and be are simplified to [256] and [134] respectively. Substituting 
them into (4.4.1) and removing common factors, we get 


conic(78b90a) = — [123][146]/256][345] + [124][135][256] [346] 
—[125][134][246][356] — [126][134][235][456] (4.4.2) 
conic 0. 
Additional nondegeneracy condition: 256 # 0. L] 


4.4.2 Conic Cayley factorization 


In computing a coconic conclusion expression, generally it is not difficult to find 
binomial expansions for non-factorizable Cayley brackets, what is difficult is that 
there are often several binomial results for the same Cayley bracket, and they can 
form a large number of combinations. It is a common phenomenon that succeeding 
bracket manipulations work well for one particular combination of expansions, but 
not for any other one. Thus, the computing is very fragile. 


Example 4.43. In Example 4.42, instead of choosing a representation with maxi- 
mal common degree, we choose one with common degree 4, for example 


conic(78b09a) = [78a]/79b] [890] [Oab] — [789] [7ab][80a][90b]. (4.4.3) 


Prove the coconic conclusion again. 
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Proof. (4.4.3) has only two non-factorizable Cayley brackets: [79b], [80a]. They 
each have six binomial expansions: 


[79b] = [124 
= [125 
= [125 
= [126 
= [126 
= [126 


[80a] = [125 
= [123 
= [123 
= [124 
= [124 
= [123 


235 
234 
234 
234 
234 
235 


136 
146 
145 
136 
135 
145 


236 
236 
246 
245 
235 
245 


146 
156 
156 
156 
156 
146 


456 
456 
356 
356 
456 
346 


345 
345 
346 
345 
346 
356 


123 
123 
124 
124 
123 
125 


126 
126 
125 
126 
125 
124 


245 
245 
235 
236 
246 
236 


135 
134 
134 
134 
134 
135 


246 
256 
256 
256 
256 
246 


145 
135 
136 
145 
146 
136 


356 
346 
346 
345 
345 
345 


346 
456 
456 
356 
356 


456}. 


(4.4.4) 


The conic simplification works well for the first expansions of the two brackets, 
but not for any other combination. The proof based on the first expansions goes on 
smoothly as in Example 4.42, while the proofs based on other expansions are very 


difficult to continue. 


How to overcome the difficulty of the extreme sensitivity to different binomial ex- 
pansions of non-factorizable Cayley brackets? In this example, a very nice property 
of the non-factorizable Cayley brackets is that all their binomial expansion results 
can be conic-contracted to rational bracket monomials. By means of conic con- 
tractions and bracket unifications, any of the fifteen representations of the coconic 
conclusion is just as good as any other one. 

For the expansions in (4.4.4), the conic contractions give 


[79b] = 


[80a] = 


—|123 
—|123 
—|124 
—|124 
—|123 
—|125 


—|125 
—|123 
—|123 
—|124 
—|124 
—|123 


124 
125 
125 
126 
126 
126 


126 
126 
125 
126 
125 
124 


256 
246 
236 
235 
245 
234 


134 
145 
146 
135 
136 
156 


345 
345 
345 
346 
346 
356 


356 
346 
345 
346 
345 
345 


346 
356 
456 
456 
356 
456 


456 
356 
356 
456 
456 
346 


134 
135 
145 
146 
136 
156 


256 
236 
235 
246 
245 
234 


(4.4.5) 


If we choose the first expansions in (4.4.4), we get their corresponding conic 
contractions as the first expressions in (4.4.5), by which we directly get (4.4.2) 
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without making bracket unification. The proof has no additional nondegeneracy 
condition. This combination is the best. 

If we choose the worst combination, which is the last expansions of the two 
brackets in (4.4.4) and hence in (4.4.5), then 


conic(78b09a) = [156]~'[234]~! 


—— 
{[125]?[126]?[134][234]?[356]?[456]? ([123][146]/345] + [124][135][346}) 
—[123]?[124]?[156]?[256][345]?/346]?((125][246][356] + [126] [235] [456])}. 


For 
by = [125]?[126]?/134][234]? [356]? [456)?, 
bo = [123]?[124]?[156]?/256][345]?/346)?, 


the bracket unification goes as follows: 


Transformations by + Abo 
2 2 2 -2 
iensaaees oa [124]?/156]?(346]2[146] 
=([124][156][235][346][146]-!)2] ({126]?[134][235]?[456]? 
+A[123]?[146]?[256][345]?) 
126] [134] [235] [456] conic [123][146][256][345] ([126] [235] [456] 
a 


123] [146] [256] [345] 


+(123][146][345]) 


iid ei pscude 4 93)(146][345][134]~!((256] + \[134]). 
=[123][146][256][345][134]~! ee Y 


So even in the worst case we still get the same bracket coefficients [256] and 
[134] as in the best combination. The difference is the increase of additional non- 


degeneracy conditions: 134 £0, 146 4 0, 156 4 0, 234 40. L 


This example suggests the application of conic simplification immediately after 
the expansions of non-factorizable Cayley brackets, because the coconic constraints 
have not been used to make any simplification during Cayley expansions. For 
more complicated computing, for instance Example 4.44 below, bracket unification 
alone is not sufficient to make the computing robust, and must be complemented 
with Cayley factorization techniques to produce common bracket and meet product 
factors. 


Example 4.44. [Steiner’s Theorem] Let points 1,2,3,4,5,6 be on a conic, and 
let 7,8,9,0,a,b be the intersections 121 35, 189 45, 14 25, 1389 26, 121 46, 
14/ 36 respectively, then lines 7b, 8a, 90 are concurrent. 


Free conic points: 1,2,3,4,5,6. 

Intersections: 
7=12N35, 8=13745, 9=14/25, 
0=13N26, a=12N46, b=14N36. 
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Fig. 4.6 Steiner’s Theorem. 


Conclusion: 7b, 8a, 90 are concurrent. 
Proof. 


Rules T7bV90V 8a 


erPand (7b )/890] — [78b][90a] 


[7ab]=[125][136]12V35V46 — [125][134][256]~1[345]—* 
[890]=[125][134]13v26v45 


Oab (12 V 35 V 46)(13 V 26 V 45) 
[78b]=[125][134][356][256]~113V26V45 -— ——__—1——_—_—S 


[90a]=[126][134][245][345]~!12V35v46 ([124] [125] [256] [345] 
—[126](134][245]|356}) 


conic 


0. 


Procedure of computing brackets [78b] and [90a]: 


Rules (78b] 
[((12V35)(13V45)(14V36)] 
Peal ietea yee) eve) 78P [1 24][135]2[346] — [125][134]2(356] 
—[135][4(12V35)(14V36)] 
[124][135]?[346]—[125][134]?[356] 


[124] [135] [346] pseudo [125][134][356][256]—'([135][246] 


—[134][256]) 
For (4 95)[13.4][356][256]-113 V 26 Vv 45, 


=[125][134][246][356][256]—* 


[90a] 


[((14v 25) (13V 26) (12V46)] 

pe ey [124]? [136] [256] + [126]*(134][245] 
—[124][6(14V25)(13V26)] 

[124]? [136][256]+[126]°[134] [245] 


9,0,a 


[124] [136] [256] 


=[126][134][245][356][345]—* 


pseudo [126][134][245][345]~1((124][356] 
7 +[126][345]) 
factor (4 96][134][245][345]-112 V 35 v 46. 
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Additional nondegeneracy conditions: 256 4 0, 345 4 0. L] 


In the above proof, brackets [78b], [90a] each have three binomial expansions: 


[78b] = [124] [135]?[346] — [125][134]?/356] 
= [123][134][145]/356] + [124][135][136][345] 
= [123][135][145][346] + [125][134][136][345], 
4.4.6 
[90a] = [124]?[136][256] + [126]?[134][245] 
= [123][124][146][256] + [125][126][134][246] 
= [124] [125][136] [246] — [123][126][146][245). 


If the conic simplification is not carried out immediately after Cayley expansions, 
then it works well only for the first expansions in (4.4.6): 


[78b][90a] = [124]°[135]?/136][256][(346] — [124]?[125][134]?[136][256][356] 
+(124] [126]?[134] [135]?[245] [346] — [125][126]?[134]°[245][356). 


The details have been provided in Example 4.32. By (4.3.3), after removing common 
bracket factors, [78b][90a] can be simplified to 


[124] [135][246][356] — [124][134][256] [356] 
+ [126] [135][246] [345] — [126][134] [256] [345]. 


A Cayley factorization then changes it to (12 V 35 V 46)(13 V 26 V 45), which agrees 
with the meet product factors of [7ab]{890] after eliminating 7,8,9,0,a,b. The 
proof finishes without invoking any additional nondegeneracy condition. 

However, the proving is too fragile in that a proof based on any other combina- 
tion of the expansions of [78b], [90a] in (4.4.6) is very difficult to continue. 

Let us see how conic Cayley factorization makes the proving robust. Similar to 
Example 4.37, we get that each expansion in (4.4.6) has two pseudoconic transfor- 
mations, so there are all together twelve different results from conic simplification: 


[78b] = [125][134][356]([135][246] — [134][256])[256]-! 
= [124][135][346]((135][246] — [134][256])[246]—1 
= [124][135]([134][236][456] + [136][246][345})(246]—! 
= [134][356]([123][145][256] + [126][135][245})(256]—! 
= [125][134]([136][256][345] + [135][236][/456])(256]—! 
= [135][346]([126][134][245] + [123][145][246]) [246]—!, 
4.4.7 
[90a] = [126][134][245]((124][356] + [126][345])(345]— on 
= [124][136][256]((124][356] + [126][345])[356]—! 
= [126][134]((124][235][456] + [125][246][345])(345]—! 
= [124][256]((126][135][346] + [123][146][356])(356]—! 
= [126][245]((124][135][346] — [123][146][345])(345]—! 
= [124][136]((125][246][356] — [126][235][456])[356]—!. 
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After degree-2 and degree-3 Cayley factorizations, there are only four different re- 
sults: 


[78b] = [125][134][356][256]~113 v 26 v 45 
= [124][135][346][246]—113 v 26 v 45, 


[90a] = [126][134][245][345]-112 v 35 v 46 
= [124][136][256][356]—112 v 35 v 46. 


Thus, after bracket-wise conic simplification and Cayley factorization, the proofs 
based on different combinations of Cayley expansions are much the same. 


In conic computing, there is a need to factorize a polynomial composed of brack- 
ets and meet products of type p; to maximal extent, with brackets allowed in the 
denominator. Such a polynomial generally occurs after bracket-wise eliminations 
and expansions, and is a linear combination of some multiplications of polynomials. 
Owning to their invariant inheritance from the eliminated brackets, the polynomial 
components of the multiplications are generally much easier to be factorized, but 
not so after the multiplications are expanded. Conic Cayley factorization before 
merging the Cayley expansion results of different Cayley brackets is mandatory. 

The above observation is developed into the idea bracket-oriented simplification, 
and is integrated into the following conic Cayley factorization algorithm. 


Algorithm 4.45. Conic Cayley factorization. 


Input: A polynomial p generated by a set C of polynomials of brackets and meet 
products of type pr. 


Output: p. 
Step 1. For each element c of C involving at least six conic points, do (1) conic 
simplification, (2) bracket unification, (3) Cayley factorization. 


After this step, change p into a factored form by collecting all its explicit com- 
mon factors. 


Step 2. Do expansion within each factor of p. 
Step 3. Do the following to each factor of p: (1) bracket polynomial simplification, 


(2) conic simplification, (3) bracket unification, (4) Cayley factorization. 


Example 4.46. Unify the results (4.3.7) and (4.3.8) of Example 4.37, which are 
just the expressions in the third and fourth lines of (4.4.7) respectively. 


Steps 1—2. Do nothing. 


Steps 3. (1)-(2). Do nothing. 
(3). Bracket unification: The two bracket factors in (4.3.7) and (4.3.8) are 
simplified to [125] and [346] respectively: 
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[124] [135][246]—! + \[134][356][256]—! 

= [246]~'[256]~'((124][135] [256] + \[134][246][356)) 
— ee 

pseu? 11 3.4) [246] [356] [346] ~'([125] + A[346]). 
a a” 
(4). Cayley factorization: 
[13.4][236][456] + [136][246][345] = [346]13 v 26 v 45, 
[123][145][256] + [126][135][245] = [125]13 v 26 v 45. 


So p = [125][134][356][256]~'13 V26\V 45 is independent of the pseudodivisions 
used in Example 4.37. 


4.5 Automated theorem proving 


The techniques developed so far for geometric computing in both projective inci- 
dence and projective conic geometries, when put together, form a brand new toolkit 
featuring factored and shortest computing. 

As analyzed at the beginning of this chapter, the traditional algebraic approach 
to geometric theorem proving is the normalization of the conclusion expression 
by either a characteristic set or a Grobner base of the hypotheses expressions. The 
normalization is carried out stepwise by either polynomial pseudodivision or bracket 
polynomial straightening, and at the middle steps the expression size often increases 
considerably. 

In order to control the middle expression swell, factored and shortest computing 
is necessary. By factorization, a large system of hypotheses expressions is decom- 
posed into smaller ones, among which generally only one leads to the conclusion, 
and the others function as masks of the truth. By term reduction, the expression 
size is further controlled. 

A novel guideline in symbolic geometric computing — breefs: bracket-oriented 
representation, elimination and expansion for factored and shortest result, appears 
to be natural in carrying out factored and shortest computing. It is already em- 
bodied in the following computing techniques: 


Representation: The representations of the coconic conclusion and the conic con- 
jugacy conclusion are optimized by maximizing the common degree and by 
reducing the number of terms respectively. 


The representation of a constructed point is optimized based on its bracket 
mates. For the same point occurring in different parts of the same expression, 
completely different algebraic representations can be used, with appropriately 
selected transformation coefficients as the trade-off. In contrast, all previous 
elimination methods follow the same unanimous representation style. 
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Elimination: The batch elimination enables several or all elements in a bracket to 
be eliminated at the same time, preparing the ground for factored and shortest 
expansions of layer-1 Cayley expressions. 


On the contrary, all previous elimination methods follow the one-by-one style; 
since they are unable to make full use of the representation information of the 
bracket mates, it is very difficult for them to produce factored and shortest 
results. 


Expansion: If one or several points are eliminated simultaneously from a bracket, 
the result is a layer-1 Cayley expression. Generally there are many Cayley 
expansion results, among which the factored and shortest ones are the most 
desired. 


The classification of factored and shortest expansions is used in optimal repre- 
sentation of the coconic conclusion. Factored expansions can be implemented 
directly into the Cayley expansion algorithm to speed up computing. 


Simplification: It includes factorization and term reduction. In bracket polyno- 
mial factorization, to find implicit bracket factors, collinearity and concurrency 
transformations in incidence geometry, conic and pseudoconic transformations 
in conic geometry, are proposed. In bracket polynomial term reduction, three 
general techniques are proposed: contraction, level contraction and strong con- 
traction. In conic geometry, three more techniques are added: conic transfor- 
mation, pseudoconic transformation, and conic contraction. 


Bracket-oriented simplification refers to simplifying the Cayley expansion result 
of a layer-1 Cayley bracket in an expression before merging the result into the 
expression. It also includes subsequent Cayley factorizations and eliminations of 
all the incidence points in the result, as is done in (4.2.9) for the representation 
of the fourth point of intersection of two conics. This again is in sharp contrast 
to all previous elimination methods. 


Factorization: Cayley factorization is a very important means of making the 
computing robust against different Cayley expansions and transformations. 
Bracket-oriented Cayley factorization as the last stage of bracket-oriented sim- 
plification, is used to find common bracket and meet product factors. 


The following theorem proving algorithm is based on the breefs principle. 
Algorithm 4.47. Hand-checkable machine proof in projective conic geometry. 


Input: A sequence of points, lines and conics together with their constructions; a 
conclusion statement. 


Output: Representation and computation procedure of the conclusion expression, 
including all kinds of representations, eliminations, expansions, contractions, 
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transformations, factorizations, and additional nondegeneracy conditions. 
Step 1. [Registration] Collect points, lines, conics, polars and tangents. 


(1) A line is composed of at least three points. 

(2) A conic is composed of the construction and all its points and tangents. 
(3) A polar is composed of the conic, the pole, and all points on it. 

(4) A tangent is composed of the conic, the tangent point, and all points on it. 


Step 2. [Conclusion representation] If it is a coconic or conic conjugacy conclusion, 
find an optimal conclusion expression. Let conc = 0 be the conclusion, where 
conc is an expression in GC algebra. 


Step 3. [Dynamic batch elimination] Start from the ends x, of conc in the dynamic 
parents-children diagram, while conc # 0 and the x; are constrained points or 
free collinear points, eliminate the x; from conc by the following procedure: 


(1) find the optimal expressions of the x; in every different bracket of conc, 
(2) do Cayley expansions after substituting the expressions of the x; into conc, 
(3) simplify each Cayley expansion result immediately, 


(4) simplify conc, remove common bracket or meet product factors. 
Step 4. [Level and strong contractions] Expand conc into a bracket polynomial. 


If conc £ 0, then do repeatedly (1) level contractions, (2) strong contractions, 
until the result no longer changes. 


At the end of each operation, do contractions and remove common bracket 
factors. 


Step 5. [Additional nondegeneracy conditions] There are two sources: 


(1) the denominators which are produced by transformation rules, Cramer’s 
rules, conic contractions and pseudoconic transformations, and which are 
not canceled after substitutions; 


(2) the associated nondegeneracy conditions of the geometric constructions not 
included in the input. 


Theoretically, Step 4 does not guarantee that conc = 0 can be reached; in 
practice, however, all but one example need this step. It is Example 4.54 later 
in this section, whose conclusion is proved by a level contraction and a strong 
contraction. Practically, no theorem needs to go through the elimination of any 
free point or free conic point. 

The efficiency of breefs is also revealed by the statistics that among the 40 dif 
ficult theorems tested by the algorithm, 32 are given binomial proofs. In particular, 
almost all the theorems involving only free conic points, tangent points, and poles 
constructed by tangents are given binomial proofs. The next three subsections are 
devoted to some typical examples and their proofs. 
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4.5.1 Almost incidence geometry 


If the constructions of a geometric problem involve only free points, free conic points 
and incidence points, we say the problem belongs to almost incidence geometry. 
Such problems are among the simplest in conic geometry, and usually can be solved 
in a binomial manner. 


Example 4.48. If points 1,2,3,4,5,6 are on a conic, then 121) 34, 13/9 24, 
14925, 14N 36, 1546, 45/16 are also on a conic. 


Fig. 4.7 Example 4.48. 


Free conic points: 1,2,3,4,5,6. 
Intersections: 


7=12034, 8=13N24, 9=14/N25, 
0=14N36, a=15N46, b=16145. 


Conclusion: 7,8,9,0,a,b are coconic. 
Proof. The following are factorizable Cayley brackets: 


1 line: 90 on line 14. There are four associated brackets: 


[790] = [890] = —[124][134]14 v 25 v 36, 
[90a] = [90b] = [145][146]14 v 25 v 36. 


2 quadrilaterals: [789] and [780] of (1234,14), [9ab] and [Oab] of (1456, 14). 


[789] = [124][134]((123][245] — [125][234]), 
[780] = {124][134]((123][346] — [136](234]), 
[Sab] = [145][146]({156][245] — [125][456}), 
[(Oab] = [145][146]({156] [346] — [136][456}). 


4 triangles: [79a] of 125, [70a] of 346, [89b] of 245, and [80b] of 136. Each 
bracket has two different factored expansions. 


[70a] = [346]([123][145][146] — [124][134][156]) 
= [346]({124][136][145] — [125][134][146}), 
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(89b] = —[245]((123][145][146] — [124][/134]/156 
= —[245]((124][136][145] — [125][134]/146 
[79a] = [125]((124][134][456] — [145]/146][234 
= [125]((124][145][346] + [134][146]/245 
[80b] = —[136]((124][134]/456] — [145]/146][234 
= —[136]((124][145]/346] + [134][146]/245 


Sao Sey Sa Sa Sa 


The conclusion can be represented by conic(78ab90). 


conic(78ab90) 


= — [780][79al[89b][Oab] — [789][70a] [80b]|9ab] 


78,9:0.2-P (1 9.4](134][145][146] ((123][145][146] — [124][134][156]) 


({124][134] [456] — [145][146][234]) ((125][346] — [136][245)) 
a 


({125][136][234] [456] — [123][156][245][346]) 


conte 0. 
Additional nondegeneracy condition: none. L 


Example 4.49. [Nine-point Conic Theorem] Let 1234 be a quadrilateral, and let 
7,8,9 be the three intersections 12 9 34, 139 24 and 2314. A line intersects 
the six sides of complete quadrilateral 1234789 at points 5,6,0,a, b,c respectively. 
Then the six conjugate points of 5,6,0,a,b,c with respect to the corresponding 
collinear pairs of vertices of quadrilateral 1234, are on the same conic with points 
7, 8,9. 


Fig. 4.8 Nine-point Conic Theorem. 


Free points: 1,2,3,4. 
Free collinear points: 5 on line 12, 6 on line 13. 


Intersections: 
7=12934, 8 =13N24, 9=23N14, 0= 231756, 
a= 24156, b=14156, c= 34/56. 
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Conjugates: 
d = conj,2(5), 
& = conjy4(a), 
Conclusion: 7,8,9,d,e,f,g,h,i are coconic. 
Proof. If it can be proved that 7,8,9,d,f,i are coconic, then by symme- 
try, the following 6-tuples are coconic points: {7,8,9,d,g,i}, {7,8,9,d,e,i}, 
{7,8,9,d,h,i}. Under the additional nondegeneracy condition 4789di, the nine 
points are on the same conic. 
The six points 7,8,9,d,f,i have the following factorizable Cayley brackets, ac- 
cording to the representations 


f = conjg3(0), 
i = conjg,4(c). 


e= conj,3(6), 
h= conjy4(b), 


d = [25]1 + [15]2, 
f = [30]2 + [20]3, 
i = [4c]3 + [3c]4 


3 lines: 7d on line 12, 9f on line 23, and 7i on line 34. There are eleven brackets: 


[78d] = [123][124]((15][234] + [25][134}), 
[79d] = [123][124]((15][234] + [25][134]), 
7df] = —[20][123]({15][234] + [25][134)), 
[7di] = —([3e][124] + [4c][123])({15][234] + [25][134)), 
79f] = —[123][234] ({20][134] + [30][124}), 
89f] = [123][234]((20][134] + [30][124]), 
9df] = —[25][123]({20][134] + [30][124]), 
[9fi] = [3c] [234] ((20][134] + [30][124)]), 
[78i] = — [134] [234] ([3c][124] + [4e][123]), 
[791] = — [134] [234] ([3c][124] + [4e][123]), 
[7fi] = —[30][234] ([3c][124] + [4c][123]). 


1 complete quadrilateral: [789] of 1234. 
[789] = —2[123][124][134] (234). 
3 quadrilaterals: [78f] of (1234, 23), [89d] of (1234,12), and [89i] of (1234, 34). 
(78f] = [123][234]([30][124] — [20]/134)), 
[89d] = [123][124]([15][234] — [25][134]), 
[891i] = [134][234] ([4c][123] — [3c][124]). 
2 triangles: [8df] of 123, and [8fi] of 234. 
[8df] = [123]([25][30][124] + [15][20][234)), 
[8fi] = [234]([20][3c][134] + [30][4c][123)). 
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The conclusion can be represented by conic(78f9di). 


Rules conic(78f9di) 


[78d] |7fi][89i][9df] 
_[78i][7d£][89d] [94] 


15][234]+([25][134]) 
[124] +[4c][123]) —[123][124][134] [234]? 
_[8e Ss eee’ 
ate none ({15][234] + [25][134]) 
a 
sojjiza)) | ‘att — ((20][134] + [30][124]) 
= a 
as ([3¢][124] + [4c][123]) 
25)(134 a 
][234]—[25][134]) {[25][30] [34] [12c] 
345] +[12][20][3c][345]} 
134]+[30][124]) 
25][12c] = [12][25c] collinear [12] (34 ((30] [25c] _ [20] [35c]) 
3c][345] = —[34][35c] Se ee 


contract 
=" 0: 


Additional nondegeneracy condition: 4789di. L 


Remark: Two contractions are made immediately after the Cayley expansions 
of the eight brackets in the conclusion expression. By collinearity transformations, 
the eliminations of 0,c are avoided. 


4.5.2 Tangency and polarity 


For theorems on tangents and poles that can be constructed by tangents, generally 
binomial proofs can be found. For more general polars and poles, finding a binomial 
proof is difficult. 


Example 4.50. When the two tangents to a conic from each vertex of a triangle 
intersect at two points with the opposite side of the triangle respectively, the six 
points of intersection are on a common conic. 


Free conic points: 1,2,3,4,5,6. 
Poles: 7 = pole, ,(123456), 8 = pole,,(123456), 9 = polegg(123456). 
Intersections: 


0=89N17, a=89N47, b=79N28, 
c=79N58, d=39N78, e=69N78. 


Conclusion: 0,a,b,c,d,e are coconic. 


Proof. All the brackets of 0,a,b,c,d,e are factorizable Cayley brackets: 
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Fig. 4.9 Example 4.50. 


3 lines: Oa on line 89, de on line 78, and bc on line 79. There are twelve brackets: 


Oab] = [147][289][789]?, Oac] = —[147][589]/789]?, 
Oad] = —[147][389]/789]?, Oae] = —[147][689]/789]?, 
Ode] = —[178][369][789]?, ade] = [369][478][789]?, 
bde] = —[278][369]/789]?, cde] = [369][578]/789]?, 
Obc] = —[179][258]/789]?, abc] = [258]/479]/789]?, 
bcd] = [258][379][789]?, bce] = [258]/679][789]?. 


1 triangle: The other eight brackets are all of 789. 


Obd] = —[789]([178][289][379] + [179][278][389}), 
Obe] = —[789]([178][289][679] + [179][278][689}), 
Ocd] = —[789]([178][379][589] + [179][389][578}), 
Oce] = —[789]([178][589][679] + [179][578][689}), 
abd] = —[789]([278][389][479] + [289][379][478]), 
abe] = —[789]([278][479][689] + [289][478][679]), 
acd] = —[789]([379][478][589] + [389][479][578]), 
ace] = —[789]({478][589][679] + [479][578][689]). 


The conclusion can be represented by conic(Oaecbd). 


conic(Oaecbd) 
= |[abc][cde][Oad][Obe] — [Oab][Ode] [acd] [bce] 


0,a,b, 
°2° [1.47] [258][369][789]° ([179]|278][389]|479] [578] [689] 
a 


—[178][289][379][478][589][679]) 


78° 64 (123]6[124][125][126]4[134][135]*[136] [145] [146] [156]? (234]4(235] 
RN 


[236] [245] [246]? [256] [345] [346](356]([125][134] [146] [236] [245] [356] 
ee 
—[124][136][145][235][256][346]) 


pseudo 


= [134] [236] [245] [234] —|([125][146][234][356] — [124][156][235][(346]) 
a” 


conic 


0. 
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The eliminations of 7, 8,9 follow (4.1.22): 


1714,253 825,143] = 2 [123]|124 
2 714,253 825,143] = 2 |123][124 
5 714,253 825,143] = 2 [123]|125 
1 714,362 936,142] = 2 |123]|126 
4714362 936,142] = 2 |123]|126 
3 714,362 936,142] = 2 |123][126 
6 714,362 936,142] = 2 |123][126 
2 825 361 936,251] = 2 [123][126 
5 825,361 936,251] = 2 |123]|126 
3 825 361 936,251] = 2 [123][126 
6 825 361 936,251] = 2 |123][126 


125 
135 
125 
135 
134 
134 
134 
136 
135 
135 
135 
135 


135)]|145]/234]|345), 
145)]|234]/245]|345), 
135)]|234]/245]|345), 
145]|234]/245]|345), 
136)|146]/234]|246), 
146)|234]/246]|346), 
136)|234]/246]|346), 
146)|234]/246]|346), 
156)|235]/236]|256), 
156)|235]/256]|356), 
156)|235|/236]|356), 
156)|236]/256]|356). 


The pseudoconic transformation in the next to the last step is 
[136] [145] [256] = [134][156][236][245](234]—'. 


Additional nondegeneracy conditions: 4 


12345, 312346, 3 


12356, 234 40.LU1 


Example 4.51. A conic touches the three sides 90,49,40 of a triangle 490 at 
points 1, 2,3 respectively. Show that the three points 1240, 13149, 231 90 lie 
on a line. If the lines joining 4,9,0 to any point 7 of this line meet 23,12,13 at 
points a,b,c respectively, prove that triangle abc is self-polar relative to the conic, 
i.e., any vertex of the triangle is the pole of the opposite side. 


Fig. 4.10 Example 4.51. 


Free points: 1,2,3,4. 
Intersections and free collinear points: 


5 = 12134, 
8 = 23M tangent, (12(24)3(34)), 
a = 23147, 


Conclusion: (1) 5,6,8 are collinear; 


6=1324, 7 on line 56, 
9=24N18, 0=34/N18, 
b=12N79, c=13N70. 


(2) a,b are conjugate with respect to the conic; 
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(3) a,c are conjugate with respect to the conic; 
(4) b,c are conjugate with respect to the conic. 


Proof. (1). By (4.1.49), tangent, (12(24)3(34)) = [134]12 + [124]13, so 


8 = [(134]23 Vv 12 4 [124]23 v 13 = —[123]((134]2 + [124]3), (4.5.1) 
——24 
and 
[568] °£° (13.4][2(12 v 34)(13 V 24)] + [124][3(12 v 34)(13 Vv 24)] 22" 0. 


Additional nondegeneracy condition: none. 

(2). By Example 4.27, the conclusion has two optimal representations. The fol- 
lowing proof is based on the conic representation 12(24)3(34) and the polarization 
of the first expression in (4.1.44): 


Rules conjy2(24)3(34) (a, b) 
= [123]?((34a][24b] + [24a][34b]) 
“Sn” 


[24a)=— [284][247], [24b]=—[124][279] | ab (93 41((1 24][279][347] + [247]12 V 34 V 79) 
[34a]=—[234][347], [34b]=—12V34V79 Nag 

[279]=[128][247], 

12V34V79 9 
=([127]24v18V34—[347]24V18V12 
=([127][148][234]+[347][124][128] 


7=[57|6—[67|5, 8=[134]2+[124]3 oo 2 [57][124]([123] [124] [346] 
[127]=[57][126], [347]=[57][346] =_—V—_—_ 


[128]=[123][124], [148]=—2 [124][134] 


[126]=(123][124], ([346]=(134][234] 20. 
Additional nondegeneracy condition: none. 


The following proof is based on the conic representation 31(18)2(24) and the 
polarization of the first expression in (4.1.44): 


Rules cCOnjg1(18)2(24)(a, b) 


= [123]? ((24a][18b] + [18a][24b]) 
Sa 


[23|[478}, [8bl=—[129I[078] | a. 14 o9)(9.47]((123] [478] + [178] [234]) 
——$—=—"” 


=—[234][247], [24b]=[129][247] 


7=[57|6—[67]5, 8=[134]2+[124]3 | [57/123] [124]/346] 


+ (67][124][135][234] 


=[57][124][346]—[67][134][245] 
=—[57][126][134]+[67][124][135] 


=—[124][234], [346]=[134] [234] 


=—[123][134], [126]=[123][124] 
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Additional nondegeneracy condition: 431(18)2(24). 
(3) and (4): similar to (2). 


4.5.3 Intersection 


O 


For theorems on intersections of lines and conics, and intersections of conics, gen- 
erally no binomial proof can be found (Example 4.22 is an exception). 


Example 4.52. Let K and G be two conics through four points 1,2,3,4. Let 5 
and 7 be two points of kK that do not lie on G, and are such that 5 does not lie 
on the tangent to G at 3, and 7 does not lie on the tangent to G at 1. Then 35 
intersects G at a point 8 other than 3, and 71 intersects G at a point 9 other than 
1, and 24 intersects 57 at a point O collinear with 8, 9. 


Fig. 4.11 Example 4.52. 


Free conic points: 1,2,3,4, 5, 7. 


Free point: 6. 


Intersections: 8 = 35112346, 9=17112346, 0 = 24157. 
Conclusion: 8, 


Proof. 


[390] "2° [126 
—[126 
—[127 
+[126 


expand 


= —|126 


—|126 
—|127 
+|126 


9,0 are collinear. 


146][147][236][345][346] [( 
?[147][235][346]? [(14 Vv 35) 
146]?[236]?[345] [(12 Vv 35) 
127][146][235][236][346] [( 
146][147][236]/345][346]((127][135][234 
+ 
?[147][235][346]?((123][157][247] [345] — 
146]?[236]?(345]((135][147][234][257] — 
127][146][235]/236][346]((135][147][234 

+ 
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[257 
123] 
127] 
134] 
[457 
134] 


12 V 35) (23 V 17) (24 57) 
(23 V 17) (24 57)| 
(34 V 17) (24 57)| 
14 V 35) (84 V 17) (24 57) 


157](235][247]) 
135][234][457]) 
157](235][247]) 


157](247][345]) 
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°°"? 14 26] [146] [157] [236] [245][247][346] [357] [257] ~![457]—! 
a 
((127] [134] [235] [457] — [123][147][257][345]) 


conic 
= 0. 


The following are representations of 8, 9: 


8 = 835.1246 = [146][236][345] 12 V 35 — [126][235][346] 14 v 35, 
9 = 917.3246 = [126][147][346] 23 V 17 — [127][146][236] 34 Vv 17. 


The conic simplification (csimp) in the next to the last step contains two conic 
contractions (cct) and two conic transformations: 


ie} 
ie) 
+ 


127][135 [123][157][245][247](357] /[457], 


II 
123][ 
I 
I 


IS ls I 


co’ 


ic 0, 
135 tl, 


ie} 
ie) 
+ 


[247] 
[457] °° 
[247] 
[345] 


[13.4] [157][245][247][357] /[257]. 


Additional nondegeneracy conditions: 257 4 0, 457 4 0. L 


Example 4.53. (Figure 4.12) 


Fig. 4.12 Example 4.53. 


Free points: 1,2,3,4, 5. 
Intersections: 


6=14N25, 7=15N24, 8= 25034, 9 = 24135, 0 = 123677 12389, 
a=10N23, b=10N24, c=10N34, d=3bN 2c. 


Conclusion: 5, a, d are collinear. 
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Proof. 
Rules [Bad] 
[5(10V23)(3bv2c)] 
=[235]10V3bV2c+ [150]23V3bV 2c — —[120][235][3bc] — [150] [23b][23c} 
=~ [235][120][3bc]—[150][23b] [23c 
[23c]=[130][234], [23b]=[120][234] 
[Sbc]=—[130]10v24v34 Bee —[120][130] [234] ([140] [235] + [150][234)) 


=[130][140][234] 


cramer [130]([124][235] + [125][234]) 


oe ee —[120]([134][235] + [135][234]) 


en ees tate ai ([134][235] + [135][234]) 
+([125][134][235][245] _—n— nn se’ 
4[125)?[284)[245) © = {[124][135][235][245] 


—(124][145][235]? + [125][135][234]/245] 
—[125]?[234][345] — [125][134][235][245)} 


= [135][245]([134][235] 
+([135][234]) 


124] [135] —[125][134]=[123][145] | contract [145] [235] ([123][245] — [124][235] 
_ — —_—_—_—_—_—_—_ 
135][245]—[125][345]=[145] [235] +[125](234]) 


contract 
= 0. 


Procedure of deriving the elimination rules of 0: 


i = [167][236][237] “ — [124]?[125]2[145][234] [235], 
ug = [136][137][267] “ — [124]?[125]2[134] [135] [245], 
yg = [126][127][367] “  [124]?[125]2(—[124][145][235] — [125][134][245)), 
ui), = [189][238][239] = (23.4]?[235]?(—[134][235][245] — [125][234][345)), 
ui, = [138][139][289] ©? — [23.4]?(235]2[134]([135] [245], 
us, = [128][129](389] = [23.4]?(235]?[124)(125][345]. 


Ar = H2M3 — Hobs 
= —[134][135][245]((124][125][345] + (124][145](235] + [125][134][245)) 


contract 


ze" _ 11 34)[245]?(135]((124][135] + [125][134)]), 


A2 = psy — 3H 
[13.4][245]((124][145][235]? + [125][134][235]/245] + [125]?[234][345)), 


A3 = Mi ply — Hoe 
= —[134][135][245](145][234][235] + [134][235][245] + [125][234][345}) 


contract 


et _ 14 34)/245]2(135]((134][235] + [135][234)). 
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[120J= A1Ag = — [134]?[135][245]?((124][/135] + [125][134]) 
((124] [145][235]? + [125][134][235][245] + [125]?[234][345)]), 

[130]= —AiA3 = — [134]?[135][245]?((124][/135] + [125][134]) 
[135][245]([134][235] + [135][234]). 


Additional nondegeneracy condition: none. L 


Example 4.54. A chord of a conic is a line segment connecting two points of the 
conic. Let there be three conics sharing a common chord C’.. If the three conics are 
taken in pairs such that the common chord of each pair opposite to C' is drawn, 
then the resulting three lines are concurrent. 


Fig. 4.13 Three conics 123468, 123578, 124567 with a common chord C = 12. 


Free conic points: 1,2,4,5,6, 7. 

Free point: 3. 

Intersections: 8 = 123467 12357, 9 = 46157. 

Conclusion: 3,8,9 are collinear. 
Proof. 

Rules 389 

= 38V46V57 
138]23 V 46 V 57 — [238]13 V 46 V 57 


125][127]|134|/136]|234]|246]/357||567 
—(124]|126]|135]/137][234]/257||346]|567 
+[125]|127]|134)]|136]|236]|246]/357||457 
8 —|124)]|126]|135]/137|[236]|257||346]|457 
+[124]|126]/134)]|157]|235]/237|/346]|/567 


8=[238]1—[138]2+[128]3 


[138]=[125] [127] [134][136][246][357 
—[124][126][135][137][257][346 
] 


[ ] 
I ] 
[238]=[125][127] [146] [234] [236] [357] 
I ] 


—[124][126][157][235][237][346 
23V 46V57=[234] [567] +(236][457] —[125][127][134]/146]|234]/236]/357]|567 
13V46V57=[134][567]+[136][457] +[124]/126]/136]|157](235]/237]|346]/457 

—[125]|127][/136]/146]|234]/236]/357]|457 
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[136] [246]—[146][236]=[126][346] 
[134][246]—[146][234]=[124][346] 


[234] [567]+ [236] [457] 


=[235][467]+[237][456 
[134][567]+ [136] [457] 


=[135][467]+[137][456 


—[137][257]4 
—[135][257]4 


Hl 
H 


126][245][467] 


157] [237]=—[127][357] 
157] [235]=—[125][357] 


—[136][457] 
+[137][456] 
=—[123][245] 
= [123][246] 
=—[123][247] 


=[125][167][246][457][157]—+ 


—[135][167]+[136][157]=[137][156] 


contract 


strong 


pseudo =~ 


contract 


conic 


[123]{—[126][127][135][245][467] 
4 
+ [125][127] [136] [246] [457] 


— [125][126][137][247][456]} 
[125][157]~{—[127][135][167][246][457] 


+(127][136][157][246][457] 
—[126][137][157][247][456]} 


[137] ([127] [156] [246] [457] 
WH 


—[126] [157] [247] [456}) 
0. 


Procedure of deriving the elimination rules of 8: 


Ly == |146]|234]/236), 

2 = |134]|136]/246), 

3 = |124]|126]/346), 

wl, = [157][235][237], 

wl, = [135][137][257], 

ws = [125][127][357]; 

Ay = [125][127][134][136][246] [357] — [124][126][135][137][257][/346), 
Ag = [124][126][157][235][237][346] — [125][127][146] [234] [236] (357), 
Az = [135][137][146][23.4][236][257] — [134] [136] [157][235] [237] (246); 
[238] = Adz, 

[138] = —A3A1. 

Additional nondegeneracy condition: 157 £ 0. L] 
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Remarks: 

(1) After the elimination of 8 and the succeeding contraction, there exists no 
conic simplification before the degree of 3 is reduced to one. The reason is that 3 
takes too many brackets, which often makes the number of conic points fewer than 
six after removal of the brackets containing 3. The level contraction and strong 
contraction each produce a common bracket factor containing 3, thus reducing 
the degree of 3 by two. Only after these bracket simplifications can the conic 
simplification take place, which gets rid of the last degree of 3. 

(2) This is the only example we have met in conic geometry in which the level 
and strong contractions both take place and are indispensable for a step-by-step 
hand-checkable verification of the conclusion. 


The difficulty in representing and computing the intersections of conics suggests 
that GC algebra and bracket algebra may not be the intrinsic language for describing 
and manipulating conic geometry. This suspicion is correct, leading to the new 
language composed of quadratic Grassmann-Cayley algebra and quadratic bracket 
algebra, which is the content of the next section. 


4.6 Conics with quadratic Grassmann-Cayley algebra* 


A conic is determined by five points on it. Six points 1,...,6 are on the same conic 
if and only if conic(123456) = 0, where the left side is a bracket binomial of degree 
four. This kind of representation, however, is not satisfactory for several reasons: 


(1) there are fifteen different bracket binomials, 

(2) the antisymmetry among the six points is nontrivial, 

(3) the intersections of conics are difficult to represent, 

(4) the extension to quadrics in 3D geometry, or more generally, to hyperquadrics 


in nD geometry, is highly complicated. 


We make clear the last point. A 0D conic in 1D projective geometry is just a pair 
of points. In P!, three points 1, 2,3 are coconic if and only if the antisymmetrization 
of bracket monomial 

[12]/13][23] (4.6.1) 
with respect to the three points equals zero. Since the monomial itself is already 
antisymmetric, it is unchanged by the antisymmetrization. 

In P?, six points 1 to 6 are coconic if and only if the antisymmetrization of 

[124] [135][236] [456] (4.6.2) 
with respect to the six points equals zero. The underlined pieces are exactly the 
contents of the brackets in (4.6.1). So (4.6.2) is obtained simply by attaching three 
new points 4,5,6 to the three brackets in (4.6.1) respectively, and then adding a 
fourth bracket composed of the three new points. The shortest form of the antisym- 
metrization has only two terms, e.g., any of the fifteen expressions of conic(123456). 
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In P?, ten points 1,2,...,9,0 are on the same quadric if and only if the anti- 
symmetrization of 


[1247] [1358]/2369][4560]|7890) (4.6.3) 


with respect to the ten points equals zero. Again notice that the underlined pieces 
are just (4.6.2). One form of the antisymmetrization, known as the Turnbull- Young 
invariant, has 240 terms, and after straightening, is shortened to 138 terms [191]. 
It is unknown whether or not this bracket polynomial can be further shortened, and 
whether or not it is Cayley factorizable. 

Continuing in this way, if the antisymmetrization of [A,][Ao]---[An+i] being 
zero is a bracket polynomial representation for a sequence of C2, points to be on 
the same (n —2)D quadric in P”~!, then by adding n +1 new points b,; to by+41 to 
the end of the sequence of points, the antisymmetrization of 


[A1bi][A2b9] «+ [Ansibn41][bibe «+» bn41] (4.6.4) 


being zero is a bracket polynomial representation for the C?,. = C?,, +(n+1) 
points to be on the same hyperquadric in P”, which is an (n—1)D algebraic surface 
defined by a degree-2 homogeneous polynomial equation. 

Theoretically, the constraint that OC? 42 points in nD projective geometry are on 
the same hyperquadric can always be represented by a bracket polynomial equality 
of degree n + 2. In practice, however, the size becomes unmanageable even for 
small values of n. We have to seek for more efficient algebraic representation of the 
constraint, so that on one hand it should reflect the antisymmetry among the point 
variables, and on the other hand it is still equal to the above bracket polynomial 
representation. 


4.6.1 Quadratic Grassmann space and quadratic bracket algebra 


The GC algebra A(V3) is essentially the algebra of linear objects in P?. As conics 
are quadratic objects in P?, representing conics by multivectors in A(V*) is impos- 
sible. The base space of the GC algebra needs to be enlarged in order to represent 
nonlinear objects in a linearly manner such as by multivectors. 


Definition 4.55. The symmetrization in the tensor algebra @(V") is the linear 
transformation defined by 


1 
122@---@r +> 1020---Or:= 7 2 9(1)89(2)®---@a(r), Vie Vv", (4.6.5) 


where the summation runs over all permutations o of 1,2,...,r. 

The product “©” is called the symmetric tensor product. It is multilinear and 
associative, and generates an algebra over V”, called the symmetric tensor product 
algebra, denoted by ©(V"). Its elements are called symmetric tensors. Its Z-grading 
is induced from @(V"). Its r-graded subspace, denoted by ©"(V"”), is the space of 
symmetric tensors of grade r. 
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For example, let a,b be two vectors in the vector space Y” realizing P”—!, then 


a®b+b@a 


b= 
a® 5} 


(4.6.6) 


It is called a point pair. 

Notation. 

In this section, we use the juxtaposition of elements to denote their symmetric 
tensor product, instead, we use the symbol “A” to denote the outer product. For 
any a € Y”, we write 


a’ =aa=a@Qa=a®a, (4.6.7) 
and call it a quadratic point. 


Definition 4.56. The Grassmann space over base space ©7(V"), denoted by 
A(©?(V")), is called the quadratic Grassmann space over ¥". Its outer product 
is still denoted by “A” as in A(V”"). The Grassmann-Cayley algebra and bracket 
algebra on the quadratic Grassmann space are called quadratic Grassmann-Cayley 
algebra and quadratic bracket algebra respectively. 


The dimension of vector space ©?(V”) is n(n + 1)/2. Let e1,e2,...,e, bea 
basis of VY”. Then the induced basis of ©?(V") is 


{e?, 2(eje,)|1<i<n,1<j<k<n}. (4.6.8) 


The coefficient 2 in front of e;e, is used as a convention, so that for any vector 
x = )0, xje; € V", x” has coordinate x;z,; in the (i, 7)-th basis vector of ©?(V"): 


= DS gre? + » £5 t%,(2(e;ex)). 


j<k 
Proposition 4.57. Let 1,2,3 be a basis of V?. Let 
A = Xy11? + 2A3212 + 21313 + Az22? + 29323 + A333? (4.6.9) 


be an element of ©?(V3). Then A is a quadratic point (up to scale if K 4 C) if and 
only if 


Ait: Ava: A13 = Ara : Ave : Ae3 = A13 : A23 : A33- (4.6.10) 
When (4.6.10) holds, let x = (A11, A12, 413)? € V3, then A = x? up to scale. 


We investigate blades in A(@?(V”)) and their geometric explanations. First, 
1? A 2? equals zero if and only if 1 and 2 are linearly dependent. When it is 
nonzero, the blade represents two points 1,2, in the sense that a point pair 34 
satisfies 


1? A 2? A 2(34) =0 (4.6.11) 


if and only if 3 = 4 up to scale, and 3 = 1 or 2 up to scale. 
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Second, 17 A 2(12) A 2? equals zero if and only if 1 and 2 are linearly dependent. 
When it is nonzero, then a point 3 satisfies 
1? A 2(12) A2? A3? =0 (4.6.12) 
if and only if 3 is on line 12. 


Proposition 4.58. In A(©?(V”)), 1? A 2? represents the 0D conic composed of 
points 1,2, and 1? A 2(12) A 2? represents the double-line conic composed of line 
12, in the sense that a projective point x € VY” is on a projective quadric represented 
by a blade A € A(©?(V")) if and only if x2 A A = 0. 


Proof. We only need to prove the double-line conic statement. If 3 = A,1+ X22, 
then (4.6.12) is obvious. If 1,2,3 are part of a basis of V", then 17, 27,37, 2(12) 


are part of a basis of ©?(V”), and (4.6.12) cannot hold. L] 
The following lemma can be proved similarly. 
Lemma 4.59. (1) Three points 1, 2,3 are collinear if and only if 
1? A 2(12) A 2(13) A 2? A 2(23) A3? =0. (4.6.13) 
(2) If 1, 2,3 are collinear, then 
[12]71? A 2? A 3? = [13][23]1? A 2(12) A 2?, (4.6.14) 
where the brackets are deficit ones in A(V”). 


Corollary 4.60. (1) If no two of the four points 1,2,3,4 are identical, then the 
four points are collinear if and only if 


Az AS? A4* =0. (4.6.15) 


(2) 17 A 2? ( 3? represents either a straight line or three noncollinear points, de- 
pending on whether 1, 2,3 are collinear or not. 


Lemma 4.61. If no three of 1,2,3,4 are collinear, then for any point 5 different 
from the four points, 


17 A27A32A47A5? £0. (4.6.16) 


As a corollary, 17 \ 2? A 3? A 4? represents either a straight line and a point outside 
the line, or four points in which no three are collinear. 


Proof. First assume n = 3, and assume 17 \ 2? \32A4? A 5? = 0. With respect 
to the basis 1, 2,3, let 


4= \{1 4+ A292 4+ A338, 5 = py1 + pe2 + 33, 


where the A; are nonzero, and at most one ju; is zero. 
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If 4; = 0, then the other two j1; are nonzero; however, by 


127 A227 A387? A427A57 = Aqpr(Agp3 — A3M2)1?7 A 2? A 82 A2(12) A 2(13) 
+A2M2(A1 U3 = A3f1)1? A227 A32A 2(12) A 2(23) 
+33 (Ai p2 = Agf1)1? A227 A32A 2(13) A 2(23), 
(4.6.17) 
it must be that A2(Aifeu3) = A3(A1~2u3) = 0. Contradiction. So none of the three 
ji; is zero. Again by (4.6.17), we get Aq : 1 = Ao: We = Az : Wg, SO points 4 and 5 
are identical, contradiction. This proves (4.6.16) for the case n = 3. 
Second, if 1,2,3,4 are linearly independent vectors, then (4.6.16) obviously 


holds for any point 5 different from the four points. LJ 


Theorem 4.62. [Fundamental theorem of quadratic bracket algebra over V3] Let 
1,2,3,4,5,6 be points in the projective plane. Then 

[17273475767] = 0 (4.6.18) 
if and only if the six points are coconic. 


Proof. If four of the six points, say 1,2,3,4, are collinear, then 17A\27A3?A4? = 
0. When this happens, lines 56 and 1234 form a line-pair conic, and the conclusion 

is true. 
Assume that no four of the six points are collinear. Let e,,e2,e3 be a basis of 
V3. Denote the dual basis in V3" by ef, e5, e3. Then the induced basis in ©?(V?) is 
e7, 2e,e2, 2e1e3, eo”, 2e2€3, €37; (4.6.19) 


. + . * . 
the induced dual basis in ©?(V3") is 
«2 ok ok 42 ok 42 4.6.20 
Ey , €1€g, €1€3, Cg , Cg€3, Cg - (4.6.20) 


Let the coordinates of i with respect to basis e1,e2,e3 be (x;, y;, 2;). Then 


XZ @2 X33 
1A2A3 1A2A3)- (ej Nes Ae} 
faa) ee y1 y2 ys}, (4.6.21) 
e;\e2Ae3  (e; Aen Ae3): (ef Aes Ae3) 
Z1 22 23 


where the dot symbol denotes the pairing between A(V?) and A(V"). Similarly, 
[172737475767] 
(127A 2?A32A 42 A572 A62) - (eX? A ete A ees A e5” Aedes A 3”) 


(e? A 2eres A 2e1e3 A €2 A 2e2e3 A e3) - (ef? A exes A ete% A ed? A ese% A e3”) 


et TM1Y1 124 yi Y1Z1 ae 
TS U2Y2 222 YS Yor. 2% 
= a T3Y3 323 3 Y323 25 
| a4 Gays Caza YQ Yara 2G]? 
a T5Y5  U525 Ys Y525 ze 
xe T6Y6 626 Ye Y6~6 ze 
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where the dot symbol denotes the pairing between A(?(V°)) and A(@?(V3")). By 
expanding the 6 x 6 determinant, we get a polynomial of 720 terms, which equals 
the coordinate polynomial form of 


conic(123456) = [125]{345][136] [246] — [126](346][135][245] (4.6.22) 

by using (4.6.21). Thus 
[172737475767] = conic(123456). (4.6.23) 
L 


Corollary 4.63. 

[1°27374757(66’)] = conic(12345(66’)), (4.6.24) 
[1°2737(44’)57(66’)] = conic(123(44’)5(66’)). ~ 
Lemma 4.61 and Theorem 4.62 lead to the following classical result: 


Corollary 4.64. Let 1,2,3,4,5 be points in the plane. Then 17 A 27A37A4?A 52 
represents a conic if and only if no four of the five points are collinear. 


Lemma 4.65. For any four points 1,2,3,4 in the plane, 


2(14) A 2(24) A 2(34) A 4? = 0, (4.6.25) 
1? A 2(12) A 2? A 3? A 2(34) A 4? = 0, (4.6.26) 
2(12) A 2(23) A 2? A 2(14) A 2(34) A 4? = 0. (4.6.27) 


Proof. (4.6.25): Obvious from the linear dependence of 1,2,3,4. (4.6.26): If 
1, 2,3 are collinear, then 17 \ 2(12) A 2? A 3? = 0. If they are not collinear, then 


4 = \,1+4 Ao2 + 233, and the proof is by direct computing. (4.6.27): similar. L 


Corollary 4.66. Let 3 be a point outside line 12. The double-line conic composed 
of line 12 is represented by 


1? A2(12) A 2? A 2118) A 2(28). (4.6.28) 
The line-pair conic composed of lines 12,13 is represented by 
1? A 2(12) A 2? A 2(13) A387. (4.6.29) 


The line-pair conic composed of lines 12,34 is represented by 
1? A 2(12) A 2? A 2(34) A 3?. (4.6.30) 


Fix a basis e1, 2,3 of V°. In Section 2.3, a Hodge dual operator “+” is defined 
in the Grassmann space A(V?). The induced basis of ©?(V?) also defines a Hodge 
dual operator, denoted by the same symbol “x”, in the quadratic Grassmann space 
A(©?(V3)). The two duals are related geometrically as follows: 


Proposition 4.67. For any two distinct points x, y in the projective plane, *(x?) is 
the double-line conic composed of line *x, and «(xy) is the line-pair conic composed 
of lines *x and *y. 
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Proof. Without loss of generality, let x = e;. Then 
(x?) = 2e1e2 A 2e1e3 Ae A 2e2€3 Ae} 


represents the double-line conic composed of line e2 \e3 = *x, according to (4.6.28). 
Similarly, let y = eg, then 


*(2xy) = —e7 A 2e1e3 Ae} A 2e2€3 A e3 


represents the line-pair conic composed of lines e2 A e3 = *x and e; Aes = —(*y), 
according to (4.6.29). L] 


4.6.2 Extension and Intersection 


In Grassmann space A(V”), the extension product A,B, of two blades A,,B, 
defined by (2.4.20), represents the sum of the two vector subspaces represented by 
the two blades: 


{x +x € y” [x4 E€ A,, X2 € B,}. (4.6.31) 


In quadratic Grassmann space A(@?(V")), the extension product of two blades is 
defined just the same. For example, for quadratic points 17 and 27, their extension 
product is 


n2?=17 2’, (4.6.32) 


which represents the 0D conic composed of the two points. In contrast, the extension 
product of 1,2 in A(V") is 1A 2, which represents the line through the two points. 

In A(V3), point 3 is on line 12 if and only if [123] = 0. Squaring this equation, 
we get the following double-line conic equation, with 3 as the vector indeterminate: 


[123]? =0. (4.6.33) 


The equation should agree with the two equations (4.6.12) and (4.6.13) representing 
the same constraint. Since [123]? is the square of [123], it is natural to expect that 
1?A2(12) 2? is the “square” of 1A2, and (4.6.13) is the “square” of 1A\2/A3, where 
the “square” is a natural extension of the symmetrization from vectors to blades 
in A(V3). This extension, however, is neither the extension product in A(©?(V3)), 
nor the symmetrization operation in @(V°). 


Definition 4.68. The quadratic extension product between two blades in A(V™), 
denoted by the same symbol “©” as the symmetrization, or simply by the jux- 
taposition of elements, is a blade in A(@?(V")) that is defined for any r-blade 
A, =a; \a2/---a, and s-blade B, = bi Ab2 A--: Abs of A(V”) as follows: 


a;B; = B,a; = a;b, A ajbo Ne --a;b 5 


(4.6.34) 
A,B, := a,B, aceB,M---Na,B,. 
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It is easy to verify that the quadratic extension product A,B, is well-defined, 
i.e., independent of the decomposition of A,. into an outer product of vectors. A,B, 
represents the vector subspace of ©?(V") spanned by 


{x1X2 € ©7(V")|x1 € A,, X2 € Bs}. 


It is homogeneous of degree s in A, and of degree r in Bg, and satisfies the following 
commutation rule: 


r(r—1)s(s—1) 


A,Bs = (-1) 7 B,A,., (4.6.35) 


where the sign is caused by the scanning by rows of an r x s matrix versus the 
scanning by columns, both starting from the upper-left corner of the matrix. 
Examples. Let 1,...,r,1’,...,r’ € V°, where 1,2,3 are not collinear. 

(1) The quadratic extension product of vectors 1,2 is the symmetrization 12. 

(2) 11 AQ A--- Ar’) =11'A12/A---Alr’. 

(3) (LA 2)(1 A 2) = (12 A 12) (12 A 2?) = [12]1? A 12 A 2? as expected. 

(4) Let A= 12 A 2? A 23, B= 13 A 23 A 3’, then as expected, 

(LA2A3)(LA 2A 8) = (17A12 A138) (12 A 2? A 23) 1 (18 A 23 A 87) 

= S> [Aq) ABay]1? 4124.13 A Avy AB) 
(1,2)FA,(2,1)FB 


+ S- [A (1) A Bay]l? A12A13 A A) A Be) 
(2,1)FA,(1,2)-B 


= 2[12A 13 A 23]17 A12A13.A 2? A238 A 37. 


(5) (LA2A4)(LA3A 4) = (17 A 18 A 14) (12 A 23 A 24) (14 A 34 A 4?). 
To obtain the line-pair conic representation (4.6.29), we need to eliminate 4 from 
14, 24,34. By the Cramer’s rule of 4 with respect to 1, 2,3, 


[123]14 = [234]1? — [134]12 + [124}13, 
[123]24 = [234]12 — [134]2? + [124]23, (4.6.36) 
[123]34 = [234]13 — [134]23 + [124]3?. 


So 
(LA2A4)(1A3A\4) 
= [123]~?[134]? (12 A138 A 12) (12 A 23 A 27) (14 A 34 A 4?) 
= (14A 834A 47)N (17 A 18 A 12)N (12 A 23 A 27) 


= 2[27A138A12]14A34/A 42 A17A12A 23 
+2 [12 A12 A 23]14A 34/42 A138A12A 2? 
—2[13 A 12 A 23]14 A 34/4 42 A17A12A 2? 
—2[17A12 A 27]14 A 84/47 A138A12A 23. 


(4.6.37) 
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The above result seems terrible, far away from the outer product of 4? with 
(4.6.29). However, the advantage of deficit brackets in homogeneous computing is 
that the dummy extensor can be chosen arbitrarily, as long as the final result is not 
identical to zero. Different choices of the dummy extensor lead to equal-up-to-scale 
results. 

Notice that {17,12, 13, 27, 23, 3°} is a basis of ©?(V3). In the result of (4.6.37), 
the four deficit brackets are all composed of basis vectors. For the first deficit 
bracket [27 A 13 A 12], if choosing the dummy extensor U3 to be the trivector 
1? A 3? A 23 dual to 2? A12 A 13, then only the first term in the result of (4.6.37) 
is nonzero. Similar arguments go through to the other deficit brackets by choosing 
U3 to be the corresponding dual trivectors. 

Thus the result of (4.6.37) is four equal-up-to-scale forms of (LA2A4)(1A3A4): 


14) 34/4? A172 A12A 23, 
14A 34/42 A13A12A 2?, 
14/\ 384A 42 A172 A12A 2?, 
14A 34/4? A138 A12A 23. 


(4.6.38) 


Eliminating 14,34 from (4.6.38) by (4.6.36), and removing common factors 
—[123]~?, we get 


[124]713 A 37 A12A12A 23 A 4?, 

[234]1? A (—[134]23 + [124]37) A138. A 12/2?) 4?, 
[124]13 A (—[134]23 + [124]3?) A12A 12) 2? 4?, 
[124][234]1? A 32A13A12A23/ 4?, 


(4.6.39) 


from which and by symmetry we get the following three equivalent representations 
of the line-pair conic 12,13: 


127A 37 A12A13 A 23, 
1? A 2? A12A13A 23, (4.6.40) 
127A 27A37A12A13. 


In GC algebra A(V?), the representation of the intersection of two lines is very 
easy, but very complicated when it comes to two conics. In quadratic GC algebra 
A(©?(V")), the situation is reversed. 

First, consider two lines 12 and 34. In A(©?(V)), the lines are represented by 
1? A 2(12) A 2? and 3? A 2(84) A 4? respectively. By (4.6.26), their outer product 
is zero. Their intersection is 

(17 A12 A 27)U (87 A 34A 47) = [12 A (12) A 3? A (34) A 47] 2? 
—[1? A 2? A 3? A (34) A 47] 12 (4.6.41) 
+[(12) A 2? A 3? A (34) A 47]1?. 


According to (4.6.10), with respect to the basis 1,2 of line 12, the intersection is 


[2(12) A 2? A 3? A (34) A 47]1 — [17 A 2? A 3? A (34) A 47]2. (4.6.42) 
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In contrast, in A(V?) the intersection has a very simple expression: 
(1A 2) V (3A 4) = [134]2 — [234]1. (4.6.43) 
To verify that it equals (4.6.42) up to scale, we need to eliminate one point, say 
point 1, from the two deficit brackets of (4.6.42) by Cramer’s rule [234]1 = [134]2— 


[124]3+[123]4. Complementing the deficit brackets by selecting dummy point-pair 
U, = 24, we get the equality. 


Next, consider the intersection of two conics: 


(1? A 2? AS? Aa? AB?) V4" AQ? AB? 4? AB"), (4.6.44) 
If 1 = 1',2 = 2’,3 = 3’, then (4.6.44) equals 
1? A 2? A383? A ((571727374757]4? — [47172737425 7157), (4.6.45) 


Let the fourth point of intersection of the two conics be x € V3, where 
X = AQA31 + Ay A32 + AqA23. (4.6.46) 


Then (4.6.45) should be equal to 1? A 2? A 3? A x? up to scale. Eliminating x from 
1? \ 2? \ 3? \ x? by (4.6.46), we get that (4.6.45) equals 


1? A2? A387 A (G23 + AQ13 + 4312) (4.6.47) 
up to scale, which is another form of (4.1.28). 
Third, consider the intersection of line 12 and conic 1/2/3/4’5’: 
(1? A202) A2 V1" A227 A387 AA? AS) 
-_ ees a ad 3 A 2(12) =, [2(92)1'72"73"4757)12 A 2? (4.6.48) 
+ [17172737475 7)2(12) IN 22. 

If point 1 is on the conic, then by (4.6.10), the second point of intersection is 
(27172737 475")1 — (2(12)172"374"57)2. (4.6.49) 

In the general case, let x = \1+ 2 be a point at the intersection (4.6.48). Then 
the outer product of x? and (4.6.48) equals zero, i.e., 

Bl Ngee? a ae al ae dol2(12)17 2737475") ae Fraga eee ier aad —(. 
The discriminant of this quadratic equation is 

[a2 2"3°4"57/? _ a igs as Sa et i A al R-sears a als o (4.6.50) 
It equals zero if and only if the line is tangent to the conic. 

There are two remarks to make before ending this chapter. In the remark after 
Theorem 2.62, there is a Cayley expression (12 V34)(13 V 24) that is antisymmetric 
in 1,2,3,4, and it is not clear why it should be so in the setting of incidence 
geometry. In conic geometry, the expression represents the line connecting the two 
double-points of line-pair conics 17 \ 2? \3? \4? A2 (12) and 17A27A37A4?A2 (13) 
respectively, so it must be a linear functional of the pencil of conics represented by 
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12 A 2? 37) 4?. The antisymmetry comes from this 4-blade representation of the 
pencil of conics. 

Cubics in the plane can certainly be described and computed with the cubic 
Grassmann-Cayley algebra A(@3(V3)) and the cubic bracket algebra over V?. For- 
mally, all degree-m algebraic curves and surfaces of various dimensions can be de- 
scribed and manipulated with the m-ic Grassmann-Cayley algebra A(O™(V")) and 
the m-ic bracket algebra over V”. For m > 2, it is still not clear how the expan- 
sion of brackets from m-ic bracket algebra to [-ic bracket algebra for | << m should 
proceed. 
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Inner-product Bracket Algebra and 
Clifford Algebra 


When a vector space is equipped with an inner product structure, the linear trans- 
formations preserving this structure form the orthogonal group of the vector space. 
Orthogonal geometry is on the properties of the vector space that are invariant un- 
der the orthogonal group. Its geometric algebra and algebra of basic invariants are 
inner-product Grassmann algebra and inner-product bracket algebra respectively. 

To establish a complete system of advanced orthogonal invariants, a natural 
extension of inner-product Grassmann algebra called Clifford algebra is needed. 
The associativity and almost invertibility of the geometric product make Clifford 
algebra an ideal tool in solving multivector equations, including both algebraic and 
differential ones. 

The translation from Clifford algebra to inner-product Grassmann algebra is 
called Clifford expansion. The translation back to Clifford algebra is called Clifford 
factorization. This chapter introduces the two geometric algebras, with emphasis 
on the representations of Clifford algebra and the translation from Clifford algebra 
to inner-product Grassmann algebra. 

From this chapter on, the outer product is always denoted by “A”. The juxta- 
position of elements always denotes the geometric product in Clifford algebra. 


5.1 Inner-product bracket algebra 


5.1.1 Inner-product space 


An inner product, or scalar product, in YV", denoted by the dot symbol, is a bilinear 
symmetric function over Y” x VY”, with values in the base field K. Vector space Y” 
equipped with an inner product is called an inner-product space. 
An inner product naturally induces a quadratic form: 

Q(x) =x-x, Vx Ey”. (5.1.1) 
Conversely, a quadratic form determines an inner product by polarization, or more 
explicitly, 

Q(x + y) — Q(x) - Ay) 


x-y= eee ey (5.1.2) 


219 
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An inner product space is also called a quadratic space, when equipped with the 
quadratic form induced from the inner product. 

A linear isomorphism between two inner-product spaces, if preserving the inner 
product structure, is called an isometry. An isometry from an inner-product space 
to itself is called an orthogonal transformation of the inner-product space. 

Two vectors in Y” are said to be orthogonal if their inner product equals zero. 
An inner product is said to be degenerate, or V” is said to be degenerate, if there 
exists a nonzero vector in VY” that is orthogonal to every vector in Y”, including 
itself. 

If Y” is real, a vector in it is said to be positive, null, or negative, if the inner 
product of the vector with itself is positive, zero, or negative respectively. The sign 
of the inner product result is called the signature of the vector. If a subspace of 
y” has the property that any two vectors in it are orthogonal to each other, the 
subspace is called a null subspace, or totally isotropic subspace. 


Definition 5.1. In VY”, the set 
rad(V") := {x € V"|x-y =0, Vy €E V"} (5.1.3) 


is called the radical of Y". For a subspace represented by a blade A, its radical is 
denoted by rad(A). 


A classical theorem in linear algebra [48] says that there always exists a subspace 
VY’ in ¥”, such that 


yr =rad(V") @V’. (5.1.4) 
Let e1,€2,...,€, be a basis of V”. The matrix 
(e; ‘ C5 )i,jai.n 


is called the matrix of the inner product, or the Gram matriz, of the basis. If the 
matrix is diagonal, the basis is called an orthogonal basis. If the inner product is 
nondegenerate, the reciprocal basis of the basis e’s is another basis e*’s of V”, such 
that e; ej = 6i; for all 1 <i,j7 <n. Here 6,; is the Kronecker symbol, it equals 1 
if 7 = 7 and equals 0 otherwise. 

In the case K = R, the classical Sylvester’s Theorem in linear algebra says that 
by changing the basis, the Gram matrix can be diagonized such that the diagonal 
elements are all in {1, —1,0}. The respective numbers of 1, —1 and 0 in the diagonal, 
denoted by (p,q,7), are independent of the basis chosen. The triplet is called the 
signature, or index, of the inner product. A basis whose Gram matrix is in this 
form is called an orthonormal basis. If {e1,e2,...,@,} is an orthonormal basis of 
y”, then e* = €,e; for all 1 <i <n, where e; = e; - e; is the signature of e;. 

In the case K = C, again Sylvester’s Theorem says that by changing the basis, 
the Gram matrix can be diagonized such that its diagonal elements are all in {0,1}. 
The respective numbers of 1 and 0, denoted by (p,1), are independent of the basis 
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chosen. The pair is called the signature, or index, of the inner product. A basis 
whose Gram matrix is in this form is called an orthonormal basis. 

A real vector space of signature (p,q,1r) is often denoted by R?-”". If r = 0, 
the inner product is nondegenerate, and the space can be denoted by R”?. For 
example, an nD Minkowski space is a space R"~'+1. If furthermore q = 0, the space 
is an nD Euclidean vector space, denoted by R”, else if p = 0, the space is an nD 
anti-Euclidean vector space, denoted by R~”. A complex vector space of signature 
(p,r) is often denoted by C?”, and when r = 0, C?° is usually denoted by C?. 


Example 5.2. In Euclidean space R°, the inner product of two vectors a = 
(a1, a2, a3)" and b = (b1, bg, bg)" is 
a-b= ayb4 + ab + azb3. 
In anti-Euclidean space R~?, the inner product is 
a-b= —ay,b1 = agbe = azb3. 
The space-time in special relativity is the 4D Minkowski space R?:!. For two vectors 
a = (a1, a2,@3,a4)? and b = (by, be, b3, ba)? in R*", their inner product is 
a-b= a,b; + abe + a3b3 = aab,. 

A subspace of V” is naturally equipped with the inner product structure of V”. 
When the subspace is represented by a blade, the signature of the blade refers to 
the signature of the inner product in the subspace. Accordingly, if a blade is said to 


be null, or degenerate, or Euclidean, or Minkowski, or others, the meaning is that 
the inner product in the corresponding subspace has the indicated property. 


Definition 5.3. A Witt pair, or hyperbolic pair, refers to a pair of null vectors a,b 
such that a-b = —1. A Witt basis refers to a basis 


a;, b;,c; 1l<i<u,l<j<uv 5.1.5 
J 


of Y", where 2u = n — v, such that for any 1 <i < u, (a;,b,;) is a Witt pair, a; 
is orthogonal to all other basis vectors except b;, and b,; is orthogonal to all other 
basis vectors except a;, and c; is orthogonal to all other basis vectors. 


An orthogonal basis is a Witt basis without any Witt pair. For V” = R?%", 
the maximal number of Witt pairs allowed in a Witt basis is u = min(p,q); for 
y” = CP", the maximal number is u = [p/2]. 


Corollary 5.4. The dimension of any maximal null subspace of R?%" is r + 
min(p, g); the dimension of any maximal null subspace of C?*" is r + [p/2]. 


The classical Witt Theorem [48] states that for a nondegenerate inner-product 
space, a Witt basis of the whole space can be built by extending a Witt basis of any 
subspace. In particular, if a,,a2,...,ax is a basis of a null subspace of V”, then 
there exist null vectors b;,ba,...,b, € V” such that each (a;,b;) is a Witt pair, 
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and all such Witt pairs are part of a Witt basis of VY”. In contrast, an orthogonal 
basis of a subspace can be extended to an orthogonal basis of the whole space only 
when the inner product of the subspace is nondegenerate. Of course, any orthogonal 
basis of a subspace can be extended to a Witt basis of the whole space. 

The inner product in Y” can be extended to an inner product in the Grassmann 
space A(V") by Laplace expansions of determinants, as follows: 


Definition 5.5. The following scalar-valued product in A(V”), denoted by “|”, is 
called the Hodge scalar product: for vectors a’s and b’s in V”, 
(ay /\ ag A -+-Aa,) | (b, Abo A +++ ADs) = Ong (aja:...a, |bib2...b,) 
(5.1.6) 
:= Ors det(a;-b;)ij=1.r- 
Here (ajaz...a, |b b2...b,) is the Gram determinant det(a;-b;);,;=1..r, in letter- 
place notation (2.4.11), of blades aj \ag A--- Aa, and bj Abg A--- ADs. 
The reverse scalar product in A(V"), denoted by the dot symbol, is defined by 
(ay A\ag/- ‘ -Aa,) ‘ (by Abo: : ‘ADs) = (a; \ap_i A: : -Aay) | (by Abo: : ‘ADs). 
(5.1.7) 
The (Hodge, reverse) scalar product of A, 4 € K is defined as Ay. The (Hodge, 
reverse) scalar product of any two elements in A(V”) is the linear extension of the 
(Hodge, reverse) scalar product of blades. 


Definition 5.6. The magnitude of r-vector A, is defined by 


|A,-| = NV |A,, : A,| =V |A.. | A,|. (5.1.8) 
In particular, if an r-blade has magnitude 1, it is called a unit blade. The inverse 
of a blade A, is 


AS = (5.1.9) 


A,:- A,’ 


if the denominator is nonzero. 


b | aab 
| 

a-b | 
: a 


Fig. 5.1 a-banda/Ab. 


Example 5.7. In R”, the magnitude of a vector is its length. For two vectors a, b, 
let a= d-+c where d is parallel to b and c is orthogonal to b. Then 


a-b=d-b = é|d||b|, 
(aAb)-(aAb) =(cAb)-(cAb) = —(b-b)(c-c), 


where ¢ = 1 if b,d are in the same direction, and —1 otherwise. So 
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e ja- bj is the multiplication of the length of vector a and the length of the 

orthogonal projection of vector b into the 1D subspace a. 

|a A b| = |b] |e] is the area of the parallelogram spanned by vectors a, b. 

e In general, the magnitude of r-blade a; A --- A a, is the volume of the rD 
parallelotope spanned by the vectors a’s. 

e The absolute value of the scalar product (a1 A---Aa,)- (bi A---Ab,), is the 
multiplication of the volume of the rD parallelotope spanned by the b’s, and 
the volume of the rD orthogonal projection of the rD parallelotope spanned by 
the a’s into rD subspace b, A---Ab,. 


The following is a reformulation of (2.4.13) in the setting of Gram determinants. 


Definition 5.8. Let A, = aj;,,a;,,...,ai, be a sequence of vectors. For 0 < s <7, 
let there be a fixed partition (B,(;),B,2)) of sequence B, = aj,,aj,,...,a;, of 
shape (s,r—s). The Laplace expansion of the Gram determinant (A,.| B,-) by this 
fixed partition of places, is 


(A,| B,-) a S- (Ar(1) | B,1)) (Ar(2)| B,(2))- (5.1.10) 
(s,r—s)FA, 


Lemma 5.9. [Laplace expansions of scalar products] For r-blades A,. and B,., and 
for any 1 <1 <r, let (Aj), A‘ (2)) be a fixed partition of A, of shape (r — 1,1), 
and let (B;.(1), By.(2)) be a fixed partition of B, of shape (/,r — 1). Then 


A,:-B, = » (Ara): Bia) (Arq) Bia) 
(r—LDFA, 


= So (Aj (2) . B,)) (Av) : B,(2)). 
(l,r—1)FB, 


(5.1.11) 


Proof. When each inner product A; -B; is replaced by the corresponding Gram 
determinant (A; | B;) in letter-place notation, the vectors in A; serve as the column 
indices (letters), and the vectors in B; serve as the row indices (places). The two 
equalities in (5.1.11) are just the Laplace expansions of the determinant (A, |B,) 


by 1 rows, and by J columns, respectively. OJ 


Proposition 5.10. [Grassmann-Pliicker identity of scalar products] Let A,4+1, 
B,._; be two sequences of vectors of length r+ 1,r— 1 respectively. Then 


S> (AArtigy) (A Arti)Brs) = 0. (5.1.12) 
(r,I)FAryi 


It can also be written as an identity of Gram determinants: 


S> (Artigy| ArtigyBr-1) = 0. (5.1.13) 
(r,1I)FAr+1 
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Proof. The left side of (5.1.13) can be written as the following more explicit form: 


r+l1 
Soni (ar bea aj ee a,+il|aiby ees b,_1). 


i=1 
Expanding the determinants in the sum by their first rows, we get 


(SUED + S01") (aj - aj) det(ax - by) kAig, = 0. 
= —1 


j<i j>i I= 


O 


Corollary 5.11. [van der Waerden identity of scalar products] For r > s, let 
A, B,+1, C-—s—1 be sequences of vectors of length s,r+1,r—s— 1 respectively. 
Then 


SY) (AASBrtiay) (A Br4i(2)Cr—s—1) = 0. (5.1.14) 
(r—s,s+1)FB,41 
It can also be written as an identity of Gram determinants: 


S> (AsBr4i(1y| Br+i2)Cr—s—1) = 0. (5.1.15) 
(r—s,st+1)FBr41 


Definition 5.12. The Hodge interior product in A(V"), also called the Hodge inner 
product, or the two-sided contraction, still denoted by “|”, is a bilinear mapping from 
A(V") x A(V”) to A(V”) as follows: for any vectors a’s and b’s, for any r-blade A, 
and s-blade B,, where r < s, for any \ € K, 


Ss 


a | (bi A+++ Abs) = $0(-1)*1(a- bj) bi A+ Abi A+++ ABs, (5.1.16) 


li he RBS | Bice toe hOd | to BD: (5.1.17) 
B, |A, := (1) A, |B,, (5.1.18) 
AJA, := AA,. (5.1.19) 


The reverse inner product (or reverse interior product) in A(V"), henceforth 
always called the inner product, and still denoted by the dot symbol, is a bilinear 
mapping from A(V") x A(V”) to A(V”) defined by 


(aj \ag A+++ Aa,) + Bs := (ar Aap-1A-:+:Aaz) | Bs. (5.1.20) 
It has the following symmetry induced from (5.1.18): 
A, B= (1) OB, Ay, (5.1.21) 


Two multivectors are said to be orthogonal, if their inner product equals zero. 
Two blades are said to be completely orthogonal, if any vector of one blade is or- 
thogonal to any vector of the other blade. 
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Remark: (1) In this book, when we use the scalar product of two multivectors, 
we always assume that they are homogeneous multivectors of the same grade. In 
such a setting, the scalar product always agrees with the inner product, so there is 
no need to introduce any different notation. 

(2) The sign in (5.1.18) is introduced in order to make the relation (5.1.20) sign- 
free. A more natural definition is to set B, |A, = A, |B,, with the trade-off that 
(5.1.20) is changed into 


(a; \ap_1 A-+:Aaz) | Bs, ifr<s, 
r—s)(r—s—-1 
(-1)° = * (a, Aarp-1A++:Aayi) | Bs, if r>s. 


In comparison, (5.1.20) is more convenient in the translation between the Hodge 
inner product and the reverse inner product. 

(3) In Clifford algebra, conventionally the inner product of a scalar and a mul- 
tivector is set to be zero. We feel that it brings much more disadvantages than 
advantages in symbolic computation, so we have to abandon it. In the above defini- 
tion, the inner product of a scalar and a multivector is the scaling of the multivector 
by the scalar. An immediate corollary is that the inner product when restricted to 
the set of scalars and pseudoscalars, is always associative and commutative. 


(ohm AsAa,) Be =| 


From Corollary 5.11 and Definition 5.12, we get 


Corollary 5.13. [van der Waerden identity of inner products] For any r-blade A, 
where r > 1, for any l<s<r-1, 


(r—s,s)FA, 
Proposition 5.14. The inner product of any two blades is a blade. 


Proof. By Definition 5.12, we only need to prove that a- B, is a blade for any 
vector a and s-blade B,, where s > 2. On the right side of (5.1.16), any two blades 


differ by a vector factor. By Corollary 2.79, a- Bg is a blade. L 


Proposition 5.15. [Laplace expansions of inner products] 


(1) Let A,, B, be blades of grade r,s respectively, where r < s, then 


A,-B,s= 5S) (Ar: Bay) Bsa), (5.1.23) 
(r,s—r)FBs 
A,|Bs= S> (Ar| Bsa) Bsq- (5.1.24) 
(r,s—r)FBs 
(2) Let A,, B,,C;, be blades of grade r, s,t respectively, where r+ s < t, then 
(A, AB,)-C; = A,- (B;-C;), (5.1.25) 
(A,-C;)-B, = A,-(C;-Bs), (5.1.26) 
(A, AB,) |C; = B, | (A, |Cz). (5.1.27) 
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Proof. (1) Induction on r. When r = 1, (5.1.23) is just (5.1.16). Assume that 
(5.1.23) holds for r—1<s. Let A, = A,—1Aa,, then by induction hypothesis and 
(5.1.11), 


A, : B, = Ar-1 : (ay Bs) 


= Ani: SD (ar Bay) Be) 
(1,s—1)F Bs 


= S- (a, - Bs(1)) (Ar-1° Bs 2)) Bs 3) 
(1,r—1,s—r)FB, 


= D0 (Ar Bsa) Bs): 
(r,s—r)FBs 
(5.1.24) is another form of (5.1.23). 
(2) By (5.1.17), ifr < s, then 
(ay A-+-Aa,):Bs = (a1 A-+: A ap_i): (ar: Bs). (5.1.28) 
Continuing the transfer of a; to B, in this way, we get, for any 1<k<r, 


(aj \--:-AagA--:Aa,):- Bs = (ar A+++ A ag): (anya A+++ Aa,):Bs), (5.1.29) 


which is exactly (5.1.25) if we replace a; \--- A ax by A,, replace agy1 A-+: Aa, 
by B,, and replace B, in (5.1.29) by Cy. (5.1.26) and (5.1.27) are rewritings of 


(5.1.25). L] 
Remark: If r+ s = t, by substituting (5.1.23) into (5.1.25), we get (5.1.11). This 


justifies that the above proposition is the extension of Laplace expansions from 
scalar products to interior products. 


Corollary 5.16. Let A,,B, be r-blade and s-blade respectively. Then for any 
0<i<min(r,s), 


1 
A,B, = i » (A,(2) -Bs 1) (Arc) -Bs,2))- (5.1.30) 
min(r,s) (r—i,i)FAn, 
(i,s—i)-FBs 


Example 5.17. Let VY” be a nondegenerate inner-product space. For any vectors 
Uj, Ug and bivector Ag, let 


Bo = (Ay . (uy ‘A u2)) Agt (Ay . ui) A (Ag . uz). 


Prove that the two equations (Ay - u;)- By = 0 for 7 = 1,2 are equivalent to the 
following n equations in bivector variable u; A us: 


(ui A ug): (Ag: (Ag: (Ao: (ur Aug Av)))) = 0, V basis vector v € VY”. (5.1.31) 
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Proof. First, the vectorial equation (A2 - u;)- Bz = 0 is equivalent to a set of n 
scalar equations of the form 
((Az- u;)- Ba). v =0, (5.1.32) 
where v € VY” is any basis vector. We have 
((Ag 7 u1) : Bo) “v= —Bo ‘ ((Ag , u1) A v) 
= —(A» ‘ (uy A u2)) Ao * ((Ag : ui) A v) 
= (Ay * ui) : v) (Ag Bi ui) : (Ay 7 uz) 

A» : ui)? (As : U2) ‘Vv 
2+ (Uy A uz)) (A2-v)- (A2- uy) (5.1.33) 
9-8 (uy Av)) (As ‘ ui) 2 (Ay : uz) 
9° uj)? As : (ug Av) 
A2+uy): (Ag: (Ag: (ur Aug Av))) 
=-uU\: (Ag ‘ (Ao : (As ‘ (uy A Ug Av)))). 


A 
A 
A 


( 

( 

=f 

( 

( 

( 

If uy A ug = 0, then Bz = 0, and the input equations are trivial. Assume that 

uy A U2 x 0. By writing ((Ag ‘ u;) . Bo) -v=0O0as u3_;(((A2 : u;) , Bo) v) = 0 for 
i = 1,2, we get, by (5.1.33), 


u2(((A2- ui): Bz): v) — ui(((A2 - uz) - Bz) - v) 
= (uy A uz) : (Ao : (Ag : (Az (uy /\ Ug A v)))). 


5.1.2. Inner-product Grassmann algebra 


The interior product enables us to define a basis-free dual operator, in contrast 
to the basis-dependent dual operator “x” in Definition 2.23. Assume that V” is a 
nondegenerate inner-product space, and I,, is a unit pseudoscalar in A(V”). 


Definition 5.18. The reverse dual operator in A(V”), henceforth called the dual 


operator with respect to I,, denoted by “~”, is a linear operator defined by 


A™ :=A-I7', VAE A(V"). (5.1.34) 


The Hodge dual operator, still denoted by “x”, is a linear operator in A(V”) defined 
for any r-blade A, by 


((*Ar) | Bn—r)In = Ar ABn-r, VBn—r € A"-7(V”). (5.1.35) 


The Hodge inner product and the reverse inner product each generate a dual 
operator. Their difference is only the sign of the result. The Hodge formalism is 
convenient in geometric interpretation, but inconvenient in algebraic manipulation. 
It is used primarily in differential geometry. The reverse formalism has the opposite 
property. Because of its algebraic advantage, the reverse formalism is adopted in 
this book as the default one. 
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Example 5.19. Let E, = e1,€2,...,@, be a fixed orthonormal basis of R”, such 
that L, =e1 \egA--:Ae,. Then the reciprocal basis is ef = e; for 1 <i <n. For 
any fixed bipartition (En (1),En(2)) of En, it is easy to verify that 


(5.1.36) congrues with (2.3.21), showing that when VY” = R”, the Hodge dual op- 
erator defined by (5.1.35) agrees with its earlier version in Definition 2.23. When the 
basis undergoes a special orthogonal transformation, (5.1.36) is unchanged. From 
this aspect, we can say that in A(R”), the basis-dependent Hodge dual operator 
given in Definition 2.23 is independent of the selected orthonormal basis of R”. 


Definition 5.20. The inverse dual operator in A(V"), denoted by “~~”, is a linear 
operator defined by 


A~ :=A-I,, VA € AV"). (5.1.37) 
Lemma 5.21. For any integers n,r, 
(1) HD elm) 
(1) calc Co ee (5.1.38) 
Proposition 5.22. For any A € A(V”), 
(AY)-Y = (ATY)Y =A. (5.1.39) 
Proof. Let e,,e2,...,@n be an orthonormal basis of V”. Let e; - e; = €;, where 


€? = 1. By linearity, we only need to consider the case where A = e; \e2 A+++ Ae, 
andl<r<n-1. Since I, =e, \e2A--- Aen, 


n(n—1) 


lpi =(-1)" Ff e1€9:-+€nIn. (5.1.40) 


By Lemma 5.21, 


(ey Aeg A-+:Ae,)7~ = (-1) a €1€2 °° €p Cry NCry2 A+++ An, 


= 2 2 2 
™—"erveg e+: €rer 41 Eppa °° En 


e, Neo A:::- Ae, 
r(r—1) 


= (-1) 2 €1€9°*'€rp ey N@gA°::Ae,p. 


(er41 A@ry2 A+++ A€n)~ = (-1) i 


So (A~~)~ = A. The other equality can be proved similarly. L 


In A(R®*?), any two nonzero pseudoscalars differ by a nonzero scale, and the 
sign of the scale divides the set of pseudoscalars into two equivalent classes. Pseu- 
doscalars differing by positive scales represent the same orientation of R?:?. Let I, 
be a unit pseudoscalar in A(R??). Then R?? together with orientation I, is called 
an oriented real vector space. 

In fact, the oriented space can be compactly represented by a single algebraic 
element, the pseudoscalar I,,, for both the vector space and its orientation. There 
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are two unit pseudoscalars in A(R??). They differ by sign, and represent the two 
opposite orientations of R’?. An orthogonal transformation keeping the orientation 
invariant is called a special orthogonal transformation. The special orthogonal group 
of R?? is denoted by SO(p,q), while the orthogonal group of R?? is denoted by 
O(p, q)- 


Definition 5.23. In the Grassmann algebra over a nondegenerate inner-product 
space V” with a fixed unit pseudoscalar I,,, the bracket of a pseudoscalar A, is 
defined by 


Aga AS = Agel, (5.1.41) 
Notation. Let I,, be the unit pseudoscalar defining the bracket by (5.1.41). Set 
i= Ly. | TK (5.1.42) 

For example, in (5.1.40), 
L = €1€2°** Ep. (5.1.43) 


If V” =C”, then. = 1; if V” = R?4, then s = (—1)?. 

The above definition of a bracket by the reverse dual operator congrues with 
the classical definition by the determinant of the homogeneous coordinates, in both 
the real case and the complex case. The Hodge dual operator, however, defines a 
bracket different from the classical one in the real case R??, by sign (—1)?. 

A linear involution, or simply called involution, refers to an invertible linear 
transformation having the property that its composition with itself is the identity 
transformation. The reverse dual has the advantages that it is a grade-independent 
involution, is clean both in representing the duality between the inner product and 
the outer product, and in defining the meet product with the inner product, as to 
be seen in the following proposition. 


Proposition 5.24. In A(V"), where V” is a nondegenerate inner-product space, 
the inner product and the outer product are dual to each other, in the sense that 
for any r-blade A, and s-blade Bg, 


(A,-Bs)~ = A; ABZ, if r< s; (5.1.44) 
(A; ABs)~ = A,- BY, ifr+s<n. (5.1.45) 
Furthermore, 
(AY)~ = (-1) “LA, (5.1.46) 
AY BY = (-1)" 3 +6"-D, A, Bg. (5.1.47) 


Proof. (5.1.46) is direct from (5.1.40) and (5.1.43). (5.1.45) is direct from 
(5.1.25). Setting C,_, = By in (5.1.45), we get (A, - Cyn_s)"~ = A, A C)%,. 
By (5.1.46), we get (5.1.44). 
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Ifr > s, thenn—r<n-—s. By (5.1.45), (5.1.44) and (5.1.46), 


AY. BY = (AY AB.) 
= (-1)°") (Bs AAY)~ 
= (-1)°"") (Bs Ay)~)~ 
= (-1)8-)+ "=" LB, A, 
= (-1) FP +5(2-D, A, Ba. 


If r < s, by (5.1.21), we still get (5.1.47). 


Lemma 5.25. For any r-blade A, 


n(n—1) , r(r—1) 
ag ta 


*A, = (-1) Aw =A, |I,. 


O 


(5.1.48) 


Proof. For any (n—1r)-blade By_,, by (5.1.35), (5.1.38), (5.1.40) and (5.1.43), 


(*A,) | Bn_r = 
1") (Bap A Ap)” 
i 7B . AY 
) (m=r)(n=r-1) 
) 


1)" n—r)+ 


A, |Bn-r 


A; A Bn-r)~ 
= (A, Ty") |Bn-r 


n(n—1) , r(r—1) 
2 a 


1 


( 
( 
aad 
( 
( 
U(Ar |Tn) |Bn—r- 


O 


The following proposition is a rewriting of Proposition 5.24 from the reverse 
formalism to the Hodge formalism. In comparison, the signs in the formulas are 


more complicated than those in Proposition 5.24. 


Proposition 5.26. For any r-blade A, and s-blade Bg, 


*(A,|Bs) = (—1)"S-A,. A («Bs), ifr <s; 
*(A, ABs) = (-1)7"F> +A, | («Bs), ifr+s<n; 
*(*xA,) =(- i? ae a aed tr(n— "Ay; 

(*Ax) | (*B,) = (-1) "Et neh Ay |B.. 


We have the following clean result: 
Proposition 5.27. If r+ s5>n, then 
«(BY - A,.) = (*A,) A («B;s). 
Proof. Replacing A,. in the first formula of (5.1.49) by *A,, we get 
*((*A,) |Be) = (-I) P69 (4 A,) A (#Bs) = (—1)7" (#B,) 
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A (*A,). 
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Alternatively, by (5.1.48) and Lemma 5.21, 


i Sole oo i) 


(«A,) |Bs = (-1) A~.B, = (-1)"- Az - B,,. 
L] 


In Definition 2.25, the meet product is defined by *(A, V Bs) = (*A,) A («Bs). 
Comparing this with (5.1.50), we get the following beautiful dualities: 


Proposition 5.28. For r-blade A,. and s-blade B,, where r+ s>n, 


A,VB, = BY-A,, 


(A, VB,)~ = BY AA®. e280 


In fact, (5.1.51) can be obtained directly from the Laplace expansion (5.1.23) of 
the inner product and the shuffle formula (2.3.32) of the meet product. For example, 


By A, = S> (BY: Anay)Ar(ay = S> [ArqyBsJAr(a)- (5-1.52) 
(n—s,r+s—n)FA, (n—s,r+s—n)FA, 
In [77], the (reverse) dual is defined by A, VB, = A~ - Bg. It is incompatible 
with the shuffle formula of the meet product, so it has to be revised to (5.1.51). 


Definition 5.29. The Grassmann space over a nondegenerate inner product space 
y”, when equipped with the outer product, the inner product, and the dual operator 
with respect to a fixed unit pseudoscalar, is called the inner-product Grassmann 
algebra over Y", still denoted by A(V”). 


Since the meet product can be defined by the inner product and the dual oper- 
ator, the inner-product Grassmann algebra generates a Grassmann-Cayley algebra. 
It enables us to do all projective geometric computing by inner products, outer 
products and dual operators. 

For a vector space VY” without any inner product structure, by fixing a nonzero 
pseudoscalar in A(V"), we can define the bracket operator and the meet product. 
They are basis-independent operators, and are meaningful in projective geometry. 
By further fixing a basis of V”, we can define the dual operator with respect to the 
basis, and define an inner product structure in V” as follows: 


a-b:= [aA (xb)] =a V (xb). (5.1.53) 


This inner product has Euclidean signature, and changes V” into R”. Thus, by 
fixing a basis of V", we can generate a Euclidean inner-product Grassmann algebra 
from the GC algebra over Y”. 

For a nondegenerate inner-product space V”, by fixing a nonzero pseudoscalar 
in A(V"), we can define a GC algebra over V”. This algebra does not include the 
inner product. Introducing the dual operator based on an orthonormal basis of VY”, 
is equivalent to introducing the inner product into the GC algebra and changing it 
into an inner-product Grassmann algebra. 
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So no matter whether or not Y” is equipped with an inner-product structure, 
GC algebra + dual operator = inner-product Grassmann algebra. (5.1.54) 


Since the dual operator, or equivalently, the inner product, is invariant only by a 
change of basis in the orthogonal group of V”, for invariant computing in projective 
geometry, inner-product Grassmann algebra is not the correct language. 

Below we investigate the geometric meaning of the dual operator and the inner 
product in inner-product Grassmann algebra. 


Proposition 5.30. Let A, be an r-blade in A(V”). Then A‘ represents the or- 
thogonal complement of the rD subspace A, in VY”. If V” = R”, then the orientation 
of A, succeeded by the orientation of +A, is the orientation of V”. 


Proof. For any vector a € A,, a: AY = (aA A,)~ = 0. If V" = R”, then 
A,|A, > 0. By the first equality in (5.1.49), A, A (xA,) = *(A,|A,) = 


(A, | A,)I, represents the same orientation of VY” as I,. L] 


For example, in the Euclidean plane R?, the Hodge dual of any vector a is 
obtained by rotating a 90° in the orientation of the plane. In the Euclidean space 
R°, the Hodge dual of any bivector a/ b is, by the right hand rule, a normal vector 
of the oriented plane a A b. 

In A(V"), let A,,B, be r-blade and s-blade respectively, where r < s. Then 
A,-B, is an (s — r)-blade in A(B,). When V" = R”, let A, = a; A--:Aa,, and 
let a; = d; +c;, where d; € B,, c; | B,. Then 


(a, A---Aa,)-Bs = (di A-:-Ad,)- By. (5.1.55) 


Clearly, dj A--- Ad, is the rD orthogonal projection of A, into subspace B,. By 
this and Proposition 5.30, we get 


Proposition 5.31. In A(R”), for r-blade A, and s-blade B, where r < s, blade 
A,B, represents an (s — r)D subspace in sD space B,, which is the orthogonal 
complement of the rD orthogonal projection of space A, into space B,. Its mag- 
nitude equals the multiplication of the volume of the sD parallelotope B, with the 
volume of the rD orthogonal projection of the rD parallelotope A, into space Bs. 


Let B, be an s-blade having nonzero magnitude. Then B;! = B,/(B; - Bs) 
exists. Again by Proposition 5.30 and (5.1.55), when r < s, the dual of A,-B, in 
A(B,) is the orthogonal projection of A, into B,: 

Pg,(Ar) := (A, - Bs) -B;?. (5.1.56) 
When r > s, define Pg, (A,;) = 0. The linear operator Pg, does not depend on the 


scale of Bs, so it is an operator determined by vector space Bg, called the orthogonal 
projection operator into Bs. Its orthogonal complement 


Pg.(A) = A— Pp,(A), VA € A(V”), (5.1.57) 
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is called the orthogonal rejection operator from Bs. 


Proposition 5.32. Let a be a vector and B, be an s-blade, where 0 < 5s < n. 
Then 


Pg. (a) = (aA B,)-B;’. (5.1.58) 
Proof. By (5.1.45) and (5.1.47), 
e ere aA\B,;)~-BY (aAB;)-Bs 
Pg, (a) = Ps-(a) = (a-By)- (By t = BOR Be OB 


As a corollary, the orthogonal decomposition of any vector a with respect to 
subspace B,, where s > 0, is 


a= Pp,(a) + Pg, (a) = (a-B, +aAB,)-B,". (5.1.59) 


Proposition 5.33. Pg, is a homomorphism of Grassmann algebras from A(V”) to 
A(Bs). 


Proof. For two vectors a and b, by (5.1.39) and the fact that Pg,(a) and Pg,(b) 
are respectively the orthogonal projections of a and b into subspace B,, we get 
Pg.(aAb) = ((a\b)-B,)- By 
= ((Pp, (a) A Pp,(b))-Bs)- By? 
= Pp,(a) A Pp, (b). 


The proof of the general case Pg, (ai A---Aa,;) = Pp,(ai)A-::A Pp, (ar) is similar. 


O 


5.1.3 Algebras of basic invariants and advanced invariants 


Brackets and inner products of vectors are two basic invariants in orthogonal geome- 
try [189]. In Euclidean orthogonal geometry, inner products of vectors are equivalent 
to squared distances of points in that one can be represented by the other. It is 
well known that distances are the basic invariants in Euclidean geometry, so why 
do we resort to two other invariants and call them “basic invariants” ? 

First, let a = (a1,...,@n)" be a vector in R”. The distance between the origin 
and the end of the vector is 


jal = \/av +---+ 2, (5.1.60) 


which is not a polynomial function of the Cartesian coordinates. An algebraic 
invariant refers to a polynomial of coordinates that is invariant under the group of 
coordinate transformations. Only when the distance is squared can we treat it as 
an algebraic invariant. 
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Second, a bracket is another algebraic invariant. It cannot be represented as 
a polynomial function of the inner products of vectors, so it is another generator 
of the algebra of orthogonal invariants. It is a classical result in invariant theory 
[189] that inner products of vectors and brackets generate all algebraic invariants 
in orthogonal geometry. 

The two basic invariants are related as follows. First, starting from the Cramer’s 


rule for n+ 1 vectors Anyi = a1, €2,..-, Andi, 
» Ant+1(1)l[An+1(2)] = 0, (5.1.61) 
(1,n)FAn4i 


and making inner product at both sides with a vector b, we get 
S> (Anti +b) [Antica] = 0. (5.1.62) 
(1,n)FAn41 


The left side of (5.1.62) is called an inner-product Grassmann-Pliicker syzygy (IGP). 
Second, consider the multiplication of two brackets: 


lay oss Slr aes byl ey Ave Aa, IS? «(hy Ame Ab, ast 
= ((a1 A+++ Aan) | (b1 A+++ A bn)) Gat] T7") 


= t(a,...a,|bi1...b,) eres) 
= edet(a;- b;)ij=1..n- 
It is called the Laplace expansion of the two brackets. When written as 
[ay ...a,][bi...b,] — (ar... an | bi... bn) = 0, (5.1.64) 


the left side is called a bracket Laplace expansion syzygy (BL). 
By (5.1.64), (5.1.13) and (5.1.15), we get immediately 


Proposition 5.34. All GP and VW syzygies among brackets in A(V"), where VY” 
is an inner-product space, are generated by BL syzygies. 


It is another classical result in invariant theory that the two kinds of syzygies, 
IGP and BL, generate all syzygies among brackets and inner products of vectors. 
Based on this result, we can define the following inner-product bracket algebra. 


Definition 5.35. [Definition of inner-product bracket algebra] Let ai,...,am be 
symbols, called atomic vectors, and let m > n. 


e Let the [a;, ---a;,] be indeterminates over K for each sequence of indices 1 < 
i1,...,4m <™m, called brackets. 

e Let the aj, -aj, be indeterminates over K for each ordered pair 1 < j1,j2 <‘m, 
called inner products of vectors. 


The nD inner-product bracket algebra generated by the a’s, is the quotient of the 
polynomial ring generated by the brackets and inner products of vectors, modulo 
the ideal generated by the following syzygies: 
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Bl. [aj,---aj,] if 4; = 7%, for some j # k. 

B2. [aj, ---ai,] — sgn(o)[ai,g) *** Aig¢,)| for any permutation o of 1,2,...,n. 

IS. (Inner-product symmetry) a;-aj; —a,;-a; if i #7. 

IGP. Inner-product Grassmann-Pliicker syzygy (5.1.62), with a;,b denoting 
aj,, Ak. 

BL. Bracket Laplace expansion syzygy (5.1.64), with a;,b; denoting a;,,a;,, and 


(a,...a,|bi...b,) denoting the completely expanded form of the determi- 
nant. 


In (2.3.35), it is shown that any VW syzygy in bracket algebra can be obtained 
from the following meet product expansion: 


A, Vv Bry Vv Ch—r-1 — S- [ArBn+1(2)|[Bn4+1()Cn-r-i. (5.1.65) 
(r+1,n—r)FBn41 


In inner-product bracket algebra, there is a similar result. Since an inner-product 
Grassmann algebra is just a GC algebra equipped with a dual operator, we only 
need to consider the influence of the dual operator upon the right side of (5.1.65). 
There are two other cases besides (5.1.65). 

Case 1. Cp_,—1 = D1. Then 


[Bn+1(1)Cn-r—1] = (Bn+1(1) \ Dr41)~ 
= Bn+1(1) : (Dr1)~ 


n(n—1+r(r+1 
a a 


) 
L Br+ic] D,41 


n(n—1)+r(r-+1) 
¢(Bn+1(1)| Dr+1)- 


(5.1.66) 


Substituting (5.1.66) into (5.1.65), we get the following inner-product van der Waer- 
den syzygy (IVW) for 0<r <n: 


[ArBn+1(2)] (Bn+1(1) |Dr+1). (5.1.67) 
(r+1,n—r)FBn41 
Clearly the IGP syzygy (5.1.62) is an IVW syzygy for r = 0. 
Case 2. Cn_r—1 = Df, and A, = Ey_,.. Let F,,41 be the sequence of vectors of 
D,+1 followed by those of E,,_,. By similar argument, and using Laplace expansions 
of determinants, we get that (5.1.65) equals, up to scale, 


S- (Bn4 1(2)| En—r) (Bn4 1(1)| D,+1) = (Bn4i| Fn41)- (5.1.68) 
(r+1,n—r)FBn4i1 


The right side of (5.1.68) is called an inner-product Laplace expansion syzygy (IL). 


Proposition 5.36. Any IVW syzygy is generated by IGP syzygies, and any IL 
syzygy is generated by IGP and BL syzygies. 
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Proof. The second statement is obvious from the Laplace expansion of 
(Bniil Fn+4i) by any row (or column). For the first statement, assume that it 
is true for (5.1.67) where r = k-—1<n-—1. Forr=k, let Dgy1 = Dy Ad, where d 
is a vector. By Laplace expansions, IGP relation (5.1.62) and induction hypothesis, 


S- [AcBn+1(2)] (Bn+11)| De+1) 
(k+1,n—k)FBn4i 


a Ss? [AcBn+1(3)] (Bn+1(2) -d) (Bn+i(1) | Dx) 
(k,1,n—k)FBn4i 


= S> (Aggy 4) [AkayBn41Q] (Bn4iqy| De) 
(k,n—k+1)FBny41, 
(k-1,1)KFA, 


= 0. 


XO 


Compared with bracket algebra, inner-product bracket algebra is much more 
complicated in that the defining syzygy BL contains as many as n! + 1 terms, 
all but one of which come from the complete expansion of the determinant 
(a; ...a,|bi...b,). The inner-products of vectors satisfy only two syzygies, the 
symmetry syzygy IS and the inner-product Laplace expansion syzygy IL. The latter 
is a polynomial of (n + 1)! terms in inner products of vectors. 

To effectively employ such syzygies, we need to introduce the Hodge interior 
products of blades, or equivalently, minors of the inner-product matrix of the gen- 
erating vectors in letter-place notation, (a;,...aj,|aj,...aj,) for allO <r <n. 
On one hand, as polynomials of inner products of vectors, they are advanced in- 
variants; on the other hand, they can be used to slow down the size explosion of 
Laplace expansions by replacing complete expansions with incomplete ones. 


Definition 5.37. [Definition of graded inner-product bracket algebra] Let aj,.. 
am be symbols, called atomic vectors, and let m > n. 


*?) 


e Let the [a;, ---aj;,,] be indeterminates over K for each sequence of indices 1 < 


11,---;4n <™, called brackets. 
e For any 1<r<_n, let the (aj, ...a;,| ax, ...ax,.) be indeterminates over K for 
every ordered pair of sequences 1 < j1,...,jp < mand 1 < ky,...,k, < m, 


called r-graded inner products, or Gram r-minors. 


The nD graded inner-product bracket algebra generated by the a’s, is the quotient of 
the polynomial ring generated by the brackets and graded inner products, modulo 
the ideal generated by syzygies B1, B2, IGP in Definition 5.35, where a; - a; is 
replaced by (a;|a,;), together with the following syzygies: 


GI1. (aj, ...aj,| ax, ..-ak,) — (Ag... ax,| aj, ---ay,) if the two sequences are not 
identical. 
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GI2. (aj, ...a;,| ax, ---ak,) if jp = jq for some p F g. 

GI3. (aj, ...a;,| ax, ---ax,) — SEn(7) (Aj,q) +++ Aj,(,)|@k, ---Ak,) for any permuta- 
tion o of 1,...,7r. 

GIL. Graded inner-product Laplace expansion syzygy by (5.1.10), with A,,B, 
denoting two subsequences of the a’s of length r: 


(A,|B,) _ b> (Ar()| Bry) (A,(2)| Bray). 
(s,yr—s)FA,. 


Geometrically, graded inner-product bracket algebra introduces the cosines of 
the angles formed by high dimensional linear objects. The cosine of a sum of finitely 
many such angles, in general, can only be represented by a complicated polynomial 
in this algebra. To complete the system by allowing sums of angles to be advanced 
invariants, the inner-product Grassmann algebra must be extended to the Clifford 
algebra based on the same inner-product space. 


5.2 Clifford algebra 


Definition 5.38. The Clifford algebra CL(V") over an inner-product space V”, is 
the K-algebra obtained as the quotient of the tensor algebra ®(V”) modulo the two- 
sided ideal, called generating ideal, generated by elements of the form x ® x —x-x, 
for all x € ¥”. The numbers field K is a 1D subspace of the algebra, and the unit 
map in this algebra is the identity transformation in K. 

The quotient of the tensor product modulo the generating ideal is called the 
geometric product, also known as the Clifford product, or Clifford multiplication. 
When CL(V") is viewed as a vector space, it is called a Clifford space. Its elements 
are called Clifford polynomials. A Clifford monomial is the geometric product of 
finitely many vectors. 


Equivalently, the generators of the generating ideal can be enlarged to x @ 
yty®x-—2x-y, for all x,y € V”. The procedure of changing a tensor into 
its equivalent class modulo the generating ideal is called Cliffordization. It is the 
canonical quotient map from tensor algebra to Clifford algebra. 


Notations. 

From now on, the geometric product is always denoted by juxtaposition of el- 
ements, and precedes all other products by default. The geometric product of r 
identical elements is denoted by the r-th power of the element. The mapping from 
several elements to their geometric product is denoted by a multilinear map cl from 
CL(V") x CL(V") k «++ x CL(V") to CL(V"), which can also be taken as a linear 
map from @(CL(V”)) to CL(V”): 


cl: @(CL(V")) — CLV") 


5.2.1 
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Informally, a Clifford algebra is generated from an inner-product space by the 
geometric product under the generating relation that the geometric product of any 
vector with itself is their inner product. Formally, C£(V") is the unique associative 
and multilinear algebra with the following universal property: if there is any isome- 
try f from VY” into an inner-product K-algebra A, then f can be uniquely extended 
to an isometry from CL(V”) into A. 

When the inner product is completely degenerate, z.e., the inner product of 
any two vectors is zero, the corresponding Clifford algebra is just the Grassmann 
algebra. In other cases, the two algebras are different mainly by their gradings. 


Notation. For integers p, q, [p/q] is the standard notation of the biggest integer 
that is less than or equal to p/q. For example, [1/2] = 0, [0] = 0, [—1/2] = —1. 


The Z-grading in Grassmann algebra is identical to that in tensor algebra, by 
imbedding the Grassmann space into the tensor space as the subspace of antisym- 
metric tensors. The grading in Clifford algebra is influenced by the nonzero inner 
products of vectors: a tensor aj ®a2®---@a, of grade r is equivalent by Cliffordiza- 
tion to a tensor of grade ranging from r — 2[r/2] to r. In Clifford algebra, tensors 
of different grades can represent the same element, and there is no natural heritage 
from the Z-grading of tensor algebra. In contrast, a tensor a, ® ag ®-:: @a, of 
grade r modulo the generating relations a ® a = 0 for all a € V”, becomes either 
zero or an antisymmetric tensor of grade r. In Grassmann algebra, the heritage 
from the Z-grading of tensor algebra is natural. 


Example 5.39. [130] Based on R?, a whole family of isomorphic Clifford algebras 
can be generated. Let e1;,e2 be an orthonormal basis of R?, and let e2 = e1 A e2 
in the corresponding Grassmann algebra. Define 


ee; = e2€2 = l, eje€g =—e2€; = e122 +d, 

e1e12 = e€2— Ae, €2€12 = —e; — Aea, (5 2 2) 
e€12€; = —e€9— re1, e€12€2 = e, — rea, _ 
€12€12 = —2Xe12 = j= 1, 


where » € R is a parameter. It is easy to verify that for different ’s, the Clifford 
algebras defined by the multiplication table (5.2.2) are isomorphic to each other. 
They are different representations of the same Clifford algebra. 

The Z-grading in Grassmann algebra, 


grade(1)=0,  grade(e;) = grade(ez) = 1, —grade(eq2) = 2, (5.2.3) 
leads to different Z-gradings in different representations of the same Clifford algebra, 


by choosing different ’s. 


Although Clifford algebra does not have a canonical Z-grading, it does have a 
canonical Z2-grading. In the generating relations a® a = a-a for alla € VY”, 
the two sides of each equality are even-graded tensors. The parity of a tensor 
is even if the tensor is even-graded, and odd if the tensor is odd-graded. The 
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parity is unchanged by Cliffordization. Thus CL(V") is naturally decomposed into 
two subspaces: the even-graded subspace CL*(V"), and the odd-graded subspace 
CL (v"). The former is also a Clifford subalgebra, i.e., it is a linear subspace that 
is closed under the geometric product. 


Definition 5.40. An even (or odd) Clifford monomial is the geometric product of 
an even (or odd) number of vectors. The linear operators “( ),” and “( )_” extract 
from a Clifford polynomial its even-graded part and odd-graded part respectively. 
They are called the even grading operator and odd grading operator respectively. 


The non-existence of a canonical Z-grading determines the non-existence of a 
canonical linear isomorphism from the Clifford space to the Grassmann space. The 
canonical linear isomorphism in the reverse direction does exist. Recall that in the 
generating relations x ® y + y ®x = 2x-y for all x,y € V”, the two sides of 
each equality are symmetric tensors. On one hand, the complete antisymmetriza- 
tion eliminates any symmetric part of a tensor, so it eliminates both sides of the 
generating relations. On the other hand, an antisymmetric tensor does not have 
any symmetric part, so it is unchanged by the Cliffordization. 

The above arguments show that the two sides of the following equality are in 
the same equivalent class of Cliffordization: 


1 : 
ay \agA-::-Aa- = 7 S- sign(o)a(1) (2) *** Ag(r); (5.2.4) 


where the a’s are vectors, and where the summation runs over all permutations o of 
1,2,...,r. By setting the two sides to be equal, a representative of the equivalent 
class is specified. The map from the left side of (5.2.4) to the right side, is the 
canonical linear isomorphism from the Grassmann space to the Clifford space. As 
a corollary, if the a’s are mutually orthogonal, then 


a, \ag A-++A ap = ajag::: ap. (5.2.5) 


Definition 5.41. The grade involution, or main involution in Clifford algebra, de- 
noted by the overhat symbol, is a linear operator defined by 


A=(A),—(A)_, VA ECL(V"). (5.2.6) 


The reversion in Clifford algebra, denoted by the dagger symbol, is a linear operator 
defined by 


(ajag::: a,)! =@a,a,_1+::a,, Va; EV”. (5.2.7) 


The conjugate in Clifford algebra, denoted by the overbar symbol, is the composition 
of the grade involution and the reversion: 


— 


A= (a)' =At, VAECL(V"). (5.2.8) 
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Example 5.42. Let the a’s be vectors in V”, then 
ajag---a, = = (—1)"ajaz---ar, 
ayaa a, = (-1)’a,a,_1---a1, 
(aj Aag A-+:Aa;)! = ap Aap_1 A+++ Aay. 


That the Clifford space is isomorphic to the Grassmann space by (5.2.4) is 
easy to understand. For any two vectors a,b € VY”, their tensor product can be 
decomposed into the symmetric part and the antisymmetric part: 
a®b+b@a a®b—-b@a 
—— ig 
By Cliffordization, the symmetric part is identified with the scalar a-b, the anti- 
symmetric part is identified with a/b, and the tensor product is changed into the 
geometric product. So (5.2.9) becomes 


ab=a-b+aAb. (5.2.10) 


a@b= (5.2.9) 


The geometric product of two vectors is composed of two parts, the 0-graded 
part and the 2-graded part. They are respectively the inner product and the outer 
product of the two vectors, and the Z-grading is induced from the Grassmann 
algebra via the isomorphism (5.2.4). For r < n vectors, similar arguments show 
that their geometric product is composed of [r/2] + 1 parts of different grades: 

[3] 
ajag::-a, = x, (ajag +++ Ap) p—2i- (5.2.11) 
i=0 
The Z-grading is again from the Grassmann algebra. 

When r > n, the complete antisymmetrization of any tensor of grade 7 > n is 
identified to zero by Cliffordization, so only those partial antisymmetrizations of 
grade < n remain. The result is always contained in the Grassmann space A(V”). 
Since the Grassmann space is embedded in the Clifford space by (5.2.4), the two 
linear spaces are isomorphic. 

Thus, under the isomorphism (5.2.4), the Clifford space and the Grassmann 
space are identified, and the Clifford space becomes Z-graded. The 7-grading oper- 
ators ( ); for all0 <i <n, are identical to those in Grassmann space. 

By the symmetry of the inner product and the antisymmetry of the outer prod- 
uct, we get from (5.2.10) the following equalities: 

ie ee cae 

2 2 

So both the inner product and the outer product are included in and can be derived 
from the geometric product. The inner product of two vectors can be extended 
to the inner product of any two elements in CL(V”) via (5.2.4). If starting from 
the geometric product, then other products in Grassmann algebra, inner-product 
Grassmann algebra, GC algebra, etc., can be defined through the geometric prod- 
uct. From this aspect, Clifford algebra unifies and contains all previous invariant 
algebras. 


(5.2.12) 


FreeEngineeringBooksPdf.com 


Inner-product Bracket Algebra and Clifford Algebra 241 


Conversely, (5.2.10) suggests that the geometric product of two vectors is nothing 
but a deformation of the outer product by attaching a scalar term, the inner product 
of the two vectors. In the general case, the geometric product of any r-vector A, 
and s-vector B, in A(V”) has the following decomposition by grade: 


min(r,s) 
A,B, = S> (ArBs)rts—2i- (5.2.13) 
i=max(0,[7+244=")) 
In Section 5.4, it will be shown that any term on the right side of (5.2.13) is 


a polynomial in the inner-product Grassmann algebra A(V"). In the rest of this 
section, we only investigate the two outermost terms in (5.2.13): A,-B, and A,ABs. 


Lemma 5.43. Let r > 0. For an r-blade A, and any vector a, 


aA, =a-A,+aAA,, 


A,a=A,:-a+A,Aa. ee) 


Proof. We only prove the first equality. Let e;,...,e, be an orthogonal basis of 
the rD space A,. In ®@(V"), tensor a® A, can be decomposed into a linear combina- 
tion of tensor products of the partial symmetrizations and partial antisymmetriza- 
tions of vectors a,e;,...,e,. During Cliffordization, all partial symmetrizations 
among the e’s are reduced to zero, so only the partial symmetrizations between a 
and e;, for all 1 <i <r, are left, and they are changed into inner products a- e;. 
Since the e’s are antisymmetric before Cliffordization, they keep this property af- 
terwards. Therefore, the only remaining terms from the partial symmetrizations of 
a@®A, are 


r 


SU(-D* areer A+: NG A+ Aen, (5.2.15) 
i=1 
where the signs are caused by the antisymmetry among e1,...,€,. 

If a is in any partial antisymmetrization, then the antisymmetry among 
€1,...,e, requires that a and e;, for all 1 <i <r, must be antisymmetric. After 
Cliffordization, a and e;,...,e, must form a complete antisymmetrization. The 
result is a\e; A-+:A ep. L] 


Proposition 5.44. Let A, and B, be r-blade and s-blade in A(V”) respectively, 
where 0 < r,s <n. Then 
A,- Bs = (ArBs)ir—s}, (5.2.16) 
A, AB, = (A,Bs)r+s- (5.2.17) 
Proof. The leading grade of A,B, is r+, because the tensor product A, ® B, 
itself is of grade r +s. The (r + s)-graded part of A,B, must be the result of the 


complete antisymmetrization of A, ® B, by Cliffordization, as any symmetric part 
is always down-graded by Cliffordization. This proves (5.2.17). 
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Within each of the blades A,,B,, the constituent vectors are completely anti- 
symmetric, so the grade reduction in Cliffordization can only be between the two 
blades. Since |r — s| is the difference of the grades of the two blades, it is the lowest 
grade of A,Bs, and is obtained by the complete symmetrization between the two 
blades. When r = s, the complete symmetrization is obviously the inner product 
A,-B,. When r # s, by (5.1.23), the complete symmetrization is still the inner 
product. 

An alternative proof of (5.2.16) by (5.2.14) without resorting to Cliffordization 


is available after Theorem 5.4.33 in Subsection 5.4.3 is established. L] 


Corollary 5.45. For any vectors a’s in Y”, 
ay A-+:Aa, = (ai-+- ap), (5.2.18) 


Corollary 5.46. For any r-blade A,, 


A,A, = A,- A». (5.2.19) 
Proof. Choose an orthogonal basis e;,...,e, of the rD space A,. Then e;e; = 
e;-e;, and fori # j, ee; =e; Ae; = —e; Ne; = —eje;. So 


A,A, = e1:++e,e,-+-e, = (—1)"~'e,e;(e2---e,e2 +++ e,). 


Continuing to move together pairs of identical basis vectors in this way, we get 
r(r—1) r(r—1) 


A, Ap = (-1)"F” (e1e1)-+- (ener) = (-1)“F (er - 1) ++ (ener) EK, 


so A,A, = (A,A,)o = Ar: Ap. L] 
Proposition 5.47. For any r-blade A, and n-blade B,, in A(V”), 
A,B, = A, Bn. (5.2.20) 
In particular, if the inner product in VY” is nondegenerate, then 
A™~ =AI7, VA €CL(V"). (5.2.21) 


Proof. If the inner product in the subspace A,. is nondegenerate, then any or- 
thogonal basis of the subspace can be extended to an orthogonal basis of the whole 
space VY”. A procedure similar to the proof of Corollary 5.46 leads to (5.2.20). 
Below we assume that the inner product in subspace A,. is degenerate. 

Let v1,...,Vv, be a basis of A,. By decomposition (5.1.4), vi; = x; + yi, where 
x; € rad(V”) and y; € V’. r-blade A, is decomposed into a sum of blades in which 
only one blade y; A--- Ay, does not contain any x;. 

If some x; is nonzero, say x;, then it can be extended to a basis x1, €2,...,€n 
of V”, by first extending to a basis of rad(V”), and then appending an orthogonal 
basis of V’. Since x, is orthogonal to any vector z in V", x1z = —zZx, = x, Az. For 
any vectors Z2,...,Z, € Vv”, 

(x1 A Z2A-++:AZ,)Bn = X1(Z2 A+++ AZ,p)(X1 A €2 A+++ Aen) 
= (-1)"—1(ze Ars? Ly )X1X1(€2 Ars A e,) 
=0. 


FreeEngineeringBooksPdf.com 


Inner-product Bracket Algebra and Clifford Algebra 243 


Thus in A,B,, only the component Y, = y; A--: Ay, of A, is left with B,. 
If Y,. = 0, then A,B, = 0, and the conclusion is trivial. So we assume Y, 4 0. In 
the nondegenerate inner-product subspace V’, if the inner product in subspace Y, 
is nondegenerate, then the conclusion can be proved in a way similar to Corollary 
5.46. So we further assume that Y,. is a degenerate inner-product space. 

Let aj,...,@%,C1,...,C;—z be an orthogonal basis of Y,., in which only the a’s 
are null. By Witt Theorem, there exists the following Witt basis of V’: 


(ai, b1),..., (az, bx), (anti, bey1),---, (Au, bu), C1,---,Cr—k, Cr—k+15-+-,Cv- 


Let Dyp—-2u—-v be a pseudoscalar in A(rad(V”)). By the following set of computa- 
tional formulas: 


e for any i,j, ci(aj A b;) = (aj A b;)e;, because 
cj (a; Ab;) =c; \a; Ab; = aj Ab; Aci; 


e for any a x J; a;(a; Ab;) = (a; A bj)ai; 
e for any i, a;(a; \ b;) = a;, because a;(a; A b;) = a; - (a; A bi) = —(a;- bia; 


we get 
A,By = Y,Bny 
= (ay A---Aap Aci A+++ A Cr ¢) 
((ay Abi) A+++ A (au A Bu) A c1 A+++ A Cy A Dn-2u-v) 
= (a1ag- ++ ag)(C1C2- ++ cpg) 
(ay \ b,)(ag x bo) oe (au \ b,,)(cicg vs Cy)Dp—2u—v 
= {a1(ai A b1)} {a2(az A b2)} ++: {ac(ax A be)} 
(andi A bri) on (au A b.,)(c1 7. C28) (Gp a —* Cy)Dy—2u—v 
= (aja2---ax)(apyi A Bey1) +++ (au A bu) 
(c1 tra Crk)? (Cree aa Cy) Dp—2u—v 
Senne a? Gy Ase Ma arabe AeA Gye 
A(Cr—k41 Ar? A Cy) A Dyas 
So the grade of A,B, isn —r. Then A,B, = (ArBn)n—r = Ar: Bn. L] 


Proposition 5.44 indicates that the geometric product is the completion of the 
outer product and the inner product, not a mere union of the two products. The 
significance of the completion lies in two aspects: first, the geometric product is 
associative while the inner product and the outer product are not; second, the geo- 
metric product is almost invertible, while the inner product and the outer product 
are almost never invertible. 


Definition 5.48. For any A € CL(V"), if there exists another element B € CL(V") 
such that AB = BA = 1, then B is called the inverse of A, denoted by A7!. 
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According to Corollary 5.54 to be introduced in Subsection 5.3.2, almost all 
elements in CL(V”) are invertible, if the inner product in V” is nondegenerate. For 
example, an r-blade A, is invertible if and only if A,-A, #0, and A>! is provided 
by (5.1.9). In particular, all nonzero blades in A(R”) and A(R~") are invertible. 

That the inner product and the outer product are almost never invertible is 
easy to understand. They are respectively the grade-lowering and the grade-raising 
operations. The geometric product executes both operations simultaneously, thus 
allowing almost all elements to be invertible. 

The associativity and almost invertibility of the geometric product determine 
that Clifford algebra plays a key role in solving multivector equations. For example, 
let B, be an invertible s-blade. Then (5.1.59) provides an orthogonal decomposition 
of vector a with respect to sD space B,: 


a= (a-B,)-B,'+(aAB,)-B,;' = (a-B,)B,'+(aAB,)B,' = (aB,)B,". (5.2.22) 


The decomposition is trivial by associativity: (aB,)B;! = a(B,B;') = a. By 
invertibility, if the geometric product aB, is known, then a is completely determined 
by B;! and aB,. We say aB, (or Bga) is a left (or right) faithful representation of 
a by the geometric product with B,. 

In general, any invertible element B € CL(V") provides a left (or right) faithful 
representation of CL(V”) by mapping any A € CL(V") to AB (or BA). The 
geometric product of two invertible elements contains all the algebraic relations 
between them, so that one element can completely determine the other by their 
given geometric product. If the two elements represent geometric objects, then the 
geometric product contains all the geometric relations between them. 


Example 5.49. In R?, let e;,e2 be an orthonormal basis, called the z-axis and the 
y-axis respectively. Any point a is represented by a vector a ,e; + az2e2. The right 
faithful representation of a with respect to the z-axis e, is 


eja=e,-:at+e;A\a=a,+aze; Aeo. (5.2.23) 


Since bivector e; A eg functions as the pure imaginary unit i, e1a is nothing but 
the complex numbers representation of point a. The right faithful representation 
changes the 2D real space R? into the complex numbers field C, and the latter has 
much better algebraic property. 


5.3 Representations of Clifford algebras 
Clifford algebra has five major representations, according to the general appearance 
of the single-termed elements in each representation. 

(1) Hypercomplex Clifford numbers: 


In 1878, Clifford defined the prototype of a Clifford algebra [43]. If translated 
into modern mathematical language, what he defined is CL(R~"). Let e1,...,en 
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be an orthonormal basis of R~”. The n basis vectors, together with an additional 
element “—1”, generate a finite group F;,, subject to the following multiplication 
relations: 


—1 commutes with the basis vectors; 
(—1)* = 1, where 1 is the unit of R; 
(e;)? = —1 fori=1,...,n; 

e,e; = (—l)eje; for i F j. 


Clifford’s geometric algebra is the quotient of the group algebra RF, modulo R{1+ 
(—1)}. Its elements are later called Clifford numbers. 

The all-negative signature of the base space comes from Clifford’s intention to 
include and extend the complex numbers and quaternions to a high dimensional 
numbers system. This explains the term “hypercomplex Clifford numbers”. 

By revising the generating relations and allowing other numbers fields, Clifford’s 
original definition can be readily extended to cover all kinds of Clifford algebra. 
The definition is not basis free, nor are the algebraic maniputations based on this 
definition. 

By extending real harmonic analysis, complex analysis and quaternionic analysis 
to high dimensional Clifford algebras, a branch of modern analysis, called Clifford 
analysis, was created. Clifford analysis has its origin traced back to A. C. Dixon 
[53] and F. Klein [97]. 


(2) Multilinear tensor-formed Clifford algebra: 


Definition 5.38 gives the standard form of a Clifford algebra. It was originally 
proposed by Chevalley [36]. Elements in this representation are in the form of 
Clifford polynomials. 

Multilinear Clifford algebra has been used extensively by algebraists, analysts, 
theoretical physicists, differential geometers, et al., in algebraic representation the- 
ory, spin geometry, Atiyah-Singer index theory, Seiberg-Witten theory, etc. Spinors 
are naturally represented as elements in the minimal left (or right) ideals of this 
algebra. 

In practice, however, it rarely happens that elements in the form of Clifford 
polynomials are used directly in algebraic computation. Matrix representations are 
usually resorted to. 


(3) Matrix representation of Clifford algebra: 


The complete classifications of all real and complex Clifford algebras were made 
by E. Cartan [33]. The result is that any Clifford algebra over the real numbers 
or complex numbers is isomorphic to a matrix algebra. Matrix representations 
of Clifford algebras are direct consequences of Cartan’s classification. They are 
very convenient for the understanding, characterizing and numerical computing of 
Clifford algebras. 
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However, matrix representations are not basis free. For invariant geometric 
computing with Clifford algebras, matrix representations do not prove to be efficient. 


(4) Geometric Algebra: 


The version of Clifford algebra called Geometric Algebra was first proposed by D. 
Hestenes [76], originally called Space-Time algebra in the setting of special relativity. 
In this representation, a single-termed element is generated from atomic vectors 
by the compositions of geometric products, duals and Z gradings, called a graded 
Clifford monomial. 

The contents of Geometric Algebra are composed of three parts: the part of 
philosophy that advocates the use of Geometric Algebra as a universal language 
for describing and manipulating problems in mathematics and physics related to 
geometry; the part of usage that prefers the geometric product to the addition 
operation and other products in algebraic computation; the part of language body 
that is on symbolic manipulations of symmetries and Z-grading operators. 

The benefit of graded Clifford monomial representation can be seen from the 
simple example of deriving (5.1.25) by symmetries and Z-grading operators [77]. 
For blades A,., B,, C; of grade r, s,t respectively such that r+ s < t, to prove 


(A, AB,):C; = A,-(B,- C;), (5.3.1) 


we first change the three inner products and one outer product into Zgradings 
of geometric products, then eliminate most of the Z-grading operators, and finally 
apply the associativity of the geometric product: 


(A, \ Bs) “Cr = ((ArBs)r+sCt)t-(r+s) = ((ArBs)C¢)t-r—s; 


A,+ (Bs: C,) = (A,(B.Cz)1-s)¢—5)-r = (Ar (BsCz))e-2—r- (5.3.2) 


Besides applications in mechanics and theoretical physics, Geometric Algebra 
has found a lot of applications in computer science for modeling and manipulating 
geometric objects in a covariant and coordinate-free manner. 


(5) Clifford deformation of Grassmann algebra: 


The geometric product can be defined directly on the Grassmann space A(V"), 
based on the fact that the geometric product of any two vectors is nothing but a 
deformation of the outer product by attaching a scalar term. This new product 
in the Grassmann space can always be written as a linear combination of outer 
products with inner product coefficients. All elements in a Clifford algebra can be 
written as multivectors in the corresponding Grassmann algebra with inner product 
coefficients. In this formulation, a Clifford algebra is just a Grassmann algebra 
equipped with a “deformed outer product”. 

This viewpoint was proposed by physicists [32], [129] in the 1960-70s, and further 
developed by mathematicians and physicists [29], [62], [116], [140], [158]. In this 
viewpoint, Clifford algebra is closely related to Hopf algebra, and is a topic of 
interest in algebraic combinatorics. 
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Dissidence: The inner product of a scalar and a multivector. 


In the literature, some people insist that \- A = A- A =0, so that Chevalley’s 
formula 


aA=a-A+aA\A (5.3.3) 


holds for any multivector A and vector a. Some insist on AA A = AA A= 0, so 
that \- A = A- X= AA for the same reason. Some others insist on 


a- A, = (aAy)ip—a), (5.3.4) 
so that the grading formula (5.2.16) holds for any r,s > 0, although the result 
a-A=aAXA=)d)a (5.3.5) 


invalidates Chevalley’s formula. We adopt (5.3.4) and hence (5.3.5) for two main 
reasons: first, this definition of the inner product can simplify a lot of formulas 
without excluding the scalar case; second, it is fully compatible with the relation 
(5.1.51) between the meet product and the inner product, so that the resulting 
Clifford algebra is fully compatible with GC algebra. 


5.3.1 Clifford numbers 


In this subsection, we consider two typical Clifford numbers other than the complex 
numbers: quaternions and dual quaternions. 

The extension of complex numbers to a higher dimensional numbers system was 
first achieved by Hamilton in 1843. Before this discovery, it had taken him ten years 
to realize that there is no 3D numbers system at all. Quaternions are 4D numbers, 
with basis {1,i,j,k} such that 


P= P=k=-1, 


ij = -ji =k, 
ie (5.3.6) 
ki = —ik =j. 


The basis elements i,j,k form an orthonormal basis of R~%. In a general quater- 
nion %p + 711+ rj + 13k, the scalar part refers to xo, the vector part refers to 
411+ 22j+23k. The multiplication AB of two quaternions is naturally decomposed 
into two parts: the scalar part A - B, called the inner product, and the vector part 
[A,B], called the vector product. So 


AB=A-B+[A,B]. (5.3.7) 


The algebraic of quaternions Q is isomorphic to the Clifford algebra CL(R~7). 
Another commonly used algebraic isomorphism is Q & CL*(R?3): let {e1, e2,e2} be 
an orthonormal basis of R?, then 


i=e?, j=ey, k=e%. (5.3.8) 
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In history, Gibbs’ 3D vector algebra was developed out of quaternions by the 
duality (5.3.8): for any vectors a,b € R®, their cross product, also called vector 
product, denoted by a X b, is defined by 


(a X b)~ := [a, b™]. (5.3.9) 


An alternative explanation is that via the vector product isomorphism induced by 
the dual operator, the quaternions form a 3D vector algebra over R~?. 

The product (5.3.7) does not congrue with the geometric product if A,B are 
taken as vectors. It congrues with the geometric product only when A,B are 
taken as bivectors. In either case, the vector product [A, B] does not congrue with 
the outer product. This may be the reason why Grassmann had been rejecting 
quaternions. It is Clifford who, by integrating Grassmann algebra with Hamilton’s 
quaternions, formed a unified system in which the two algebras are fully compatible. 


Proposition 5.50. For any a,b € R°, 


aXb =(aAb)~ 

: 5.3.10 
[a~, b~] = (a~b™)o. ( ) 
Proof. The second equality comes from the isomorphism Q ~ CL*(R*) under 
the correspondence (5.3.8). For the first equality, by (5.3.9), 


(aX b)~ = [a”, b™] = (av b”)2 = (al; !bIZ*)2 = (ab(Iz')?)2 = —a Ab. 
L] 


Clifford algebra CL(R?) is four dimensional. It includes both the real vector 
space R? = CL7 (R?) as its odd subspace, and the complex numbers C & CL*(R?) 
as its even subalgebra. Is this redundancy of having both the real and the complex 
representations for the same Euclidean plane necessary? 

The complex numbers representation has the huge advantage that the product is 
commutative and invertible, but is inconvenient in representing the inner product 
and the vector product, and the representation (5.2.23) is basis dependent. The 
vector algebra representation changes the previous disadvantages into its own ad- 
vantages, but also changes the previous advantages into its disadvantages. It is the 
Clifford algebra CL(R?) that includes both representations by summing them up 
to a 4D representation, where the two representations are unified with the geomet- 
ric product. The Clifford algebraic representation inherits the advantages of both 
representations. 

Quaternions are suited to represent points and their relations in 3D Euclidean 
geometry, but not for lines and planes. Again it is Clifford who proposed an algebra 
called biquaternions, or dual quaternions, to solve this problem. 


Definition 5.51. Let « be a nilpotent algebraic element commuting with every 
other algebraic element. An element in R + eR is called a dual number, and an 
element in Q + €Q is called a dual quaternion. An element in R? + eR? is called a 
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dual vector. The 3D dual vector algebra over R? is the set of dual vectors equipped 
with the inner product and the vector product induced from the 3D vector algebra 
over R°. 


In the dual vector algebra over R®, 


e point a € R? is represented by 1 + ea; 

e the line (a,1) passing through point a € R? and following direction 1, is repre- 
sented by 1+ «a X 1; 

e the plane normal to vector n and passing through point a, is represented by 
n+en-a. 


Fig. 5.2 Relationship between two spatial lines. 


Dual vector algebra has been used in mechanical design and robot kinematics 
in computing the spatial relationship of two non-coplanar lines [209]. For two such 
lines (a,1,),(b,1,), each represented by an incident point and a direction, let n be 
the unit vector along direction 1, X ly. Let 6 be the signed distance from line (a,1,) 
to line (b,1,) along direction n, let 0 be the angle of rotation from 1, to ly, and let 
c be any point on the line of common perpendicular of the two lines. Denote 


05 := 0+ 66, 


(5.3.11) 
Ne i= n+ec XN, 
and define 
cos 05 := cos@ — edsin 8, 
sin 65 := sin# + €6 cos 6, (5.3.12) 
eM := cos 05 + Ne sin ds. 
Proposition 5.52. [172] With notations as above, 
(lq + €a X 1g) (Ip + eb X 1h) = €78Re, (5.3.13) 


Proof. Since ng is irrelevant to the position of point c on the common perpen- 
dicular of the two lines, we can choose c to be on line (a,1,). Expanding both sides 
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of (5.3.13), then using (5.3.10) to compare separately the scalar and vector terms, 
each being decomposed into a part with e€ and a part without €, we get 


1, -ly = cos, 
1, Xl, =nsin86, 


1,-(b X 1h) +(aX1.)-l, = (a—b)-: (la. X lb) = —dsin 9, 


1, X (bX 1b) + (aX 1a) Xb = -la: (BAL) +1: (ANAL) 
= —],-((e+ nd) Aly) +1y- (CA la) 
= no (Ia-ly) —e¢- (la Aly) 


=ndcos?+c X nsiné. 


O 


The set of dual quaternions equipped with its inner product and vector product, 
is isomorphic to the dual vector algebra over R~*. In Chapter 8, dual quaternions 
and dual vector algebra are extended to dual Clifford algebra for nD Euclidean 
geometry. 


5.3.2 Matriz-formed Clifford algebras 


E. Cartan made a complete classification of all real and complex Clifford algebras 
in 1908 [33]. He further discovered a variety of periodicity symmetries in the set of 
real and complex Clifford algebras. 

Let M(R), M(C), M(Q) denote matrix algebras of certain dimension, with real, 
complex and quaternion components respectively. Let ?M(R),? M(C),? M(Q) be 
respectively the direct sum of two identical matrix algebras, whose components are 
in R,C, Q respectively. 


Theorem 5.53. [Cartan’s classification and period-8 theorem] For real Clifford 


algebras, 
M(R), if p—q=Oor2 mod 8, 
2M(R), if p—q= mod 8, 
CL(R’4) =< M(C), if p—q=3or7 mod 8, (5.3.14) 
M(Q), if p—q=4or6 mod 8, 
2M(Q), if p—q=5 mod 8. 
For complex Clifford algebras, 
cL(C*") & M(C), cL(c?"t') = 2M(C). (5.3.15) 


The dimensions of the matrix algebras in the table can be easily fixed. For ex- 
ample, CL(R+40+3,2—40—2) has real dimension 27¢+1, so each matrix algebra com- 
ponent in 7M(Q) & CL(R2t4+3.2—40-2) has real dimension 274 and quaternionic 
dimension 27-2, and the matrix size is 27~! x 2¢~!. 
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Corollary 5.54. If the inner product in V” is nondegenerate, then almost all ele- 
ments in CL(V”) are invertible. 


Theorem 5.55. [Cartan’s first group of periodicity theorems] 


CL(R™) = CL(R*t1"-4), (5.3.16) 
CL(R™) = CL(R™t*S~*), (5.3.17) 


Example 5.56. CL(R?) = CL(R') & Moy2(R). 


Let €1,€2 be an orthonormal basis of R?. Since (eje2)? = —1, e; and eje2 
span a 2D real vector space that is isomorphic to R'+. Since e;(e1e2) = ee, 
CL(R?) ~ CL(R!") as Clifford algebras. 

The following correspondence between two bases of CL(R?) and M2y.2(R) re- 
spectively is unique up to an orthogonal transformation in R?: 


a sre ae) Oe 


In the matrix representation of CL(R?), 


e 0-vectors are scalar multiples of the identity matrix; 
e 1-vectors are symmetric matrices of trace zero; 

e 2-vectors are antisymmetric matrices; 

e the reversion operation is the matrix transpose. 


Example 5.57. CL(R°) & CL(R'?) & Mox2(C). 


Let €1,€2,e3 be an orthonormal basis of R*. Then {e1,e1e2,e1e3} is an or- 
thonormal basis of R!?. Consequently, CL(R*) = CL(R*). 
The following correspondence is unique up to an orthogonal transformation in 


R?: 
1 1 —1 1 
1= 1 ’ ey = 1 > eg >= ; ry e€3 = =| ’ 
dC ed CO Od Od 
€1€2€3 = .J, €2€3=— |. > €3e, = > €1€2= aes 
a 1 —1 —1 


The matrices corresponding to e;, e2,e3 are called Pauli spin matrices [141]. In the 
matrix representation of CL(R°), 


0-vectors are real multiples of the identity matrix; 

1-vectors are Hermitian symmetric matrices of trace zero; 
2-vectors are Hermitian antisymmetric matrices of trace zero; 
3-vectors are pure imaginary multiples of the identity matrix; 
the reversion operation is the matrix Hermitian-transpose; 
the dual operation is the scaling by —i. 
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The tensor product of two Clifford algebras A, B as Z-graded spaces, if endowed 
with the geometric product defined by (2.3.7) (or by (2.3.8)), with the understanding 
that the juxtaposition there denotes the geometric product instead of the outer 
product, becomes a Clifford algebra, called the tensor product (or twisted tensor 
product) of the two Clifford algebras, denoted by A @ B (or A&B). 

The following is the counterpart of Proposition 2.21: 


Proposition 5.58. If inner-product spaces V”, W™ are orthogonal, then 
CL(V" @W™) & CL(V") @CL(W™). (5.3.19) 


Theorem 5.59. [Cartan’s second group of periodicity theorems] 


CL(R™*1S*1) = CLR”) @CL(R*), (5.3.20) 
CL(R™t?*) = CL(R*") @CL(R®), (5.3.21) 
CL(R™**?) & CL(R*") @CL(R®”), (5.3.22) 

cL(CTt?) & CL(C") @CL(C?). (5.3.23) 


Proof. The derivations of these periodicities are much the same, so we only con- 
sider the first one. Let R't1S*+! = R™* @R"! be a fixed orthogonal decomposition. 
Let Iz be a unit pseudoscalar in A(R'). Then I3 = 1. Any vector x € R™+}$*1 has 
a unique orthogonal decomposition with respect to plane Ip: x = Py, (x) + P(x). 

Define a linear isomorphism f from R™*1$** into CL(R™*) @CL(R*") as follows 
[48]: 


f: x P£(x) @1n +18 Py, (x). (5.3.24) 


Since (f(x))? = (Pr, (x))? + (Pp (x))? = x?, by the universal property of Clifford 
algebra, f induces an isomorphism of Clifford algebras from CL(R"t!$*t+) into 
CL(R™*) ®@ CL(R''). That this isomorphism is also surjective is because the two 


sides of it are vector spaces of the same dimension. L 
By C£L(R*) & Mox2(R), (5.3.20) can be written as 
CL(R™HS*1) = Moy2(CL(R™)). (5.3.25) 


The right side of (5.3.25) is an instance of Clifford matrix algebra, i.e., an algebra 
of matrices whose components are Clifford numbers. It is an important tool in the 
study of nD Mobius transformations, and will be investigated in Chapter 8. 

From (5.3.24) and (5.3.18), we get 


Corollary 5.60. [145] Let e1,...,e,;, be an orthonormal basis of R”*. Then 


e, 0 €2 0 Cris 0 0 1 0 -1 
oe 5.3.26 
aac i 0 en ane 7 ( ) 


are an orthonormal basis of R’*!**+! under the isomorphism (5.3.25). 
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5.3.3 Groups in Clifford algebra 


Definition 5.61. A versor refers to a Clifford monomial composed of invertible 
vectors. It is called a rotor, or spinor, if the number of vectors is even. It is called 
a unit versor if its magnitude is 1. 

All versors in C£L(V") form a group under the geometric product, called the 
versor group, also known as the Clifford group, or Lipschitz group. All rotors form 
a subgroup, called the rotor group. All unit versors form a subgroup, called the 
pin group, and all unit rotors form a subgroup, called the spin group, denoted by 
Spin(V”). 

The left graded adjoint action (or twisted adjoint representation) of a versor V 
upon CL(V"), denoted by Ady, is defined by 


Ady (A) := VAV—!, VA €CL(V"), (5.3.27) 
where the overhat symbol denotes the grade involution (5.2.6). 


It is a classical result that when K = R or C, an invertible element A € CL(V”) 
is a versor if and only if Ada(x) € V” for any x € VY". The latter is often used as 
an alternative definition of versors. 

In the simplest case where V = a is a vector, for any vector x € V”, 

Ada(x) = —axa™! 
= —(axa)a 
= —{a(x-a)+a-(x/Aa)}a? (5.3.28) 
—{2(a-x)a—a’x}a? 
=x-2(a! 
So ifxAa=0, then Adg(x) = —x; ifx-a=0, then Adg(x) = x. Geometrically, 
Ad, is the mirror reflection with respect to the hyperplane normal to a. 


—2 


-x)a. 


/ 


Ada(x)” x 


Fig. 5.3. Mirror reflection with respect to the hyperplane normal to a. 


For any versor V = a,a2---ax, since 


Ady (x) = (—1)¥ay---ayxaz'-+-ay', (5.3.29) 
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the result is the composition of r reflections. Ady is an orthogonal transformation 
because (Ady(x))? = VxV-!VxV~! = x?. Furthermore, for any A,B € CL(V"), 
since 


Ady (AB) = (—1)*VAV~!VBV~! = (—1)* Ady(A) Ady (B), (5.3.30) 


Ady is a Clifford algebraic automorphism in CL(V") if V is even, and an anti- 
automorphism if V is odd, the meaning of the latter title being clear from (5.3.30). 
Since Ady is an orthogonal transformation of V”, it preserves the Z-grading in 
CL(V"). Ady is also a Grassmann algebraic automorphism (or anti-automorphism) 
in A(V"), if V is even (or odd). 
For unit vectors a,b in R”, let Ip be the unit 2-blade representing the oriented 
plane a/b, and let @ be the angle of rotation from a to b. Then 


ab =a-b+aAb=cosé+Iosind = e?, (5.3.31) 
(ab)—) = ba = cos@ —Ipsind =e. ~ 
For any vector x € R”, 
Adpa(x) = e—12°( Py, (x) + Pi (x))el#? = Py, (x)el2@® + P(x). (5.3.32) 


So Adpa is the rotation of angle 20 in oriented plane a/b. In this way, a rotor 
realizes a sequence of rotations by the graded adjoint action. This justifies the term 
“rotor”. (5.3.32) also shows that a rotor is a half-angle representation of a rotation. 

Conversely, if a 2D rotation changes vector a to vector b, then a rotor realizing 
this rotation is 


(a+ bja, (5.3.33) 


as a+b is the half-way direction between a and b. 


Theorem 5.62. [Cartan-Dieudonné Theorem] Let V” be a nondegenerate inner- 
product space. Then any orthogonal transformation in Y” can be realized by the 
graded adjoint action of a versor of length < n in CL(V”). Conversely, any versor 
realizes an orthogonal transformation. Two versors realize the same orthogonal 
transformation if and only if they are equal up to scale. 


Example 5.63. [171] (Steenrod 1974, pp. 119-121) Let S” be the unit sphere of 
R”"+!. The unit point on the i-th axis of R"*+! is denoted by x;_1. The antipodal 
point of x € S” is denoted by —x. The normal form of the principle bundle 
p:SO(n+1) —S", where p(p) = p(xn) for p € SO(n + 1), is defined as follows: 


e The coordinate neighborhoods in S” are V; = S"\(—x,) and V2 = S"\(xp). 

e Define ¢ : Vi —> SO(n +1) to be the map which assigns to x #4 —x,, the 
rotation which leaves invariant all points orthogonal to both x and x,, and 
rotates the great circle through the two points so as to carry X,, to x. 

e Define w = (¢(Xn_1))?. The juxtaposition and power here denote the group 
multiplication in SO(n + 1). 
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e It is assumed that SO(n) operates trivially on the (n+1)-th axis of R"t!. The 
coordinate functions of the principle bundle are 
o1(x, p) = (x) p, for x €Vi, p € SO(n); 
b2(x, p) = v O(W(x)) p, for x € Vo, pe SO(n). 


Compute the coordinate transformation in the bundle: 


gr2(x) = (¢(x))~" b d(x). (5.3.34) 


The computing can be based on orthogonal matrices, but is more complicated 
and geometrically much less intuitive than the following rotor approach. 

Bear in mind that the scale of a rotor is removable in representing an orthogonal 
transformation. By (5.3.33), 6(x) = (xn+x)Xn for x #4 —xn. Then (¢(x))~+ equals, 
up to scale, (¢(x))' =xn(xn +x). By 

(¢(Xn-1))? > (ee + > ee en = 2Xn-1Xn, 
we can let q = Xn—1Xn. Then w(x) = Xn-1XnXXnXn—1, and 
o(w(x)) — eo af le 1 = 14+ XpXn—-1XXp-1- 
Substituting the above expressions into (5.3.34), we get 
g12(X) = Xn (Kn + X)Xn—1Xn (1 + XnXn-1XXn-1) 
= XXp_1 — XnXXKnXn_1 (5.3.35) 
= Pe Or) ae, 


5.4 Clifford expansion theory 


Changing an expression of geometric products in Clifford algebra into an equal ex- 
pression of inner products and outer products in inner-product Grassmann algebra 
is called Clifford expansion. Clifford expansion theory studies different Clifford ex- 
pansions of the same expression in Clifford algebra. This theory exhibits a strong 
flavor of combinatorics. 

Notation. 

From now on, the 0-grading operator ( )o is always denoted by the angular 
bracket ( ). It has the following obvious property, according to (5.2.13) and (5.2.16): 


(AB) = (BA), VA,BeCL(V"). (5.4.1) 


In this section, boldfaced letters a;,b; always denote vectors in Y”. 


5.4.1 Expansion of the geometric product of vectors 


Theorem 5.64. [32] [Fundamental Clifford expansion of the geometric product of 
vectors] Let Ay = ajag---ax. Then for any 1 <1 < [k/2], 


(Ax) k—21 = S- (Axc1)) (Akay) k—21- (5.4.2) 
(2,k—21)FAg 
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Theorem 5.65. With the same notation as above, 
al 


(ajag ped -ag1) = So(-Di(ai a aj) (ag sea aj shee ai). (5.4.3) 


i=2 
Proof. We prove the two theorems simultaneously. 

When | = 1, (5.4.3) is trivial; when k = 2, (5.4.2) is trivial. Assume that for 
1=1,k=m-—1, (5.4.2) is true. For] =1,k =m, 

(Am)m—2 = (Am—1)m-1 “Am + (Am—1)m—3 A\am 
= S- (Am-1(2) i Am )(Am—1(1))m—2 
(m—2,1)FAm—1 
+ be (Am-1(1)) (Am=1(2))m—3 A am 


(2,m—3)FAm—1 


( 2 ee > ) (Ami) (Am(2))m—2- 


(2,m—2)FAm,  (2,m—2)FAm, 
am €Am (1) am €¢Am (1) 


So (5.4.2) is true for 1 = 1 and any k. Now assume that for 1 = r—1 and any k, 
(5.4.2), (5.4.3) are true. Then 
2r 
(ay ae -A2;) =aj\- (ag a Aor) 1 =a: S (-1)' (a2 a ay ict ‘A, )aj. 
i=2 
So (5.4.3) is true for 1 =r. This proves (5.4.3). 
For | = r, (5.4.2) is true for & = 21. Assume that (5.4.2) is true for k = m—1 > 21. 
For k =m, 


(Aon) nor = (Am—1)m—2r41 “am + (Am—1)m—2r-1 A am 


= S- (Am-1(1)) (Am—1(2))m+1-2r ‘Am 
(2r—2,m—2r+1)FAm—1 
c S- (Am—1(1)) (Am—1(2))m—1-2r A am 
(2r,m—2r—1)FAm-1 
_ S- (Am-1(3) -Am) (Am—1(1)) (Am-—1(2))m—2r 
(Q2r—2,m—2r,1)FAm-—1 
+ ae (Am—1(1)) (Am—1(2))m—2r-1 A am 
(2rjm—2r—1)FAm-—1 
= x (Am 1(ay)m ar (Am 1(3) -Am) (Am—1(2)) 
(m—2r,2r—2,1)FAm-—1 
= S- (Am-1(1)) (Am—1(2))m=2r-1 A am 


(2r,m—2r—1)FAm-1 


=( SYS + SS )(Am(ay) (Am(2))m—2r- 


(Qr,m—2r)FAm,  (2r,m—2r)FAm, 
am €Am (1) am¢Am(1) 
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So (5.4.2) is true for 1 =r and k =m. L] 


Corollary 5.66. For Ao; = aja2--- ag, 


l 
(Az) = SS II (Azi(i))- (5.4.4) 


* (2,2,...,2)kAg, i=1 
—— 


L 


The right side is the Pfaffian of the Gram matrix (a; - a;);,j=1..21- 


Remark: (1) For a partition of shape (0, k) of Clifford monomial Ax, it is always 
assumed that Aj(1) = 1 and Axi2) = Ax. 

(2) In linear algebra, the Pfaffian of a matrix A = (ai;);,;=1..21 is defined as 
follows: let I be the sequence of indices 1,2,...,2/, then 


pf(A) =F S- IT an: (5.4.5) 


In particular, for a fixed basis e;,e2,...,@2; of V?!, the Pliicker coordinates of 
a bivector By can be written as 
Bo= >) BolifjeAe;, (5.4.6) 
1<i<j<n 


where minor (B2| ij) is the coordinate of Bz with respect to e; \e;. The Pliicker 
coordinate matrix of Bg is ((B2| 77) ); ;1..2:, where (B2 |i) = 0, and (Bz |ji) = 
—(B2|ij). The Pfaffian of the matrix is called the Pfaffian of Bz with respect to 
the basis of V?!: 


l 

1 1 

pf(B2) = 7 ) II (Bz | Jy) = 7 (B2B2...B2|e1e2..-e27) 
a (2,2,...,2)FI i=1 U! ~? — 

= (5.4.7) 


a 


{| BeBe... By]. 


1 
A classical theorem in invariant theory says that pf(B2) is a homogeneous in- 
variant polynomial over A?(V?!), with By as the bivector indeterminate, and any 
homogeneous invariant polynomial over A?(V?!) is a nonnegative integer power of 
the Pfaffian up to a constant scale [69]. 


Example 5.67. For vectors 1,2,3,4,5,6 € VY”, 


(123456) = (1-2)(3-4)(5-6) —(1-2)(3-5)(4-6) + (1-2)(3-6)(4-5) 
—(1-3)(2-4)(5-6)+(1-3)(2-5)(4- 6) — (1- 3)(2- 6)(4-5) 
+(1-4)(2-3)(5-6) — (1- 4)(2-5)(3- 6) + (1- 4)(2- 6)(3 - 5) 
—(1-5)(2-3)(4-6)+(1-5)(2-4)(3- 6) — (1-5)(2- 6)(3- 4) 
+(1-6)(2-3)(4-5) — (1-6)(2- 4)(3- 5) + (1 -6)(2-5)(3- 4), 
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1-2)83A4A5A6—(1-3)2A4A5A64(1-4)2A38A5A6 
1-5)2A3A4A64+(1-6)2A3 A4A5+4+(2-3)LA4A5/A6 


(123456), = (1-2) (1-3) (1-4) 
(1-5) (1-6) (2-3) 

~(2-4)LA3A5A64+(2-5)LA3A4A6—(2-6)LA3A4A5 
(3-4) (3-5) (3-6) 
(4-6) (5-6) 


3-4IANZASA6—(3:-S5)IAZA4A64 (3-6)1A2ZA4A5 
+(4-5)LA2ZA3A6—(4-6)1A2A38A54+(5-6)1A2A3A4. 


Corollary 5.68. Let A, = aja2:--a,, B, = bi b2---b,. Then 


(A,Bs)r+s—2 = S- S- (Ar (2)Bs(1)) (Ar (1)Bs(2))r+s—2 (5.4.8) 
i+j=2l, (r-1,i)FA,, 
o<ici, 0<j<s (j,s-j)FBs 
(BsAr)r+s—21 = > S- (—1)"*"*(Ay(2)Bs ay) (Ar(1)Bs(2))rt+s—21- (5.4.9) 
i+j=21, i a Ee 


Proof. (5.4.8) is direct from (5.4.2). (5.4.9) is from (5.4.8) as follows: 
(By Ar) r+s—2l 


= D2 (Baia) Ary) (Bsa Ar (ay )r+s—21 
i+j=2l,  (i,r—t)KA,, 
OSi<r,0SJ<s5 (s—j,7)HBs 
= yy sS- (1) i)+3(s—Jj)+(r—-1)(s—J) (Ar(2)Bs1)) (Ar(1)Bs(2))r+s—21- 
ee a ee 


O 


In (5.4.2), Aj is partitioned into shape (21, k—21). There can be other partitions. 
The following series of propositions show that the influence of the shape is only a 
scale by combinatorial numbers. 


Lemma 5.69. Let Ag; = ajag-:-ag;. Then for any 0 <r <l, 


1 
(Aa) = or ye (Avi (1)) (A2r(2))- (5.4.10) 
U (2r,21-2r)K An, 


Proof. Expand both sides by (5.4.4). L] 
Corollary 5.70. For any 0 <1 < [k/2], anyO0<r<l, 
1 
(Ax)a—2t = Ge S> (Agay) (Ax(y)e—20- (5.4.11) 


L (ar,k—-27r)FKAR 


Lemma 5.71. For any 0 <1 < [k/2], any0<m<k-—2l, 
1 


Gm (Axkc1y)m x (Ak (2)) k—21-m- (5.4.12) 
k—-21 


(m,k—m)F A, 


(Ak) r—21 = 
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Proof. Direct from (5.4.2) and the trivial identity that for any 0 < j <k, 


1 
(Ank=—z >> (Agcy); A (Agcay)es- (5.4.13) 
K G,k—j)F An 


O 


By (5.4.2) and the above two lemmas, we get 


Theorem 5.72. [General Clifford expansion of the geometric product of vectors] 
For any 0 <1 < [k/2], any0O<m<k-2land0<r<l, 


1 


Ce ee a S- (Akciy)m A (Az(2))k—-m—2l- (5.4.14) 
Uk 21 (m42r,k—m—2r)K AR 


5.4.2 Expansion of square bracket* 


In CL(V"), Theorems 5.64 and 5.72 are valid for any i-grading operator, where 
1 <i<_n. However, the expansions they generate are not necessarily the short- 
est. When i = n, by employing the syzygies in inner-product bracket algebra, the 
number of terms generated by a Clifford expansion can be significantly reduced. 

For example, when n = 4, the following table displays the number of terms 
generated by expanding (A4+9:)4 using Theorem 5.64, versus the result obtained 
by using Theorem 5.79 to be introduced in this subsection: 


Integer I : 1 2 3 
# terms by (5.4.2): 15 210 =3150 (5.4.15) 
# terms by (5.4.24) for m=1+2: 6 42 465 
Notation. 


From now on, for the n-graded part of an element A € CL(V"), its bracket in 
A”(V") is referred to as the square bracket of A: 


[A] := [(A)n].- (5.4.16) 


According to (5.2.18), in [ajag...ap], the juxtaposition of vectors a’s can be un- 
derstood as any of the geometric product, the outer product, and the sequence of 
vectors, because they all agree with each other. 


Lemma 5.73. Let A;+2i45 = a1a2--:api2i4+s5, and let B, be an s-blade. Then for 
anyO0<m<l, 


(Artats)rts ‘By, = (C7) ~* y (Ar+2i+s(1))r (Ar+21+s(2)Bs). (5.4.17) 
(r+21-2m,2m+s)FA,4+2145 


Proof. Direct from Proposition 5.15 and (5.4.11). L] 


FreeEngineeringBooksPdf.com 


260 Invariant Algebras and Geometric Reasoning 


Corollary 5.74. Let A, = ajazg---a,, where r > 1. Then for any vector b, any 


O<l< (5), 


b- (A,) p21 = S> (bAy (1) (Ar(2y)r—2t-1- (5.4.18) 
(21+1,r—21-1)FA,. 


Corollary 5.75. Let By+2i-1 = aga3°+: ang. Then for any 1 <i <1, 


S> (aiBn421-11)) [Bn421-1(2)] = 0. (5.4.19) 
(2i—1,n+2l—2i)-Byn4o1-1 


Lemma 5.76. [Generalized Cramer’s rule] 


nt+2I4+1 
So (-1) lar ai angarpijai = 0. (5.4.20) 


i=1 
Proof. Direct from Theorem 5.64 and the Cramer’s rule of n + 1 vectors. L 


Lemma 5.77. For any 0 sment 2l, let Am = aja2°'' Am and Bn+2i-m = 
Am+1Am+2°°*An+21- Then 


1 
[An +2] = i ( S- (Am(1)) [Am(2)Bn+21-m] 
(2,m—2)F Am (5.4.21) 
+ S- (Bn+21-m1)) [AmBn+2I-m ay] iP 
(2,n+2l—m—2)FBy421-m 


Proof. By (5.4.11), the equality holds for m = 0. Assume that (5.4.21) holds for 
m=k-—1. Denote B= Bh+2i—k-+1 and C = Bn+2i-k- By (5.4.19), 


S- (Bi) [Az-1Bya)] = S (Cay) [Ag—-1arC2)] 
(2,n+2l—k—-1)-B (2,n+2l—k—2)-+C 
n+2l 
ah. » (—1) ay, « 0,) fay + Bigeye hag ar] 
i=k+1 


= S> (Cay) [Ar€ ea] 


(2,n+21—k—2)FC 


k-1 
i=l 


Then 
L [An+2i] 
= SO (Ak-1qy)[Ae-ig@B) + = $5 (Bay) [An-1Be)] 
(2,k—-3)KFAn—1 (2,n4+2l—k—-1)-B 
=( YS + So. +) (Agay)fAe@Cl+ = So (Cay) [AcCgy]. 
(2,k-2)FA,,  (2,k—2)F Ax, (2,.n+2l—k—2)-C 
ap GAK(1) are Ark(1) 
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So (5.4.21) holds for m = k. L] 
Lemma 5.78. For any 1 <k <1, 


[An+ai] = (CF) S> (An+ar—izy) [Ant2t—1(2)n4ail- (5.4.22) 
(2k,n+2l—2k—-1)FAn+o1-1 


Proof. By (5.4.11), 


CF [An+ai] = Ly (An421-1(1)) [An+2i-1(2)8n+21] 
(2k,n+2l—2k—-1)KFAn4o1-1 (5.4.23) 
+ D2 (FV) (Antat—1aantat) [Andat—12y)}- 


(2k—1,n+21—2k)FAn 421-1 


By (5.4.3), (5.4.11) and (5.4.19), the second term in the result of (5.4.23) equals 


> (-1)"(an+er : An+2I-1(1)) (An+2i-1(2)) [An+2i-1(3)] 
(1,2k—2,n+21—2k)FAn4o1-1 


S- (—1"Or5: (An+2l 7 An+2i-1(1)) [An+2i-1(2)] 
(1,n+2I—2)FAy, 421-1 
= 0. 


O 


Theorem 5.79. Let 0 < m < n+ 21, let Am = ajag:-:-am and Bryai-m = 
Am+18m+2°''An+q1. Then for any 1 <k <I, 


1 
[Ano] = OF S- (Am(1)) [Am(2)Bn+21-m] (5.4.24) 


l (2kym—2k)F Am 
k 


in Ch 
+5°(-1) i De (Bn+21-m1)) [AmBn+21-m 2] 
i=1 l (2i,n+21-2i—m)HBn4o1—m 


1 
= Cr », (Bn+21-m1)) [AmBn+21-m 2] (5.4.25) 
l (2k,n+21-2k—m)F Bn +21—m 
k 


y(-n Ch 3 
aC (—1) o x (Am(1)) [Am(2)Bn+21—m]- 
i=1 L (2i,m—2i)- Am 


It can also be written as the following formula of “summation by part”: 


S> (Amay) [Am()Bn+21—m] 
(2kym—2k)F Am 
k 


= co s (-1)'or; (Bn+21-m1)) [AmBn+2I-m 2)]- 
i=0 (2i,n4+2l—2i-m)F- Bn+21-m 


(5.4.26) 
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Proof. By symmetry we only need to prove (5.4.24). By (5.4.21), the equality 
holds for & = 1 and any m. When m = n + 21, by (5.4.11), the equality holds for 
any k. When m = n+ 21 — 1, by (5.4.22), the equality holds for any k. 

Assume that (5.4.24) is true for k =r—1<1—1 and any0<m<n+2l. We 
prove that it is true for k =r and any 0 <m< n+ 2l — 2. There are three cases: 


Case 1. 2r <_m. By induction hypothesis, 


1 
[An+21] = oo S- (Amc1)) [Am(2)Bn+21-m] 
l 


(2r—2,m—2r+2)FAm 


é r-1 
Te So(-1) eras S- (Bn+21-m1)) [AmBn+21-m 2] 
i=2 L (2én4+21-2i—m) FB y+21—m 
ee S- (Bn+21-m1)) [AmBn+2I-m ay] 


(2,n4+2I1—2—m)FBn+21-m 


‘a (Bn+2I-m(1)) [AmBn421-m(2)]- 


(2,n+2l—2—m)FBn42i—m 


(5.4.27) 
First, for partition (2,n + 21 -—2—m)- By+21-m in the last term of (5.4.27), 


[AmBn+2i—m (2)] 


1 
REI S- (Am(1)) [Am(2)Bn+21-m(2)] 
Cini (2r—2,m—2r+2)F Am (5.4.28) 
r—1 5 


dE Brtat—m a1) [AmBn+21-m22)]- 


(24,n+21—-21—2—m) + Bn421—m (2) 


Second, by (5.4.21), for partition (2r — 2,m—2r+ 2) A,, in the first term of 
(5.4.27), 


S- (Bn+21—m(1)) [Am(2)Bn+2i-m(2)| 
(2,n+21—2—m)F By +21-m (5 4 29) 
= (1—1+1)[Am@Bny2—m] — — S> (Am(ary) [Am(22)Bnt21—ml- 
(2,m—2r)F Am 2) 


Combining (5.4.28) and (5.4.29), we get that the last term of (5.4.27) equals 


1 
“Feet S> (Amy) (Bn+2t—m ay) [Am (2)Bn+21—m 29] 
L-1 (Qr—2,m—2r+2)FKAm, 
(2,n+21—-2—m)+By421-m 
1 r-1 hoa 
ee ae ae DL (Bnt2t—m(ay) (Bn+2t—m (2) [AmBn+2t—m(a)] 
i=1 I] (2,24,n4+21-2i-2—m) 
FBny21—m 
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a = De (Am1)) [Am(2) Bnt2i—m] 
—1) (Qr—2,m—2r+2)KAm 


jor » (Am(1)) (Am2)) [Am(3)Bn+21-m] 
I-1 (Qr—2,2,m—2r)KAm 


a Ai TCs 4 
+0 (1)! er S- (Bn+21-m1)) [AmBn+2I-m ay] 
i=1 I-1 (214+-2,n4+21—21-2—m)FBn 421m 
1 
= “oC ye (Am(1)) [Am(2) Bn421-m] 


(2r—2,m—2r+2)FAm 


1 
Tor So (Am1)) [Am(2) Bnt2i—m] 
l (2r,m—2r)FAm 
r 4—1 
aie (<1)! Cra 
Ci 


x (Bn+21-m(1)) [AmBn4+21-m(2)]- 


(21,n4+21—2i—m) By +421-m 


3 
Il 
wo 


(5.4.30) 
Replacing the last term of (5.4.27) with the above result, we get (5.4.24) for k =r. 


Case 2. 2r —2<m but 2r >m. 

In this case, the right side of (5.4.29) contains only the first term. The second 
term in the result of (5.4.30) vanishes. The previous proof is still valid. 

Case 3. 2r —2>m. 

In this case, the first term on the right side of (5.4.27) vanishes, so does the 
first term on the right side of (5.4.28). The proof can be finished by substituting 


(5.4.28) into the last term of (5.4.27). L 


Corollary 5.80. With the same notation as Theorem 5.79, 


[An+21] — S- (Brn+21-m1)) [AmBn+21-m 2] 
(2l,n—m)FBn+21-m 
| (5.4.31) 
+> > So (HD (Amy) [Am(2)Bnt2i—ml- 
t=1 (2i,m—2i)FKFAm 
Proof. Set k =1 in (5.4.25). L] 


Example 5.81. When n = 4, the expansion of [123456] by Theorem 5.64 produces 
CZ = 15 terms, see Example 5.67. Using (5.4.24) for k =! =1 and m = 8, we get 


[123456] = 1- 2[3456] —1- 3/2456] + 2- 3/1456] 


+4 - 5[1236] — 4 - 6[1235] + 5 - 6/1234]. (5.4.32) 
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5.4.3 Expansion of the geometric product of blades* 


The formulas provided by Theorems 5.64 and 5.72 on expanding the geometric 
product of vectors can be extended to blades. When there are only two blades, the 
expansion formula was first discovered by Caianiello in 1973 [32], and re-discovered 
by Rota and Stein in 1986 [158]. For the general case of any finitely many blades, 
the expansion formula was discovered by the author in 2001 [116]. 

In this subsection, symbols A,,B,, and C, always denote r-blade, s-blade, and 
t-blade each being in the explicit form of the outer product of r,s, and t vectors. 
If two blades in a sequence named by A have the same grade r, they must be 
distinguished by introducing a second index: Aj,,A2,;. The first index is used to 
distinguish different blades in the sequence, the second index denotes the grade. 


Theorem 5.82. For r-blade A, and s-blade Bg, 


(A,Bs)r+s—21 = S- (Ar (2)Bs(1)) Ar(1) x Bg). (5.4.33) 


(r-LDFA,, 
(l,s—D)HBs 


Proof. When r = 0 or s = 0 or! = 0, (5.4.33) is always true. When r = 1, 
(5.4.33) is true for any s and 1. Assume that (5.4.33) is true for r up to m—1> 0, 
and for any s and 1. Let C,,-1 = ag Aag A-+:A am. Then (An,Bs)m+s—21 equals 


(ai1Cm_—1Bs) m+s—21 a S- (ay . Cm-1(1)) (Cm-1(2)Bs)m+s—21 
(1,m—2)FCm~1 
= ai + (Cm—1Bs) (m—1)4+s—2(1-1) + 1 A (Cm—-1Bs) (m—1)+s—21 


— S- (ay Cm-1(1)) (Cm-1(2) Bs) (m—2)+s—2(I-1) 
(1,m—2)FCm-1 


= D2 (Cm-1(2) *Bsqay) a1 (Cm—1y A Bsa) 
(m-1l-1)HCm—1 
(l-1,s—I+1)- Bs 
at ye (C§m-1(2) ‘Bs (1) a, A Cm—1(1) A Bs(2) 
(m=I-1,)ECm—1 
(l,s—l)FB, 
‘3 S- (ay Cm-1(1)) (Cm—1(3) 7 Bs 1)) Cm—1(2) A Bs(2)- 


(1jym—1-1,l-1)-Cm—1 
(I—1,s—I+1)+B, 


(5.4.34) 


The first term in the result of (5.4.34) can be decomposed into 


D2 (Cm-1¢a) *Bsqay) (a1 * Cm—1 ay) Cm-1@) ABs) 
(1,m—I—1,I-1) FC, -1, 
(l—1,s—I+1)FBs 
+ S- (-1)"“"'(Cm—1(2) Bs iy) (ar -Bs,2)) Cm-1(1) A Bs). 


(m—1,l-1)FCm-1, 
(I-1,1,s—DFB, 


(5.4.35) 
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Substituting it into (5.4.34), and using (5.1.11), we get 


(AmBs)m+s—2l = ( S- 5 oy ) (Am(2)Bs(1)) Am(1) A Bs(2)- 
(m—1,DFAm,arcAm(2), (m—1,)FAm,a1¢Am (2); 
(1,s—l)FBs (l,s—l) Bs 
L 


Example 5.83. Forr=s=3and/=2, 

(1A 2A 3)(4A5/A6))o 

(LA 2)-(4A5) 3A6—(1A2)-(4A6)3A54 (1A 2)-(5A6) 3A4 
—(1A8)-(4A5)2A64 (1/A38)-(4A6) 2A5— (1A3)-(5A6) 2A4 
+(2A3)-(4A5) 1A6— (2A3)-(4A6)1A54(2A38)-(5A6)1A4. 


Corollary 5.84. For r-blade A, and s-blade B,, for any 0 <1 < min(r,s), 


(ArBs)r¢s—-2 = > ArayA(Aray*Bs)= So (Ar: Bsa) ABs): (5.4.36) 
(r-L,DFA, (l,s—-D) Bs 


Corollary 5.85. For r-blade A, and s-blade B,, for any 0 < 1 < min(r,s) and 
0<m<il, 


1 
(A,Bs)r+s—2l = Am S- (Ar(2)Bs1)) (Ar(1)Bs(2))r+s—21- (5.4.37) 


m 
Ci 
(r—m,m)FA,, 
(m,r—m)FBs 


Proof. Direct from (5.4.33) and (5.1.11). L] 


In the geometric product of a sequence of blades, when vectors in the blades are 
aligned sequentially, they form a sequence of sequences, or bi-sequence. The interior 
sequences are vectors in the same blade, the exterior sequence is the sequence of 
blades. A partition of a blade results in a sequence of smaller blades whose outer 
product equals the blade. In partitioning the geometric product of blades, each 
blade is partitioned into smaller blades, then the smaller blades are reordered into 
a new exterior sequence. 


Definition 5.86. Let the A; be blades for all 1 < i < k. A partition of the 
geometric product AjA2:::A, of shape (Ai, 2,-.-,Ax%), refers to a sequence of 
blades obtained by first partitioning each A; into shape \;, and then reordering the 
new blades. The sign of partition is the sign of permutation of the whole sequence 
of vectors constituting the exterior sequence. 


In Sweedler’s notation, if the k-th new blade is the j-th part from the partition 
of A;, then the new blade is denoted by the double indexed notation Ai , where 
k is the exterior index of the whole sequence, and j is the interior index within 
a blade. The sign of partition is attached to the first blade in the new exterior 
sequence. If the first blade does not occur in a summand, then the sign is attached 
to the blade with the lowest exterior index in the summand. 
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Example 5.87. Let A3 = 1A2A3 and B3 = 4A5/6 be 3-blades. Then 2,5/A6,1/A 
3,4 form a partition of the geometric product A3B3 of shape ((1,2),(2,1)). The 
sign of partition is the sign of permutation of 2,5,6,1,3,4 to the original vector 
sequence, so it is —1. In Sweedler’s notation, ((1,2), (2,1)) / AsB3, and 
— a) — p, (2) — 4.(3) — p,(4) 
-2= As), 5A6=Bs3i}, 1A3=A35), 4=Bsj)- (5.4.38) 
The sign —1 is attached to the first blade A3t3} of the partition result. 


Notice that in the above example, the partition is also of shape (o(1,2),7(2,1)), 
for any two permutations 0,7 of 1,2. The permutations change the lower indices 
accordingly. This is a common property of all partitions of bi-sequences. 


Lemma 5.88. For 1 <i<k, let 5; = 71 +7rog+---+7;, and let Aj, = as,_,41 A 
as,_,+2A\°::Aas,. For 1 from 1 to k, let Ar, (1), Atri (2) be a fixed partition of Aj,., 
of shape (#:, jz). Then 


sigm(Aary (1)9 +++» Are (1)» Atri (ays ++ +1 Are (2)) = (—1)%tse<ese fpf, (5.4.39) 
Proof. First notice that sign(A(;), A(2)) = 1 for any sequence A. By 
sign(Ay,, (yee Alere ay) Attra (gy) + Ader (2)) = (-1)1 (+--+) sion(Ar,, (1)? 
Airy (2)1A-2re (1) Ars (1)> +++» Adere (1)s A2re (29+ ++) Abre (ay) 
and deduction on k, we get (5.4.39). L] 


Theorem 5.89. For r-blade A, and s-blade B,, for any 0 < 1 < min(r,s), any 
O<m<lanyO0<i<r-—lI,andany0<j<s—-l, 


1 
Op 2 3) 
Onci_jOo, Dy (Ar ay Bscj)its A (Ara) Bs (a) )rits—9-2r 
r—l 8—" ((m+i,r—m-—i), 
(m+j,s—m—j))FA,Bs 


(A,Bs)r+s—21 = 


(5.4.40) 


Proof. By (5.4.33), (5.4.37) and (5.4.39), 
(A,Bs)r+s—21 


1 
= cm > (A+-(2)Bs,1y) (Ar(1)Bs(2)) (r—m)+(s—m)—2(l-m) 
1 (r=mm)r An, 
(m,s—m)FBs 
1 
~ om > (Ar(s)Bs(1y) (AryBs(ay) Ara) A Bays) 
I 


(r—lLl—m,m)FA,., 
(m,l—m,s—l)FBs 


1 
~ CPci_,c3 Dd. (Ar Bs) (Ar@)Bs(y) Ara) AAr@) ABois) ABs 
U r—l 


s—l (i,r—l-i,l-m,m)FA,, 
(m,l—m,j,s—l—j)FBs 
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(atm) 
~ “Gmc, de (Ar@yBsay)(Ara Bsa) Ara) MAr() ABs) ABsay 
l s—l (G,m,r—l—i,l—-m)FA,, 
(m,j,l—m,s—l—j) FBs 
(Sa) ama aters) 
~ Crci_C,, d— (Ar@yBsay)Aray ABs) A (ArayBs())Ar(s) ABs (ay 
l 8—l (i,m,r—l—i,l—-m)FA,, 
(m,j,l—m,s—l—j) Bs 


1 
(1)p (2) (3)p (4) 
— Grae_ot, De (ArayBs(jita A (Ar@)Bs(a))ritsj2t 
v ((m+i,r—m-—i), 


(m+j,s—m—j))FA;Bs 


O 


Example 5.90. In expanding ((1A2A3)(4A5/6))2 by (5.4.40), we have r = 5 = 3 
and 1! = 2. If choosing m = 7 = 1 and i = 0, we get that the summation in the 
expansion is over all ((1, 2), (2,1))-typed partitions of the geometric product: 


2((1A2A3)(4A5/A6))o 


= {1-(4A5)}A{(2A3)-6} —{1:(4A6)} A {(2A3)-5} 

+H{1-(BA6)}A{(2A3) -4}—{2-(4A5)} A (1A 3) 6} 
4{2- (AA 6)} A{(1A3) -5}—{2- (BAB) AL(LA3) 4} 
HB. (AA 5)}A{(LA2)-6}—{3-(4A6)} A {(1A 2) 3} 
H{3-(BA6B)}A{(LA2) <4}. 


Proposition 5.91. Let 1 <r,s,t < m be integers such that r+ s+t=2m. Then 
for any r-blade A,, s-blade B, and t-blade C;, 


(A;B;Cz) = S- pane (Bs(2)Ci(1y) (Cray Arqay)- (5.4.41) 


(m—s,m—t)F}A 
(m—t,m—r)FBs,(m—r,m—s)F Cy 


Proof. Direct from 


(A,BsC;) = (ArBs)r+s—2(m—t) * Ct = x (Ar(2)Bs(1)) (Arq) A Bs(ay) + Ce. 


(m—s,m—t)FA, 
(m—t,m—r)FBs 


LJ 
Theorem 5.92. Let 1 <1r,s,t < m be integers such that r+ s5+t=2m. For any 


r-blade A,, s-blade B, and t-blade C;, for any 0 < m’ < mand 0 <1',s',t) <m’, 
such that r’+8'+t'’ =2m' andO<r—-r',s—s',t-t'<m-m’, 


_ 1 Wey ey De Ba © 
(ArBsCt) = Garr Gar Garr de (Ar) Bs()CrQ)) (Ar) Bs (a) Cr@})- 
ee es me ((r—r’,r’),(s—s’,s‘), 
(t—t',t’))-A,B.Cy 


(5.4.42) 
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Proof. Forany0<k<m-t,any0<i<m-—s,andany0<j<m-r, 


(A,B,C) 
= (A,Bs)r+s—2(m-—t) ; Cc, 
1 
= Hp (2) (3)pQ (4) 
~ CF Ci ,Co_, dD (Arai Bsa dita A (Ar@y Bai )tina) * Cr 
mate mse m—T  ((k+i,r—k—i), 
(k+j,s—k—j))FA,Bs 
1 


(1) (2) (3) (4) 
S- (Ar(1)Bs(q)Ce(2y) (Ar(9) Bs (9)Ctay) 
(t-i-j,i+) Ce, 


Cra Ch eC mar 4 
((k+i,r—k—1),(k4+j,s—k—j)) FArBs 


1 


OR AWA a~ Op OG 
=e 8 Dd, (Ar G)Bs aye) (Ar a)Bs(2)Cra)): 
m—t~m—s~M—P ((k+i,r—k—i),(k+j,s—k—J), 
(i+j,t-—i—j))-A,B,Cr 


The last step is because (—1)°—*—-#+s—k-J+*t-*- (49) — 1, Setting r’ = k+i, 8! = 
k+j,  =i+j, we get k= m'—t',i=m’—s' and j = m’—1", hence (5.4.42). L] 


Lemma 5.93. Let Aj,, be an r;-blade for 1 <i <k. Then (Aj,, Agr, ++: Agr.) g = 
0 for any grade g satisfying g < 2max(ri,...,7T~) — pea Tj. 


Proof. Let rm = max(ri,...,7~). For 1 <i<k, let 5; = i rp. Lf 2rm— Sp > 
0, then rm — Sm—1 = 27m — Sm > Sk — Sm > 0. Since 


Air Aors ae Akrg 


Sm Sk—Sm 


= ( S- (Air. + *Amrm)i y¢ x (A(m+1)rmti -++ Abr, )t) 
j=Tm—Sm-1 I=0 
Sk Sm Sk—Sm 
= Stine beads Se Atmtsines Bind) 
h=rm—S8m—1—S8kt$m\ J=lm—Sm-1 1=0 h 
if g < 2rm — 8 =Tm — Sm—1 — Sk + Sm, then (Ary, Aor, ++: Akr,)g = 0. O 
Proposition 5.94. Let r,,...,7% be a sequence of positive integers, among which 


there are three integers r;, > ri, > riz, such that r;, > r; for all j € {t1, 72, is}. 
Let ry +--- + 7p = Sp. Let Aj, be an rj-blade for 1 <i < k. Then Bay = 
(Airy, Aor. ++: Akr,)sp—21 equals zero if / is not within the following range: 


Nig Flip —N SU < min(sp —175,, 54h 12-1, — Tin — Tig): (5.4.43) 


Proof. When k = 2, ifr+s > n, then for any / such that Bg) is nonzero, 
r+s—2l<n-—r+n-—s. So 


max(0,r+s—n) </I< min(r,s). 


This proves (5.4.43) for k = 2. 
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Assume that (5.4.43) is true for k = m—1. On one hand, by 


l 
= By 1h) Sm—1- -2hAm@m) ¢_ 1—2h+rm—2(I—h) ? 
h=0 


we have 
max(0, $, —2h—n) <l—h < min(S_-1 — 2h, 17m). (5.4.44) 
On the other hand, by induction hypothesis, 
max(0,r7,+7; —n|l1<i<j<m) <h 
< min($m—1—1i,$m-1 +N -— 1 -—77 —TRIL<i<g<k<m). 


Combining (5.4.44) and (5.4.45), we get 


(5.4.45) 


max(l—Tm,$m —n—-1,0,ri+7rj —n|l1<i<j<m) <h 
< min(1, m1 —1,8m-1 —Ti, 8m-1 tN —-Ti-— 1] —TRI 1 <t<j<k<m). 


So 


8m —n 
max(0, 5 Pm +r —nTetTy — Ny tm + re +17 +1R - 2N | 1<i<j<k<m) <1 
< . Sm I . é 
< min(—- Sm—1; 8m — Tis 8m +N Ti — 1] — Thy Sm—-1 +N — Tj — 71; | 1S<i<j<k<m), 

which is a subrange of (5.4.43) for 1, when setting k =m. L] 


Theorem 5.95. [Fundamental Clifford expansion of the geometric product of 
blades] For 1 < i < k, let Aj,, be an rj-blade, let s; = ry; +---+7;. Then for 
any | > 0, 


(Air, Aors cit cei A kry) sy—2l 


Z (By (e+) (2k) 
=. Do (Aan) Abney) Aan ay? A A Arey: 
byte pip =2l, ((41,71—-71),...,(tn ,7R-tk)) 
O<ij<min(I.ry),15jSk FAY ry Agr 
(5.4.46) 


Theorem 5.96. With the same notation as above, if s, = 2n and r; > 0, then 


(Air, Aor, > S Akr,) = S- x 


date ttesr1, ((42,7r2—12),.--,(te Te —te)) 
O<i3 <1rj,2<9<k 


i k-1 k 2k—2 
Aur, : (Abas Ares A Min, ) (Acre tay i Avery ) ’. 


Remark: When ry r Tk 1, Theorems 5.95 and 5.96 become 
Theorems 5.64 and 5.65 respec 


Proof. We prove Theorem 5.95 and Theorem 5.96 at the same time. 
When & = 2, (5.4.47) is obviously true, and (5.4.46) is just (5.4.33). Assume 
that both (5.4.46) and (5.4.47) hold for k = m—1, where m > 3. 
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When k = m, if Ss, = 2n, since ry = rg +--+ + rm —2(n—11), 


(Air, Aor, ow Ajnr.) = Air, P (Aor, iw Dai 


1 k-1 
= >» Do (Azra) Abra 


igte-+im=2n—2r1, ((i2,r2—t2),---,(in, Tk -tk)) 


0<i;<min(n—11,7r;),2<j<m arg Abr, 


k 2k—2 
(Air, - (Aara(s) Av++ A Akretay >): 


Setting h; =r; —1,, then using Lemma 5.93, we get (5.4.47). 
We prove (5.4.46) for k =m. 


(Air, Aor, ane Aimrm ) sm —2l 
i 


= S- (Age? *A Gt) reg 1 ) yea 2h Aamir a Phe IB) 
h=0 


1 m-1 
- Ds Yo Aan) Aom—prmat) 


OSA, t1te-t+im-1=2h, — ((i1,71-41),-+-,(ém-1,m-1—im-1)) 
O<i; <min(h,r;), 1<j<m—-1 FAiry AQm—1)rm—1 


m 2m—2 
(Air, i Art A Ridin )) Api) iets BEA OY 


1 m—1 
= S- ba (Aan i} a Petro Ara ) 


O<h<1, 414+---+im-1=2h, ((é1,71-1),---)(ém—1,7%m-1—-tm—-1)) 
O<ij<min(h,rj),1<j<m—-1 FA, A(m=1)rm 17 hrm —lth)FAmrm 


m 2m—2 
{(Aur, i Avs+N oe ee )) 7 Amrm (it A Amrm (2)° 


(5.4.48) 
In the result of (5.4.48), 
m m+1 2m—2 
(Air, oy A Aorta) Aver ae ee 2) . Amrm (1) 
hit: -+hm—1=!—h, ((r1-t1 —hi1,h1) ena 
OSh3Srgj—tj,1SFSM—-1 (Py 1 im —1 —hm—1,hm-—1)) (5.4.49) 
FAiny (7 AGn—Dem-1g) 
(m) (m+1) (2m—2) 
Air, (21) A2rs (21) pared A (m—1)rm—1 (21) 


2m-1 2m 3m—3 
{(Ain oa A Aor, oy Bort A (on—1)Pm—1 (22) y Amrm cyt: 


For 1 <j <m-—1, let g; =i; +hj. Let gn =1—h. Then 57", gi = 21. By 
substituting (5.4.49) into (5.4.48), then using (5.4.47) and Lemma 5.93, we get 
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(Air, Aors ae Amrm)sm—2l 


_ S- S- S- (Air; o ee Agi tec) 


ite +gm=21, hite-+hm-1=9m, ((g1—h1,71—-91,h1),--- 


9g - a 
9520, 1S7SM —hg2O,ASFSM—1 (gy —Am—1,P m—1-Gm—1shm—1); 
(9ms?m—9m))F Airy A(m—1)rm 1 Amrm 


m 2m—2 3m—-1 
Air, _ A+++ A ee ee ) A Amrm es ) 


m—-1 3m—-3 3m—2 
(Ain Ae Dagar Adena} 


= (1) (m—1) 
- me 2 yy (Aan) ** *A(m-1)rm— 1(1) ) 
git t+Ima2l,  hite-+hm-1=9m, ((g1 Rah ,t1—91),-++5 
9520, 1535m hj 20, 1<j<m—-1 (9m—1—hm—1,hm—1;%m—-1—9m—-1); 
(9m.?m—9m))F Airy AG —1)rm—1Amrm 


2m—2 2m—-1 
{An A= Ageia Ama OF 


2m 3m—2 3m-1 
Air, i. Av A Arden, ) A Amrm . ) 


= coe (m)y a(m+1) (2m) 

= S y (Air, (1) Aap (1) )Ains (oy Av Amrm (a) : 
giti+9m=21, ((91,71-91)5-++(9msTm—IJm)) 

O<gj <min(1,rj), 1<j<m Airy Amrm 


Example 5.97. Let As, B3,Cs3 be 3-blades. In expanding (A3B3C3)7 by (5.4.46), 
we have k = 3, ry = rg = 1r3 = 3, and ! = 1, so one of the three 7;’s must be zero. 


The expansion result is 
(A3B3Cs3)7 = > (Aslt} - Bal) Ast} A Bais) ACs 
((1,2),(1,2))FAsBs 
7 > (Asti): Cs) As) A Cay) \ Bs 
((1,2),(1,2))F AsC3 


a » (Baty): Cs(})) Bats A Csia) AAs 
((1,2),(1,2))FBsCs 


= (A3B3)4 A C3 — (A3C3)4 A B3 + (B3Cs3)4 A Az. 
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Chapter 6 


Geometric Algebra 


While the other versions of Clifford algebra emphasize the linear nature of the 
algebra, i.e., care more for addition than for multiplication, Geometric Algebra 
prefers the usage of multiplication to addition. 

Geometrically, the geometric product conglomerates all geometric relations 
within itself and is geometrically meaningful. Algebraically, exploiting the asso- 
ciativity of the geometric product and the commutations within the grading op- 
erators, has incomparable superiority over all other usages of Clifford algebra and 
inner-product Grassmann algebra in symbolic geometric computing. 

This chapter investigates major computing techniques in Geometric Algebra, 
Clifford coalgebra and Clifford bracket algebra. In particular, three new comput- 
ing techniques are developed for Geometric Algebra: ungrading, monomial com- 
pression, and Clifford factorization. They not only are powerful tools in algebraic 
manipulations, but also inspire a sequence of explorations and conjectures on the 
fundamental Grassmann structure of Clifford algebra. We start with a persuasive 
example from differential geometry as a prelude. 


6.1 Major techniques in Geometric Algebra 


Example 6.1. [197] In studying nD conformal manifold (M, [g]), F. Pedit proposed 
a triple product T as follows: 


T: TMxT*MxTM — TM 
(x, a,y) —- a(x)y “F a(y)x 7 g(x, y)a*, 


where a € TM is defined by g(a*,z) = a(z), Vz € TM. Let T’ be the dual of T: 
for anya,GeET*M andzeETM,T’: T*MxTM x T*M — T*M is defined by 


T'(a,z, B)(u) = a(T(z, 8,u)), Vue TM. (6.1.2) 
Prove the following identity satisfied by T and T’: 


T(x, a, Ty, B, Z)) > Ts, T’(a,z, B), y) = LTS ay), B, Z) _ T(T(x, BZ). a,y). 
(6.1.3) 


(6.1.1) 
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Willmore wrote the following in p.110 of his book [197]: “The only way I have 
succeeded in establishing this identity is by the time-honored method of tediously 
showing the left-hand side and the right-hand side when expanded do in fact lead 
to identical expressions.” 

We present an elegant proof with Geometric Algebra. In the Clifford bundle 
over M, T and T" have the following graded monomial expressions: 


T(x,a,y) = (xa*y),, T'(a,2, 3) = ((a*#2B*),)°, (6.1.4) 


where x’? € T*M is defined by x’(y) = g(x,y), Vy € TM. 
Denote x = 1, a# =2, y=3, 8% =4, 2 =5. Then (6.1.3) becomes 


(12(345),), — (1(254) 13), = ((123)145)) — ((145),23);. (6.1.5) 


Proof. The strategy is to eliminate all interior 1-grading operators from both 

sides of the equality, called ungrading, and then simplify the result by symmetries 

within the 1-grading operator and by the associativity of the geometric product. 
The ungrading follows the simple formula 


(123), = 5(123 4321), (6.1.6) 


which is valid for any vectors 1,2,3 € V”. The left side of (6.1.5), after ungrading, 
becomes 


1 1 

5 (12345 + 12543 — 12543 — 14523) = 5 (12345 — 14523). (6.1.7) 
The right side of (6.1.5) becomes 

1 1 

5 (12345 + 32145 — 14523 — 54123), = 5 (12345 — 14523). (6.1.8) 


The associativity is automatically applied to both sides. The equality of (6.1.8) 
is based on the reversion symmetry inside the 1-grading operator: 


(32145), = ((32145)'), = (54123);. (6.1.9) 
L 


Definition 6.2. InCL(V"), a graded Clifford polynomial is a K-linear combination 
of graded Clifford monomials defined in Section 5.3. The space of graded Clifford 
polynomials is called the graded Clifford space, denoted by G(V”). 

The graded Clifford space equipped with the geometric product, the dual op- 
erator and the Z-grading operators, is called a Geometric Algebra, denoted by the 
same symbol G(V”). It is a representation of Clifford algebra. 


The number of atomic vectors in a graded Clifford monomial is called the length 
of the monomial. A graded Clifford monomial does not allow the addition operation, 
but allows all the algebraic products defined so far. The following are typical graded 
Clifford monomials: 
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Clifford monomial: a,a2---a,-; 


Grassmann monomial: (ajag---a,;);; 

integer-graded part of a Clifford monomial, called single-graded Clifford mono- 
mial: (ayag-+++a,),—2;, where 0 <7 < [r/2]; 

inner product, outer product and meet product of graded Clifford monomials; 


Cayley monomial. 


The elegant proof in Example 6.1 reveals the superiority of high-level computing 
by multiplications (long geometric product) over low-level computing by additions 
(Clifford expansion). It is based on the first two of the following five major manip- 
ulations in Geometric Algebra. 


(1) Symmetries within Z-grading operators: 


(6.1.9) is a typical example. Following such symmetries, elements can change 
their positions within a grading operator. The associativity of the geometric product 
is another kind of symmetry. The use of symmetries in Geometric Algebra is the 
most economical way of employing syzygies in the corresponding inner-product 
bracket algebra. 


(2) Commutations: 


Definition 6.3. The commutator, also called cross product, of two elements A,B € 
CL(V"), is 


[A, B] := 5(AB _BA). (6.1.10) 


Notation. 

In [77], the commutator is denoted by the cross symbol “x”. In this book we 
preserve this symbol for the vector product in 3D vector algebra, because a X b 
[a,b] for a,b € R®. 


In general, a grading operator does not have many symmetries. Switching two 
elements in the same grading operator can be realized by one or two commutators: 
for any A,B,C € CL(V"), 


ABC — CBA = ABC — ACB + ACB — CBA = 2A[B, C] + 2[A, CB]. (6.1.11) 


The commutator is important for two more reasons: the commutator with a bivector 
commutes with any grading operator, and all bivectors together with the commu- 
tator form the Lie algebra of Spin(V”). 


(3) Ungrading: 


In G(V"), the procedure of eliminating Z-grading operators is called ungrading. 
Just like Cayley expansions in GC algebra, in Geometric algebra there are various 
ungradings of the same graded Clifford monomial, and finding the shortest ungrad- 
ing is an important task. For the simplest case, 3-blade 1 A 2A 3 € G(V”) has, by 
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the very definition of complete antisymmetrization, an ungrading of 3! = 6 terms: 
1A2A3= 7 (123 — 182 + 281 — 218 + 812 — 321). (6.1.12) 
However, its shortest ungrading is 2-termed: 
1A2A3= (128 — 821). (6.1.13) 


This phenomenon discloses the sharp difference in antisymmetrization between Clif 
ford algebra and its ancestor tensor algebra. 


(4) Monomial simplification: 


Clifford monomial simplification refers to monomial factorizations and compres- 
sions inside a graded Clifford monomial. 

Clifford monomial factorization is to transform a graded Clifford monomial into 
the geometric product of two or more commutative (up to sign) graded Clifford 
monomials. For example, if a monomial contains an adjoining pair of identical 
vectors such as aa, then by Cliffordization, aa = (aa) becomes a scalar. It can 
move freely within the whole sequence. For a Clifford monomial of generic vectors, 
there are few monomial factorization techniques. For special vectors such as null 
vectors, there are a lot more such techniques [125]. 

Given a Clifford monomial A, of length k, if there is another sequence of vectors 
of length strictly less than k but whose geometric product equals Ax, then Ax is 
said to be compressed, or its effective vectors are said to be reduced. The original 
monomial form of Ax is said to be compressible. 

For example, if vectors 1,2,3 are linearly dependent, then 123 = (123), is 
also a vector by Cliffordization, so the monomial is automatically compressed to a 
vector, or equivalently, the number of effective vectors in the monomial is reduced 
from three to one. 


(5) Rational Clifford expansion and Clifford factorization: 


Rational Clifford expansion changes a graded Clifford monomial into a rational 
polynomial in inner-product bracket algebra. The purpose is to reduce the size of 
a Clifford expansion result. For example, when n = 4, for null vectors 1 to 6 in 
V+, the expansion of [123456] by Theorem 5.64 produces a polynomial of fifteen 
terms, the shortest expansion by Theorem 5.79 produces a polynomial of six terms 
(5.4.15), while the shortest rational expansion has only two terms [125]: 

2 - 3[1256][3456] + 5 - 6 [1236] [2345] 
[2356] 

The reverse procedure of (rational) Clifford expansion is called (rational) Clifford 
factorization. It intends to change a multivector of inner-product coefficients into a 
graded Clifford monomial. A (rational) Cayley factorization is naturally a (rational) 
Clifford factorization. For example, in A(V*) where V4 is an inner-product space, 
for vectors 0,1, 2,3,4,5, the following is a Clifford factorization: 


[123456] = —2 , (6.1.14) 
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0 - 1[2345] — 0. 2[1345] = —0-((1A2) V(3A4A5)). (6.1.15) 


The commutator can also be used to make Clifford factorization. For example, 
both sides of (6.1.5) can be changed into the following graded Clifford monomial: 


5 (12845 — 14523), = (1 [23,45] ); = (1 ((2A3)(4A5))o)1. (6.1.16) 


The last step in the above computing will be explained soon in Subsection 6.1.2. 


Graded Clifford space is an intermediate stage between Clifford space and inner- 
product Grassmann space. Because of this, there are three ways to make algebraic 
manipulations in Geometric Algebra: 


1. Direct way: change a graded Clifford monomial to another graded Clifford 
polynomial by symmetries and commutations within each grading operator. 


2. Upward way: get rid of interior grading operators by ungrading operations, 
use syzygies among high-level invariants in Clifford bracket algebra to make 
simplifications. In the extreme case, the result of ungrading is a Clifford poly- 
nomial, and a monomial normalization procedure similar to the straightening 
of bracket monomials is necessary. 


3. Downward way: increase the number of grading operators by (rational) Clift 
ford expansions, use syzygies among low-level invariants in Clifford bracket al- 
gebra to make simplifications. In the extreme case, the result of expansion is a 
multivector in Grassmann algebra, and the corresponding algebra of invariants 
is inner-product bracket algebra. 


monomial simplification 
> 


Clifford polynomial Clifford polynomial 


ungrading | | grading 
graded Clifford polynomial high—level syzygies graded Clifford polynomial 
(long geometric product) (long geometric product) 
ungrading | | arading 


symmetry & commutation 


graded Clifford polynomial > graded Clifford polynomial 


(rational) | expansion (rational) | factorization 
graded Clifford polynomial low—level syzygies graded Clifford polynomial 
(short geometric product) (short geometric product) 
ite ae | c2nansion ira iia ] fectorization 
. basi i : 
multivector es multivector 
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6.1.1 Symmetry 


Proposition 6.4. The grading operators commute with each of the grade involu- 
tion, reversion and conjugate operators. 


Proof. Only the commutation of ( ); with reversion needs to be proved. For 
Ax = a 82°: ax, we need to prove 


Lice 1) 


(AL) a—21 = ((An)e—ai)t = (1) (Ag) eat. (6.1.17) 


When / = 0, (6.1.17) is trivial for any k. Assume that it is true for ] = m-—1 
and for any k. For 1 = m and any k, 


S- ((Ab) ay) (AD @) e-2-2(m—1) 


t 
(2,k—2)F AT 


(-1) 


(Al) 2m = 


m—1+ &=2)e=3) 
EPS (ADE) (ADE de—2m 


t 
(2,k—-2)F AT 


S- (Aki) (Ag(2))k-2m 


(2,k—2)FAx 


Mee 1) 


(yee? 


k(k—1) 


= (-1)™t" 2 (Ag) eam. 


Corollary 6.5. For any r-vector A, and s-vector B,, 
(A,Bs)r+s—21 = (-1)"° (Bs Ar)r+s—2l- (6.1.18) 


Proof. 


s(s—1)+r(r—1) 
— 2. —; 


(BsAr)r+s—21 = (1) (BIA!) -4s—21 


s(s—1)4+r(r—1)+(r+s—21)(r+s—21—1) 
eee et 


1 ((A,Bs)')p+s—21}1 
= (-1)"s! (A,Bs)r+s—21- 


Proposition 6.6. For vectors a’s in VY”, 


(ajag ate agi) = a2/aja2 ++: agi— 1) 


a2/agi—1° ai), 


n(n—1) 


1)7 2 [an+oian+oi—1°++ ad]. 


( 
= ( 

[ajag---an4oi] = (— 0 ia Man to1aiag-: -An+21—-1] 
[= 
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Proof. 
(ajag oe - agi) = (ajag “4 -agi-1)1 * a2] 
= agi: (ajag ve -agi-1)1 
= (agiayag “% -aai-1), 
[ayap os -An+21| = [(ayag ne *An+21-1)n—1 A An+21] 
= (-1)""" [anspor A (ara2 +++ An+2i—1)n—1] 
= (-1)""1[anporar +++ An+ar—1]- 
(6.1.20) and (6.1.22) are direct corollaries of Proposition 6.4. L 


Lemma 6.7. For any vector a and multivector A, 


a\A= 5(aA + Aa) =Ada, (6.1.23) 
a-A= 5(aA —Aa)+a(A) =—A-a+2a(A), (6.1.24) 
aA =a-A+aAA-—a(A). (6.1.25) 


Proof. (6.1.25) is the sum of (6.1.23) and (6.1.24). The second equality in (6.1.23) 
is trivial. Expanding a- (A — (A)) = —(A — (A)) -a, we get the second equality in 
(6.1.24). 

For the first equalities in (6.1.23) and (6.1.24) respectively, by linearity we can 
assume that A is an r-vector. If r= 0, thena- A =a/A A = aA = Aa, and the 
equalities are obvious. If r > 1, then 


Ce=1) 2) 
2 


((aA)*)pa = (-1)"" (Aa) = —(Aa)r-1, 
(@A)tr41 = (-1)" (Aa)rga = (Aadegi. 
By aA = (aA),_1 + (aA);4+1 and Aa = (Aa),_; + (Aa),+1, we get the two 


a-A = (aA),_1 = (1) 
aA A = (aA),41 = (-1) 


(r+I)r 
2 


equalities. L] 


The geometric product is no longer associative when composed with grading 
operators. For example, for vector a and blades B,C, in general (a(BC);), 4 
((aB);C), (nonassociative), and (a(BC);); # ((aB);C); + (B(aC),): (non- 
derivative). However, for special values of i, 7, k, 1, there do exist “pseudo-derivative” 
and “pseudo-associative” properties. 

The following proposition is direct from Lemma 6.7: 


Proposition 6.8. For any vector a and blades B,C of nonzero grade, 


a- (BC — (BC)) = (a-B)C+B(a-C) 
(a\B)C-—B(aAC), (6.1.26) 

aA (BC) = (aA B)C— B(a- C) 
= (a-B)C+B(aAC). (6.1.27) 
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Corollary 6.9. Let B,,C; be blades of nonzero grade s,t respectively. Then for 
any vector a € Ci, 


(a-B,)C; =aA (B,C;); 

(aA B,)C; =a- (B,C; — (B,C;)); 

(a-B,)-C, =aA(B,- Cy), if s<t; 
(aA B,)-C;=a-(Bs- Cy), if s<t—l. 


(6.1.28) 


Proof. The first two equalities are special cases of (6.1.27) and (6.1.26) respec- 
tively. The third is the (t — s + 1)-graded part of the first, and the last is the 


(t — s — 1)-graded part of the second. L] 


6.1.2 Commutation 


The commutator measures the difference caused by the switch of positions between 
two neighboring elements. For example, for vectors a,b and bivector Ba, 


[a,b]=aAb,  [a,Bo] =a- Bo. (6.1.29) 
In general, for any vector a and multivector A, by (6.1.23) and (6.1.24), 
fa, A] = [a, (A) 4] + fa, (A)-] 
= 5{(a(A), — (A)4a) + (a(A)- + (A)_a)} (6.1.30) 


Proposition 6.10. 


(1) For any multivectors A,C,,...,C, € CL(V”), 
AG, Cyr Sy Citra, (6.1.31) 
i=1 


(2) CL(V") is a Lie algebra under the commutator operation. 
(3) For any bivector Bz and vectors a; € V”, 


[Bo, ai ove Aa,| = Soa eee /\ aj—1 \ [Bo, aj] A aj41 Nore /\ ap. (6.1.32) 
i=l 


(4) The mapping C + [Bo, C], VC € CL(V”), is a grade-preserving operator, i.e., 
it commutes with ( );. 
(5) A?(V”) is the Lie algebra of Spin(V”). The exponential map is 


ef = 3 oe VA €CLiv"). (6.1.33) 
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Proof. (1) Direct extension of the identity [A,C1C2] = [A, C1]C2 + Ci/A, Ca]. 
(2) Corollary of the Jacobi identity 


(A, [B, Cl] = [[A, BI, C] +[B, [A, CI) (6.1.34) 
(3) Direct from (6.1.31) and (6.1.29). (4) Corollary of (6.1.32). (5) Classical result 
in Lie group theory. L] 


a 


Example 6.11. For the 2D rotation induced by rotor ab, since ab = e!22, where 
6 is the angle of rotation, bivector I20/2 is the generator of the rotor in Lie algebra 
My", 
Proposition 6.12. For any vector a and bivectors Ag, Bo, 
a: [A2, Bo] = (a- Ao) : Bo = (a- Bo) : Ag, 
a: [A2, Bo] = (aA Ag) . Bo = (aA Bg) : Ag. 
Proof. By (6.1.29), (6.1.32) and (6.1.26), 
a: [A2, Ba} = [a, [A2, Ba]] 
= (la, Ad}, Bo] + [Ao, la, Bo] 
= (a- Ao) - Bo — (a- Ba): Ag, 


(6.1.35) 


(a- (A2B2) —a-(B2A2)) 
= gila /\ A2)Bz — Ao(aA Ba) — (aA B2)A2 + Bo(aA A2)} 

= (aA Ao) -By —(aABz) - Ao. 

L] 


Proposition 6.13. Let Bz be a bivector, and A, be an r-vector. Then 
(B2A,), = [Bo, A,]. (6.1.36) 


Proof. By linearity we can assume A, = a; \ag A---Aa, and Bz = bi A bg, 
where b; - by = 0. The left side of (6.1.36) equals 
(bi b2A,.), = by - (bg AA,) + bi A (bg: A;) 


= —be A So(-1)*1 (bi . aj)ar Aves A aj A+++A\ ap 


+bi A $0 (-1)*"(bo- asar A+ Aaj A+++ A ar 


= Soar A+: Aa_i A [bi A bg, ai] Naizi A+++ Aa, 


= [by A ba, ay Aag A+++ Aap]. 
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The commutator of two blades generally does not produce a blade. For example, 
[aA b,c A d] = [a, [b,c A d]] — [b, [a,c A d]] (6.1.37) 
=a/(b-(cAd)) —bA (a: (cAd)). a 

Since 
la\b,cAd] A [aAb,cA d] = —2aA (b-(cAd)) AbA (a: (cAd)) 
2{(a-d)(b-c) —(a-c)(b-d)}aAbAcAd 


2{(aAb)-(cAd)}aAbAcAd, 
we get, by Theorem 2.78, the following conclusion: 


Proposition 6.14. The commutator of two 2-blades is a blade if and only if the 
2D subspaces represented by the two blades are either perpendicular to each other, 
or intersecting in a 1D subspace, or identical. 


Besides commutations of the form AB — BA, there are other commutations of 
the form AB + BA, where A,B € G(V”). The simplest case is where A =a isa 
vector and B is a Clifford monomial. 


Proposition 6.15. [Vector commutation formula] For any vectors a and b,, 


ab; by: --b, + (—1)" 'bibs-+- bya = 2 So(-1it(a - bj) bibg- ++ b; +++ by. 
=1 


(6.1.38) 
Proof. Denote B, = b,b2---b,. Then 
(aB,.),41-21 
= S- (aB,1)) (Bray) r¢1—21 + S- (B,(1)) (aBy(2))r41-21 
(2l—1,r-+1—21)KB,. (2l,r—21) EB, 
= S> (Brqya) (Bray)rti-a tS (= 1)" (Bray) (Br aya) 41-2. 
(2l—1,r-+1—21)KB,. (2l,r—21)-B,. 
Similarly, 
(B,a)ry1—21 = S- (—1)"** (Br(aya) (Br (2y)r41—21 
(2l—1,r-+1—2)B,. 
+ So (Bray) (Braya)r+1—20. 
(2l,r—21)-B,. 
So 
(aB, + (—1)""'B,a),41-21 = ye 2 (aBy(1)) (Br(2))r41-21 


(21-1,r+1—21)-B,, 


2(a- Bry) (Bry) (Br(ay)r+1—21 
(1,21-2,r+1—21)-B,. 


= S- 2(a-B,(1)) (Br(ay)r41—2i- 
(1,r—1)FB,. 
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Remark: In contrast, by (6.1.23), we have 
ab, be io -b, + (—1)"bibe a3 -b,a =2a/A (bib = -b,). (6.1.39) 


Corollary 6.16. For any vectors a and bi, 


Tr 


a-(b,b---b,) = a(b,b2---b,) + Si(-)*(a -b;) by bo - . bpe- -b,, 

ie (6.1.40) 
(bi b2---b,)-a=a(byb2---b,) + So(-1)""(a -b;) bib2--- b;--- b>. 

i=1 


By repeatedly applying (6.1.38), we get 
Corollary 6.17. For any vectors a; and bj, 


ajag:: -a,b, be ais -b, + (—1)"s-'bi be a -b,ajag "hap 


= 2 be x (=) ota, rt bj )aiz1 i -a,b, 5% -b; 6 -b,ay Aj-41 


i=1 j=l 


42 S- (ag ay){(—1) OF) tg, Ape apby ss bears ag 
1<i<j<r 
+(-1)+5)stia, 4 -+sapby ++ beay s+ ays +s aj_r}. 
(6.1.41) 
In particular, when r = 2, 


ajagb;be ee b, = bi be ‘2 b,ajae 


= 2S °{(-1)*(ar +b, aaby +> bes*- By + (—1)? “(aa sy by bg bay} 
k=1 


=2 S{(a2 : b;,)bi a -bp-1arbe41 -++ bs — (ay : b;,)bi a -bp_-1a2bp+1 ae b,}. 
k=1 
(6.1.42) 


Lemma 6.18. For any vectors a; and b;, let Bs = bi b2---bs, then for any / > 0 
such that 21 < s, 


1 

3 (a1a2Bs — B,ajaz)s—21 = a1 A (a2: (Bs) s—21) — a2 A (a1: (Bs) 5-21). (6.1.43) 
Proof. The left side equals 
([a1a2,Bs])s—21 = [ai A a2, (Bs) s—2i] 


= x (Bs 1) [ay A ao, (Bs (2))s—21] 
(21,s—21)-HB. 


x (Bs) ((a1 A a2): Bsiay) A (Bs (gy) s—21-1 
(21,1,s—2I-1)FB, 
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= S$ ((a2- Bszy)ai — (a1: Beay)a) A ((Bs(2)) (Ba(ay) s—21-1) 
(1,21,s—2I—1)HB. 


= S- ((a2 * Bs(1))ar — (a1 - Bs(1y)az) A (Bs(2)) s—2t-1 
(1,s—1)F Bs 


=a, (a2 - (Bs) s—21) — a2 A (a1 - (Bs) s—21)- 
L] 


Proposition 6.19. [Bivector commutation formula] For any vectors a;,a2 and 
multivector B, 


5(aiaB 7 Bajaz) =a,/ (ag : B) —ag/ (ai B) —2 (ay A a2)(B). (6.1.44) 


Proof. Direct from either (6.1.42) or (6.1.43) for multivector B— (B), which has 
no 0-graded part. LJ 


Proposition 6.20. For any vectors a,c and multivector B, 
5 (aBe — cBa) =aAcA(B+ (B)) —(adc)- (B+ (B),). (6.1.45) 
Proof. The left side equals 
a[B, c] + [a, cB] 
= a(((B)+ — (B))-¢) + a((B)— Ac) +a: ((cB)+ — (cB)) + aA (cB)- 


=a-(((B)+ — (B))-¢) +aA (((B)+ — (B)) -¢) +a- ((B)_ Ac) +aA ((B)_ Ac) 
+a: (c-((B)_ — (B)1)) +a- (cA (B)_) +a (c- ((B)+ — (B)) +A (B)4) 


= —(aAc)- ((B)+ — (B) — (B)- + (B)1) +aAcA ((B)+ — (B)_). 


O 


Proposition 6.21. For any vectors a,b and multivector C, 
1 
3 (abe — Cha) = (aA b)-(C — (C); — (C)) +aAbAC. (6.1.46) 


Proof. By linearity we can assume that C is an r-blade, where r > 1. The left 
side of (6.1.46) equals ((a A b)C + C(aA b))/2. By 


(aA b)C = (aAb)-C+ [aAb,C] +aAbAC 
=C-(aAb)—[C,aAb]+CAadb, 


and C(aA b) =C-(aAb)+[C,aA b]+CAadb, we get (6.1.46). L] 
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6.1.3. Ungrading 


Transforming a graded Clifford monomial into a Clifford polynomial of minimal 
number of terms is called minimal ungrading, also called shortest ungrading, or 
least ungrading. This is a very important technique in Geometric Algebra, but very 
few results are known. 


Proposition 6.22. Let A = ajag:--agp41, B = ajao:--aox, where a; € VY”. 
Then 


2(A)) =A+AT, if n<5; 
2(A)3 =A—Al, if n<7; 
1B) =B+BH, if n<4: det) 
2(B)> =B-—Bl, if n<6 
Proof. Direct from (At); = ((A),)t = (—1)*@-)/2(A);. L] 


Proposition 6.23. When n = 4, let A = a,ag---aox_1, B = ajag---aox, and 
C = aga3--- ax, where a; € y*. Then 
4(B) =a,C+ Cia, +Ca,+ a,Ct 
= Mag, + a, Al + an, A + Alarg; 
(6.1.48) 


4(B)4 = a ,C + Cia, — Ca, = a,Ct 
= Aao, ao, At ag, A Atagg. 


Proof. Direct from the commutativity between the reversion and the grading op- 
erators, the reversion invariance of (A) and (A)4, and the shift symmetries (6.1.19), 


(6.1.21). L] 


Proposition 6.24. In CL(V"), 
4(ajaga3ayas)5 = a,aga3aqas + a, a5ayazag — asagasaya, — ayagarasay, 


4(ajaga3ayas)1 = a,aga3a4a5 — a, a5ayagag + asagas3aya; + ayagarasay 


+2 asagagagay,. 
(6.1.49) 
Proof. Let A = ajagasayas and B = agasayas. By (6.1.48), 
ajazazaqas + a5aqagzaz2ay _ 2((A)1 a (A)s), 
(ajagasasas = a2a3a4a5a1)1 => 2 (B)ai, 
ajagasayas + asayagzaga; + agasayasa; + ajasayagag = 4((A)s + (B)a,), 
a a3a4asa; + asayagzaga; + asagagaya; + ayagagasa; = 4 (B)ay, 
from which we get the conclusion. L] 
Corollary 6.25. In CL(V*), 
4(ajagazayasag) = a1 82a3a4a5a¢ + agasayagaza; + aj agasaya3ag (6.1.50) 
—agagasayaga, + agagayasaga, + a5aygagagagay. 
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Proof. Let A = a,aga3a4asag and B = aga3ayasag. Then 


a1 a2a3aja5ag + aga;ayagaza; = 2((A) + (A)u,), 
(aj agazaya5ag Tr a2a3a4a5a6a1) 4 =2a,- (B)s, 
so 
a1 agazaya5ag + AGAZAZAZAaQA] + AQAZA4A5AGA] + Al AGA5AZAZAQ (6.1.51) 
= 4((A) + (B)sai). 
By (6.1.49), 


€2838485 aga) +a2a¢a5a4a3a) —aga3a4a5 aca) —asayagagaga; = 4(B)sa,. (6.1.52) 
Combining (6.1.51) and (6.1.52), we get the conclusion. L] 
Proposition 6.26. In CL(V”), 


8 (ajaga3ay.asag) 6 
= a182838485a6 — aga3a4a5aga) + a,agaga5aqag — a2aga5ayagzay 


—€A1a5a4a3ZaGAa2 T A5FALAZAGAZA] — AL AGAZA4AFAZ T AGAZAZA5ALAL, 
8 (ajagazayasag)2 (6.1.53) 
= 3 ajagaga4a5ag + AQazayanaga; — ajyagagasayag + agaga5ayazay 
+a1a;a,azaga2 — a,agazagaga, + ajagazayasag — agazgayasagay, 
—4 agasayagagay. 
Proof. Let A = a,aga3a4asag and B = agagayasag. Then 
aaga3asa5ag — agasaqazaga, = 2((A)g + (A)o), 
(ajaza3zaqas5ag _ €283a4a5a6a1)2 =2a,/ (B)i (6.1.54) 
= a: (B): — (B)1a1, 
so 
2(ajaga3a4asag — agasa4azaga, — ara3a4a5aga, + a1agasa4zasag) 
(6.1.55) 
=> 8(A)e + 4(ai(B) —| (B)1a1). 
By (6.1.49), 
4(B), = agagayasag — a2aga5ay.a3 + aga3a4asag + asayagzagae + 2 agasayasag. 
(6.1.56) 
Combining (6.1.54), (6.1.55) and (6.1.56), we get the conclusion. L] 


Proposition 6.27. In CL(V"), the outer product of r > 4 generic vectors can be 
expressed as a Clifford polynomial of at most 2”~° terms. 


Proof. By induction and (6.1.23), (6.1.49). L] 


The ungrading of r-blades provided by Proposition 6.27 may not be minimal. 
There are various syzygies among Clifford polynomials, making the minimal un- 
grading problem very complicated. For example, for any 1,2,3,4 € VY”, since 
[12,34] = [21, 43], it must be that 


1234 + 4321 — 2143 — 3412 = 0. (6.1.57) 
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This simple syzygy identity is by no means obvious from the generating relations 
x? =x-x forallx eV”. 

By Proposition 6.27, the number of terms generated by ungrading a monomial 
of the form (a ;a_---a,), may grow exponentially with r. Even if the dimension n 
of the base space V” is fixed, ungrading (aja ---a,+2%), for fixed r but varying k, 
can lead to a Clifford polynomial whose number of terms tends to infinity with the 
increase of k. 

Similar to rational Clifford factorization, if the ungrading result is allowed to 
be a rational Clifford polynomial whose denominator is scalar-valued, the number 
of terms may be significantly reduced. This kind of ungrading is called rational 
ungrading. 

For example, when n = 5, Theorem 6.30 below provides for (ajazg---a5+2k)5 a 
rational ungrading of constant number of terms. In contrast, with the growth of k, 
it does not seem possible that any ungrading of this graded monomial can generate 
a Clifford polynomial of bounded number of terms. 


Lemma 6.28. Let A = ajag---ag,_1, B= ajag--- ag, where a; € V°. Then 


aA + Ata+ Aa+aAi =4((aA) + a(A)s), 


aB + Bia+ Ba+aB! =4(a(B) + (aB)s). (6.1.58) 


Proof. We only prove the first equality. First, 

aA+Ata+Aa+aAl = 2((aA + Aa) + (aA + Aa)4) = 4(aA) + 2(aA + Aa)g. 
Second, (aA)4 + (Aa)4 =a-(A)5 +a (A)34 (A)5-a+(A)3 Aa = 2a-(A)s. L] 
Lemma 6.29. Let A = ajag-:-agp_-1, B= ajag---ag,x, where a; € V°. Then for 


any vector b € V°, 


8(A)sa \b = aAb + Alab — bAa — baAt — bAta— Aba + abA + aA'b, 


8(B) a\b =aBb+ B'ab — bBa — baB' — bB'a — Bba+ abB + aB'b. 
(6.1.59) 


Proof. We only prove the second equality. Applying the second equality of 
(6.1.58) to monomial bB, we get 


bB + B'b + Bb + bBt = 4(B)b + 4(Bb)5. (6.1.60) 


Substituting the expression of (Bb); from (6.1.60) into the first equality of (6.1.58) 
for A = Bb, we get 


4 ((aBb) — (B)ab) = bB'a — abB + Bba — aB'b. (6.1.61) 


Now that (6.1.61) is obtained from (6.1.58) as an equality of sequence aBb, if 
reversing the sequence to bBta, we can get from (6.1.61) the following: 


4 ((aBb) — (B)ba) = aBb — baB! + Blab — bBa. (6.1.62) 
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Subtracting (6.1.61) from (6.1.62) gives (6.1.59). L] 


Making geometric product to both sides of (6.1.59) with ab — ba, then using 
the following ungrading: 


(abab + baba — 2a”b”), (6.1.63) 


CS 


(aAb)? = F(ab — ba)(ab — ba) = 
we get 


Theorem 6.30. Let A € G(V°), and let a,b € V® such that (aA b)? 40. If A is 
odd, then for r = 5, 


4(abab + baba — 2a”b?)(A), = ababA + babaAt — a?b?A — a?b?At 
+abaAb + babAa + abaAtb+ babAta 
—a*bAb — a?bAtb — b?aAa — b2aAta 
+abAtab — baAtab — abAba + baAba. 
(6.1.64) 


If A is even, then for r = 0, (6.1.64) is still correct. 


In practical computing, it often occurs that scalars and pseudoscalars do not 
need ungrading. Then the minimal ungrading problem becomes much easier. 


Proposition 6.31. For any a; € V”, 


2 (ayaa +++ Agn41)1 = Alae+ + Agn41 + AgK41 ++ agar — 2 (alae-+-agnqi)5, ifn =5; 


2(ajag-:-agn)2 = alag-:+- Aan — AQE+ ++ AQA] — 2 (alaQ--- ADK) 6G, ifn = 6; 
2(ajag::-Aagn)4 = Alag--- Ag +AgK++-AQa, — 2 (ajag:--AdK), ifn <8. 
(6.1.65) 


Lemma 6.32. [29] [Ungrading of blades] Let Aj, = ajazg---ax. Then 


[4] 
ar NagA---Aap= >> > (=1)" (Agcy) Ana): (6.1.66) 
i=0 (2i,k—-2i)K Ay 


For example, the result of applying (6.1.66) to blade 1A 2A 3 is 
124— (123); = 195 — (4 -3)3 + 0-3)2 —@ -3)1. 


Proof. The conclusion is trivial for k = 1,2. Assume that it is true for k < m, 
where m > 3. For k =m, 


ay A-::Aam = (a1 A-+-Aam_—1) am — (a1 A+++ Aam—1) + am 


[a 


= + > (—1)*(Am—1(1)) Am—1(2)8m 


i=0) (2i,m—2i-1)FAm-1 
m1 


_ bs o> (-1)*(Am-1(3) - am) (Am-1(1)) Am -1(2) 


i=0 (2i,m—2i-2,1)FAm—1 


ie) 
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fe [p]-1 
=> dS (-2)'(Amay) Amey — DO S> (-1)'(Amqy) Am) 
1=0 (2i,m—2i)FAm, t=0 (2i+2,m—2i-2) Am, 
am ¢Am(1) am€EAm(1) 


5 (—1)*(Am(1y) Am) 
i=0 (2i,m—2i)KAm, i=1 (2i,m—2i)KAm, 
am ¢Am(1) am€Am (1) 


Yo 1(Amay) Am): 


II 
ws 
M 
L 
> 
a 
> 
a 
ua 


Corollary 6.33. With notations as above, 
[$]-1 
(Ax) k—21 = S- S- (-1)'Ch,; (Akc1)) Ak (2): (6.1.67) 
i=0 (214+2i,k—21—-21) An 


The following theorem is direct from Lemma 6.32 for (Ayn) m: 


Theorem 6.34. For any 0 < m < 2l, let Aj, = ajag---a, and By_m = 
Aam+14m+2°°* agi. Then 
(#1 
(Aai) = ((Am)mBa—m)+ 55 5 (1) (Amy) (Am(2)Bai—-m)- (6.1.68) 
1=1 (21,m—2i)-FAm 
It can also be written in the following form: for any 0 < m < 21, 
(3 
(Am)m : (Bai-m)m = S- S- (—1)° (Ami) (Am(2)Bai—m)- (6.1.69) 
i=0 (2i,m—27)KF Am 
Remark: Theorem 6.34 is the dual of Corollary 5.80. If 1 = m, the left side of 
(6.1.69) is an m-graded inner product, and the right side is its Pfaffian expansion. 
Conversely, by using (6.1.68) recursively, any Pfaffian (A9;) can be expanded into 
a polynomial of graded inner products whose leading grade is min(n, l). 


6.2 Versor compression 


A versor is a Clifford monomial of invertible vectors. Versor compression refers to 
changing a versor into an equal versor but of shorter length. The problem has its 
origin in Cartan-Dieudonné Theorem 5.62. Since an orthogonal transformation can 
be represented by a versor of up to length n, given a versor of arbitrary length, 
a natural requirement is to reduce to minimum the number of effective vectors 
in the versor, which is equal to the number of effective reflections composing the 
orthogonal transformation. 
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Versor compression problem was studied in [56] from the numerical computation 
point of view. In this section, we study the problem from the symbolic computation 
point of view. The problem includes three parts: criteria for the compressibility, 
constructions of the compressions, and characterization of the obstructions to fur- 
ther compression. 

We assume that the vectors a;,b,; in this section are invertible by default. 


Proposition 6.35. [Commutation within a versor] Let A, = aja2---a,. Then for 
any subsequence p1,p2,.--,Pm Of 1,2,...,k, there exist Clifford monomials B,,,,, 
B;, and Biy,, of length um = pm —pi —-m+1,u=p1-1,W, =k-pi-m+1 
respectively, such that 


Ax = (182° ++ Ap, —1)(Ap, Ap. +++ Ap) Buy, (Apm +1Apm +2 °° * Ak) 
= (Ap, Ap. *** Ap, )BYBu,, (Ap, +18pm+2°** ak) (6.2.1) 
= (aia2-*: ay, -1) Bu, (Ap, Ap, *** Ap» )- 


Proof. We only prove the first equality. When m = 0, the conclusion is 
trivial. Assume that the conclusion holds for m < r. For m = r +1, let 
P1,P2,---,Pr+1 be a subsequence of 1,2,...,4. By induction hypothesis, Clifford 
monomial ap, ap, **: ap, can be moved next to ajag---ap,—1, changing the mono- 
mial (ap, ap, 41°** Ap, )(Ap,414p,+2°** Ap,,,) Of length pp+1 — pi +1 into 


(@p, Ap, *** Ap, )(b1 be - ++ Dy,.) (Ap, +1@p, +2 *** Ap, 41)s (6.2.2) 


where uy = pp —pi —r ti. 
In (6.2.2), vector x = ap,,, can move forward across all the b; to be next to 
ap,, as follows: 


(bi bg +++ By,.)(Ap,+18p,.42°** Apps) 
x(x tb, x)(x~!box) --- (x~1by,.x) (x7 lap,.41X) (x7 ap,+2X) vee Ge apni) 


— ’H/ / 
_ ap, by bd ae Bi eis 


I 


Where Uy41 = Up+Dp41—Dp—1 = pryi—pi—(r+1)+1. So By,,, = bi b,---b;, 


Urt1? 


and the conclusion is proved. L] 


Corollary 6.36. Any vector in a versor can move anywhere within the versor, and 
alters only those vectors that block its way on the left (or right), by its right (or 
left) adjoint action upon them. 


Given a versor Ay, = aj;a---ax of length k, if there are any two linearly de- 
pendent vectors in Ax, then they can always be moved together to form a scalar, 
reducing the length of the versor by two. If there are any three linearly dependent 
vectors in A;, then when moved together, they form a single vector by their geo- 
metric product. This reduction of the number of effective vectors is called 3-tuple 
compression. A vector obtained by 3-tuple compression is called a 3-compressed 
vector. 
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If monomial Ag, = aja2---ax is compressible, then the 2k vectors are always 
linearly dependent. A monomial composed of linearly independent vectors is said 
to be rigid. Any rigid monomial is incompressible. 

When there are m vectors in A; that are linearly dependent, by commutation 
we only need to consider the case k = m. The m vectors span a vector space of 
dimension at most m—1. By Cartan-Dieudonné Theorem, if the inner product 
in this space is nondegenerate, the length of A,, can be strictly reduced to within 
the dimension of the space. In fact, even if the inner product is degenerate, the 
compression is still possible. 

The versor compression of the geometric product of an m-tuple of linearly de- 
pendent invertible vectors that span an (m — 1)D vector space, is called m-tuple 
compression. We first consider the simplest nontrivial case m = 4. 


6.2.1 4-tuple compression 


In Ay = a,aga3aq, assume that the four vectors are linearly dependent, but any 
three of them are linearly independent. Denote by W? the 3D vector space spanned 
by them. 
If Ay can be compressed to bybe, then 
b; = Aub". (6:23) 
So if we can find an invertible vector bz such that Ab is a vector, we can reduce 
the length of A, by two. In fact, we only need to solve the following equation in 
b;' for an invertible vector solution: 
(Aabz')3 = (Aa)2 Aby! = 0. (6.2.4) 


The solution is all invertible vectors in 2D subspace (A4)2. The 2-blade (A4)2 
is nonzero because 


a; A (A4)2 = (afagazay)3 a a? (aga3a4)3 4 0. 


Proposition 6.37. If the vectors in Ay = ajaga3ay4 span a 3D vector space W?, 
then A, is compressible if and only if the 2D subspace (A.4)2 is not null. 


If W? has a null 2D subspace, then in G(W?) there are incompressible versors 
of length 4. 


Example 6.38. In W? = R!°-?, let e1,e2,e3 be an orthonormal basis such that 
e} = 1, then for vectors a; = e; + A;e2 + pie3, where 1 <2 < 4, we have aj-aj; = 1 
for any 1 < 7,7 < 4, and 
(ajagaza4)2 = —(Aq — A2 + Az — Ag)ere2 — (f41 — fea + 3 — pa)ere3 
+{A1 (He — 3 + a) — A2(H1 — M3 + Ha) 
+A3(41 — Ha + fa) — Aa(u1 — Ho + Hs) feres. 


Ay — A2 + A3 — Ag = M1 — fa + lg — Ma = 0, e., ag =a, —ag+az, (6.2.5) 
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and aj, 2, a3 are linearly independent, then 


(ayagagas)2 = {Ai (J02 — 3) + Aa(M3 — fH) + As ("1 — fe) }e2e3 = [aragaslezes F 0, 


blade (a;aga3a4)2 is null, and versor ajaga3aq is incompressible. 
If the space W? is changed to R°+? or C?, the construction of incompressible 
Pp 8 , Dp 
non-rigid versors is just the same. 


Example 6.39. In W? = R!1+, let e1,e2,e3 be a Witt basis such that (e1,e2) is 
a Witt pair, then for vectors a; = e; + Aj;eg + wie3, where 1 <i <4and A; 40, we 
have a;-a; = —(A; + Aj) for any 1 <7i,7 < 4. Furthermore, 


1 
~ 5 (a1azasas)2 => (A2Ag = A1A3)e1 Ae2 + {A2 (4 — [3) + A3 (p02 = Hi) }e1 A e3 
+{A1 (Asya — Aspa) + Aa(Ar oa — A2zp1) fe2 A e3.- 
(6.2.6) 
In the following two cases, by assuming that a,,a2,a3 are linearly independent, 
blade (a;aga3a4)2 is null, and versor ajazga3aq is incompressible: 
Case 1. 


A1A3 = A2A4 and A2(p3 [1a) = A3 (11 [l2). (6.2.7) 
Then 
A2(azg — a4) = —A3(a1 — ag), 
[arazas] = Ar (“2 — M3) + A2(Ma — H1), 
(6.2.8) 
2Aga4 = —(a1aza3)i + [arazasles, 
(ajaga3a4)2 = —2A,4[ajagas]e2 A e€3 x 0. 


Shifting the four vectors in ajagagayq leads to 


(aga3a4a1)2 = 2\3A5 *[arazasler A e3, 


(aga4a1a2)2 = —2)3[aazas]e2 A e3, (6.2.9) 
(aga aga3)o = 2[aragas3le, A e3. 
Case 2. 
A1A3 = A2A4 and A1 (p02 L3) = Aa (pa [11). (6.2.10) 
Then 
Ai (az — a3) = —A2(a4 — a1), 
[aiagas] = —{A2(ua — M3) + A3(H2 — f1)}, 
(6.2.11) 
2r2a4 = —(ajaga3)1 = [aj agagles, 
(ajagagay)o = 2\4[araza3]e1 A €3 # 0. 


If the space W? is changed to C”"!, the construction of incompressible non-rigid 
versors is the same. 
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To find an explicit symbolic solution of (6.2.4), we need to intersect the 2D plane 
(A4) with another 2D plane of W3. The simplest solution is 

by =ajz'az/{(ar Nag) V (a3 Aaa}, (6.2.12) 

as long as the 1D intersection of 2D planes a; A ag and a3 A ay is not a null space. 


Unfortunately, the latter cannot be guaranteed by the hypothesis of Proposition 
6.37. 


Lemma 6.40. Any non-null 2D space has at most two null 1D subspaces. 


Proof. C? has two null 1D subspaces. Let e;,e2 be an orthonormal basis of C?, 
then e; +ie2 are two null vectors spanning the two null 1D subspaces respectively. 
If a complex 2D space is degenerate but not null, it has only one null 1D subspace. 

In the real case, all possible signatures of a 2D space are (2,0,0), (0,2,0), 
(1,1,0),(1,0,1),(0,1,1). The first two signatures do not allow any null vector to 
exist in the 2D space, the last two signatures each allow only one null 1D subspace, 


and the third signature allows two null 1D subspaces. L 


Definition 6.41. In the (n — 1)D projective space represented by an nD inner- 
product space V”, a projective point represented by a null vector (or invertible 
vector), is called a null point (or invertible point). 


Lemma 6.42. If Ay = ajaga3ay is compressible, and the four vectors span a 3D 
vector space W3, then in the 2D projective geometry of W%, line (A4)2 meets one 
of the three lines a, a4, a2a4,a3a4 at an invertible point. 


Proof. By Lemma 6.40, projective line (A4)2 has at most two null points. If the 
three lines aja4, aga4,a3a4 each intersect with line (Ay)2 at a null point, then at 
least two of the three lines meet at a null point. However, the intersection of any 


two such lines is obviously the invertible point a4. Contradiction. L] 


By Lemma 6.42, assume that the following vector in W? is not null: 
by! = (ay Aaa) V (A4)o. (6.2.13) 

By Proposition 6.35, suppose ajaga3a, = b{baja4. Substituting (6.2.13) into 
(6.2.3), we get 

b, = bi bs {ajaa((ai A ag) V (bi) bhaiag)2))} = bi bobs. (6.2.14) 
That b§ is a 3-compressed vector is because of the linear dependence among vectors 
ay;,a4, and (a; A ay) V (b) bjaja4)2; that b, is a 3-compressed vector is because 
(bi byaiaa((ar A aa) V (bi byaias)2))s 
(bi, bga;ay)2 A ((a1 A ag) V (b) bhazas)2) 
0. 


Lemma 6.43. In W?, (a; A a4) V (az A ag) is a null vector if and only if so is 
(ay Aa) V (A4)2. The two points are identical if and only if they are both null. 
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Proof. Let ajaga3a4 = b,bhaj,a, by virtue of Proposition 6.35. Then 
(ay A ag) V (bi bhaia4)2 = [ai (bi baja4)ala4 — [ag (bi bhaiay)2|ay 
= [a,b bhajaygja, — [asb{ bhaiayja; 
= [ajaga,b/bJay — [ajb{ biaijar 


= {2(a1 - a4) [arbi b5] — aj[aab{b5] aa — aj[ai bi byjar. 


(6.2.15) 
So 
(ay A ay) V (bi bhazay)2)? 
= ajaj(aj[aybb)]* — 2(a; - ay) [ar b{b5][aqb{ b4] + az[aib;b5]*) poa6) 
= ajaj(ai [ab b)] — ay[aib}by])” -_ 
= ajaj((ai A ax) V (bi A b}))?. 


Since bi = ajaza; | and bi = ajaga,_, 
ai(ai A as)a;: =a, A ajasa; =—a, A ag. 

The mapping A +> a; Aaj" for all A € CL(W%), is a special orthogonal transfor- 
mation when restricted to W3, so 

ai{(ar A a4) V (ag Aa3)}ay) = {ai(ar Aay)a, |} V {ai(az Aa3)a;/} 

—(a; A ag) V (bi Ab), 

and ((a; \a4) V (a2 Aas))? = ((a1 Aaa) V (b4 Ab4))?. Combining this and (6.2.16), 
we get the first statement of the lemma. 

For the second statement, (6.2.15) equals (ay A a4) V (ag A a3) = [aiaga3ja4 — 
[agaga,ja, if and only if 


[arazas] _ 2(a1 - as)[airb}b)] — aj [asb;b4] 


(6.2.17) 


[azaza4] aj[aib{ b)] 
which after simplification, becomes 
(a; [aby b5] — ag[aib}by])* = (ai Aaa) V (by A b)))? = 0. 
L 


Proposition 6.44. [4-tuple compression] If Ay = ajaga3a, is compressible, and 
the four vectors span a 3D vector space W?, then there is a partition (A3(1), A3(2)) 
of blade A3 = aj A ag Aaz of shape (2,1), such that 


(1) vector A3(1) V (Agi) A a4) € W? is invertible; 
(2) by setting ajagagay = bi b)A3(2)a4, there are the following 3-compressed vec- 
tors: 
by* = aj'A3qy{(bi Abd) V (Asia) Aaa)}, 
b; = A3(2)aab, ', 
b, = b{ bobs; 


(3) ajagazga4 = by be. 
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6.2.2 5-tuple compression 


We proceed to the next case m = 5. In As = aj;aga3a4,a5, assume that the five 
vectors are linearly dependent, and that they span a 4D space W*. By commutation 
within the versor, we can assume that the last four vectors ag, a3,a4, a5 are linearly 
independent. 

If As = bi bgb3, then b; bz = Asb;'. For the existence of bbz, it is necessary 
(but not sufficient) that 


(Asb3‘)4 = (As)3 A b3/ = 0. (6.2.18) 
The 3-blade (A5)3 is nonzero because 
a; \ (As)3 = (a, A5)4 = a7 (agazaqas)4 F 0. 
Lemma 6.45. For arbitrary vectors d; € V4, let D = did2-+-dox41, then 
[(D)1(D)3] = 0. (6.2.19) 
Proof. 


(D+ D')(D — Dt] = [((DD} — [pI = 0. 


®IR 


[(D)1(D)3] = 
L] 


Lemma 6.46. Any non-null 3D space has at most two null 2D subspaces. 


Proof. We only consider the real case, as the complex case is much the same. In 
the nondegenerate case, no 3D space has any null 2D subspace, because by Witt 
Theorem, a null 2D subspace requires a 4D nondegenerate space to embed it. 

In the degenerate case, by Corollary 5.4, a non-null 3D space has a null 2D 
subspace if and only if its signature (p, q,1) satisfies 


min(p, q) + max(p,q) +7 = 3, 


eas eee (6.2.20) 


By simple argument, it can be shown that (6.2.20) is equivalent to p, q < 1. 

When one of p,q is zero, then r = 2, the 3D space is semi-definite, and has only 
one null 2D subspace. When p = q = 1, let e1,e2 be a Witt basis of a Minkowski 
plane of the 3D space, and let e3 be orthogonal to the Minkowski plane, then e; Ae3 


and e2 / eg are the only two null 2D subspaces. L 


Proposition 6.47. In As = ajagagay,as, if the five vectors span a 4D vector space 
W4, and no three of them are linearly dependent, then As is compressible if and 
only if (A5)3 is not null. 


Proof. We only prove the sufficiency statement. Assume that 3D subspace (A5)3 
is not null. Then almost all vectors in it are invertible. If (As); =0, then As isa 
3-blade, so the length of As can be reduced to three. So we assume (A5)1 # 0. 
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By (6.2.19), (As)1 € (As)3. For any invertible vector c € (A5)3, since 
(Asc)2 = (As)3-¢+ (As)1 Ac, (6.2.21) 


(Asc) is a 2-blade in A((As5)3). 

As vector space {(A5); Ac|e € (As)3} has dimension two, by (6.2.21), vector 
space B = {(Asc)2|c € (As)3} has dimension at least two. Let (A5c1)2, (Asc2)2 
be two linearly independent bivectors in B, where c;,c2 are invertible vectors in 
(As)3. Then for any invertible vector c that is a linear combination of cj, c2, 
(Asc)2 € A((As5)3). There are infinitely many such invertible vectors. 

By Lemma 6.46, (As)3 has at most two null 2D subspaces. There must be 
an invertible vector ce’ € (As)3 such that (Ase’)2 is not null. Then Ase’ = 
(Asc’) + (Ase’)2 equals a rotor in G((Asc’)2), and accordingly, As = (Asc’)c’* 


oO" 


is compressible to a versor of length three. 

The following result is in sharp contrast to the m = 4 case. 
Proposition 6.48. Versor As described in Proposition 6.47 is always compressible. 
Proof. Assume that As is incompressible. Then (A5)3 is null. Since the 4D 
space has a null 3D subspace, W* must be one of R93, R243, Rb, Ch3, C22, 

Case 1. W4 = R!%3. Two other cases R913, C1 are similar. 


Let e€1,€2,€3,e4 be an orthonormal basis of R'°? such that e7 = 1. Since a; 
is invertible, the coordinate component of a; with respect to e; is nonzero. Let 
aj =e; + Aveo + weg + 7e4 for 1 <i <5. Then a;-a; = 1 for any 1 <i,j <5. As 
the null 3D subspace of W* is unique, (A5)3 and e2e3e4 must be equal up to scale, 
so 


[a1 (As5)3] = [a2(As)s] = [as(As5)3] = [as(As)s] = [as(As)3] 4 0. (6.2.22) 


The [a;(As5)3] can be computed as follows: 


a; (A5)3] = aj[azazasas], 
ao(A5)3] = 2(a1 - a2)[agazayas] — a3[aja3zayas], 
a3(A5)3] = 2(a1 - a3)[aga3ayas] — 2(a2 - a3)[ayagaqzas] + a3[ayagazas| 


2(ag - a4)[ajaga3as5] — 2(a3 - as)[ajagaza4] — a3[ajagayas|, 


a4(A5)3] = aj/ajaza3za5s] — 2(ay - as)[araza3ay4|, 
as(A5)3 = —azlajagazay]. 
(6.2.23) 
By [ay (As5)3] = [a2(A5)3], we get [agaga4zas| = [ajagagas|. By [ay (As5)3] = 
[as(As)3] = [as(As)3], we get [aga3azas] = —[ajaga3as5] = —[ajagagzay]. Sub- 
stituting them into the two results of [a3(A5)3] in (6.2.23), we get [ajagasas] = 
—|ajazga4a5] = [ajaga3a4] = 0, which is impossible because the five vectors span 


ws. 
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Case 2. W4 = R!12. The other case C*? is similar. 


Let €1, 2, €3,e4 be a Witt basis of R444 such that (e;,e2) is a Witt pair. Since 

a; is invertible, the coordinate components of a; with respect to e,,e2 are both 

nonzero. Let aj = e; + Ajeg + ye3 + Te4 for 1 < i < 4 and A; ~ 0. Then 
ajay = —(A; +A,) for any 1 < 7,7 <5, and 
aes | aj 1 1 

a, = — = —-e2 — —(e, + wye3 + Teg). 6.2.24 

ae 502 ar, ° [ez + Ties) ( ) 

For any 1 <2 < j <5, by the expressions of a; and a; 1 we get 


(a; —a,;) A (eg A e3 Ae4) = 0, 


a —aj;") A (e1 Ae3 Ae) = 0. 


6.2.25 
. (6.2.25) 
Null subspace (A5)3 must be identical to one of eg \e3 Ae4, €; \e3 \e4, which are 
the only two null 3D subspaces of W%, so there are two cases: 


Case 2a. [(a; — aj)(aiagaza4a5)3] = 0 for any 1 <i<j <5. 


Case 2b. [(a;* — a; "\@y a5 Ag A, Aes) — 0 foe any 1 << 9 <5. 


The two cases are similar, so we only check the ten equations in Case 2a. They 
are identical to (6.2.22), where the inequality is caused by the linear independence 
among any three of the five vectors. (6.2.23) provides the same computing results 
of the [a;(A5)3]. Substituting them into (6.2.22), we get 


AiAg = = —A2As, 
[agagagas| = [ajasayzas], 
22) 
[ayagayas| — A235" [aragasas], (6 6) 
[ajagasa4| = —)1\5 ‘[aragzasas| = [ay agagas]. 


Substituting (6.2.26) into the Cramer’s rule of the five vectors, i.e., 
[aga3a4asja; — [ajasayas|a2 + [ajagayasja3 — [ajaga3asja4 + [ajagasayjas = 0, 
we get a; —ag+ d2A3 a3 + MaA5 (a4 —as) = 0. However, the e;-component of the 
left side is N2Az- # 0. Contradiction. L 


In Proposition 6.47, it is assumed that four of the five vectors are linearly inde- 
pendent. If this condition is not satisfied, we have the following result: 


Proposition 6.49. In As = aj;agagayas, if any three vectors are linearly inde- 
pendent, but any four vectors are linearly dependent, then there exists a partition 
(A5 (1), A5(2)) of As of shape (4,1), such that versor A5() is compressible. 


Proof. We only consider the real case, as the complex case is much the same. 

If the conclusion is false, then in the 3D space W? spanned by the five vec- 
tors, (a1a2a3a4)o, (a1 aa3a5)o, (a; a2asas)2, (a;a3asas)o, (agasayas)o are all null 
2D subspaces. So W? must be one of R!%?, R12 Rt. When W? = R!%? or 
R®°:+?, by (6.2.5), the five vectors are equal to each other up to scale, contradicting 
with the linear independence assumption of any three of the five vectors. 
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When W? = R14, let Rbt! = Rb1° @ R®! be a fixed orthogonal decompo- 
sition. By (6.2.8) and (6.2.11), the components of a4, as in R''}° are both equal to 
(ajaa3); #0 up to scale. For (aja2a4a5)2 to be null, the component of as in Rb}? 
must be equal to (ajaga4)1 = (aja2(ajagas)1)1 # 0 up to scale. So (ajaga3); and 
(ay ag (ajaga3)1)1 are equal up to scale. 


Since 
(ajaga3)1 = (ag : a3)ay = (ay : a3)ae + (ay : a2)a3, 
(ajaz(ajaza3)i)1 = {3(a1- a2)(az- a3) — a5(ay -a3)}ay (6.2.27) 


—{aj (a2 -a3) + (a1 - a2)(ai - a3) faz + (a) - a2)?as, 


the two expressions on left side of (6.2.27) are equal up to scale if and only if on the 
right side, the ratios of the coefficients of a; for i = 1,2,3 are equal to each other. 
By simplification, the latter equalities are changed into ag -a3 = a; -a3 = 0. 

So (ajaza3)1 = (a; - ag)a3 # 0. Now that the components of a3, a4, a5 in R'1° 
are equal to each other up to scale, vectors a3,a4,a5 must be in the same 2D 


subspace of W?, contradicting with the linear independence assumption. L 


Combining Propositions 6.48 and 6.49, we get 
Theorem 6.50. Any non-rigid versor of length 5 is compressible. 


Below we investigate the problem of constructing a 5-tuple compression explic- 
itly. For As = aja2ag3a4as5 in which no three vectors are linearly dependent, assume 
that the last four vectors span a 4D vector space W*. The idea is to use lines a;a; 
to intersect plane (A5)3 for an invertible intersection in the 3D projective space W4. 
The intersection, being on line aja;, will form a 3-compressed vector with a;, aj;. 


Lemma 6.51. If As can be compressed to byb2b3, and ayasb3 is a 3-compressed 
vector, then ayasb3 equals (a; A a A a3) V (ag \as) € W4 up to scale. 


Proof. By the hypotheses, point bg is on both line ayas and plane (A5)3, so 
0= (bi b2b3)4 = (Asbs)4 = ((ajagag)(ayasb3))4 =a,Aao/A a3 A (asasbs3). 
Then point ayasb3 is on both line ayas and plane a; A a2 A a3. L 
Lemma 6.52. In W%, for any permutation o of indices 2,3,4,5, vector (agca) A 
45(5)) V (a1 A ag(2) \ ag(3)) is null if and only if so is vector (ag(4) A ag(5)) V (As) 3- 

The two projective points are identical if and only if they are both null. 


Proof. Similar to the proof of Lemma 6.43. L] 


Lemma 6.53. In the 3D projective space W*, plane (A5)3 meets one of the lines 
aja;, where 2 <i <j <5, at an invertible point. 
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Proof. By Lemma 6.46, plane (A5)3 has at most two null lines, say lines Ly, Lo. 
If the three lines agas,a3a5,a,a5 each intersect with plane (A5)3 at a null point, 
then at least two of the three lines meet the same null line of the plane. Say agas 
and agas meet line L,. If ayas also meets line Ly, then a2, a3, a4, a5 are in the same 
plane determined by point as and line Lj, contradicting with the assumption that 
they are linearly independent vectors. So ayas meets line Lz but not line Ly. 

Now points a2, a3, a5 are coplanar with line £1, and point a, is outside the plane 
on which lie the points a2,a3,as5 and line L;. If lines aga4,a3a4 each intersect 
with plane (A5)3 at a null point, then they cannot meet line L; because of the 
noncoplanarity. So they all meet line Dz. Then az, a3,a4,a5 are in the same plane 
determined by point a, and line Lz, contradicting with the linear independence 


assumption of the four vectors. L] 


Lemma 6.53 can be further strengthened as follows: 


Proposition 6.54. Among the ten lines aja; for 1 < i < j <5, there are at least 
two lines intersecting plane (A5)3 at non-null points. 


Proof. We only consider the case where plane (A5)3 has two null lines Ly, Lo. 
By Lemma 6.53, assume that the intersection of line aya; and plane (A5)3 is not 
null. Then one of a4,a5 must be outside plane (A5)3. Assume that it is as. 


a4 


Plane <A5>3 


Fig. 6.1 Proof of Proposition 6.54. 


If agas is the only line among {a;a; |2 <i < j <5} that has non-null intersec- 
tion with plane (A5)3, then for lines aga3, aga5,a3as5 to intersect either Ly or La, it 
is necessary that they meet the same line, say D,. Then aga, and aga, cannot meet 
line Ly any more. They all meet Lo, indicating that a, cannot be in plane (As5)3. 
Denote by P, the plane determined by as and L 1, and by P, the plane determined 
by ag and Lz. Then ag,ag are both on the line of intersection P, MP2. By the 
same argument, a; is also on this line, contradicting with the linear independence 


assumption of vectors a1, a2, a3. L] 
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Proposition 6.55. [5-tuple compression by intersections with lines] There is a 
partition (A4(1), Aa(2)) of blade Ay = ag Aaz A a4 Aas of shape (2,2), such that 


(1) vector Aaa) V (a1 A Agcy) € W% is invertible; 
(2) if denoting the two vectors in A4 2) by a4, a5, and setting agagaya5 = bi byajas, 
there are the following 3-compressed vectors: 
bs? =a tai, *{(a Ab, Ab) V Aaay}, 
bg =alalb;’; 
(3) As = Bubs, where By, = a,b{bib5 and (Ba) = 0. 
In Proposition 6.55, As may not be compressed in the last step, if versor By is 


incompressible. We have the following geometric characterization of the result of 
Proposition 6.55: 


al a2 
qq 
+ a4 


Line < a,a2a3a4>2 


Plane <As>3  ° 45 


Fig. 6.2. Result of Proposition 6.55. 


Proposition 6.56. In As = a,aja3a4a5, assume that no three vectors are linearly 
dependent, that the first four vectors span a 3D subspace U3, and that the five 
vectors span a 4D vector space W*. Then in the 3D projective space W*, point as 
is in plane (A5)3, and points a), a2, a3, a4 are outside the plane. Line (a;aga3a4)2 
is the intersection of planes U? and (As5)3. 


Proof. In A(W%), 


[(As)3a5] = [Asas] = a3 [aiaga3ay] = 0, 
[(A5)3a4] = [Asay] = [ajaca3{2(a4-as)ay — ajas}] = —ajz[ajagazas] 4 0. 
Similarly, [(As)3a;] #0 for i= 1,2,3. L 


6.2.3. m-tuple compression 


The m-tuple compression by intersections with lines for m = 3, 4,5 can be extended 
to arbitrary integer m. 


Lemma 6.57. For m > 4 and A, = a,a2---ap, assume that ag,...,an span 
an (m — 1)D vector space W'™~! whose subspace (A, »,)m—2 is not null. Assume 
a, © W"™-!. Then 
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(i) If A,, can be compressed to bib2---bm—2, and am—1ambm—2 is a 3- 
compressed vector, then an—1ambm_—2 equals (ay A+++ A am—2) V (Am—1 A am) 
up to scale. 

(ii) For any permutation o of indices 2,3,...,m, (A¢(m—1) \Ao(m)) V (a1 A Ag(2) A 
-++» A @g(m-—2)) is a null vector if and only if so is (ag(m—1) \A@o(m)) V (Am)m—2- 
The two points are identical if and only if they are both null. 


(iii) Hyperplane (Am)m—2 meets one of the lines aja; for 2 <i <j < mat 
an invertible point, and meets two of the lines aja; for 1 <7 < 37 < mat 
invertible points. 

Proof. Much the same as the m = 5 case. L 


The following proposition is a direct corollary. 


Proposition 6.58. [m-tuple compression by intersections with lines] With the same 
hypothesis as Lemma 6.57, there is a permutation o of indices 2,3,...,m, such that 


(1) vector (A¢(m—1) A Ag(m)) V (a1 A Ag(2) A+++ A Ag(m—2)) € w—! is invertible; 
2) by setting aga3---am = bi b5---b!, 3ag¢m—1)Ag(m), there are the following 
g 192 m—32o( )a(m) 
3-compressed vectors: 


m—2 = 85(m)Fo(m—1) Lar A bY A bg A+++ A Bi,_3) V (@e(m—1) A Bo(m))}s 
b,,-2 = Ag(m—1)8o(m) mar 


(3) Am = Bm—1bm—2, where B»_1 = a:b b)---b/, 5 satisfies (Bm_1)m—1 = 0, 
and may be further compressed by 7-tuple compressions for 7 ranging from 3 to 
m—1. 

(4) bm—2 is in subspace (Am)m—2, and ai, b),b5,...b/, _» are outside the subspace. 
If (Bm-1)m—3 # 0, then a1, b{,b4,...b/,,_5 span an (m— 2)D subspace whose 
intersection with subspace (Am)m—2 is (Bm—1)m-—3- 


Algorithm 6.59. Symbolic versor compression by intersections with lines. 


Input: Versor A, dimension and signature of the base space V”. 

Output: The versor after compression. 

Step 1. Do 3-tuple compressions to A repeatedly. 

Step 2. If the length of A is less than three, return A and exit, else denote the 
first m — 1 vectors by A,,-1. 
For m from 4 to the length of A, do the following steps: 


Step 3. Find all vectors x in A such that (A—1X)m 40. Denote the set of such 
vectors by S,,. If there is no such vector then set m := m+ 1 and go back to 
the beginning of Step 3. 


For any element x of S,,, do the following steps: 
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Step 4. Do m-tuple compression to A,,-1x. If it is changed into By,-1bm_2 by 
Proposition 6.58, do versor compression to B,,_1. 
Step 5. If the length of B,,_1 is strictly reduced, then 


(1) move x to the m-th position in A by Proposition 6.35. Denote the subse- 
quence from the (m + 1)-th position to the end of A by C. 

(2) Set A := Bmn—1bm_2C. 

(3) Go to Step 1. 


The above algorithm for m-tuple compression is not always successful when 
m > 5. Proposition 6.37 for m = 4 and Proposition 6.47 for m = 5 cannot be 
extended to m > 5. 


Proposition 6.60. Only when V” is (anti-)Euclidean or (anti-)Minkowski can the 
above algorithm compress any versor to a rigid one. 


By Proposition 6.58 and Theorem 6.65 to be introduced in the next section, for 
an odd non-rigid versor Aox41 whose vectors span a (2k)D vector space, Agg+1 
can be changed into another form b,;b2---b2,41 where the first 2k vectors span 
a (2k — 1)D subspace. For an even non-rigid versor Az, whose vectors span a 
(2k—1)D vector space and whose subspace (A2x)2%—2 is not null, it can be changed 
into another form b,b2---b2, where the first 2k — 2 vectors span a (2k — 3)D 
subspace. 

Therefore, the obstruction of the compression of a non-rigid versor comes from 
the occurrence of a rotor Agx, such that (Ao~)2,—2 is null. Such a rotor is called 
a parabolic or hyperbolic rotor. It is incompressible, and is the topic of the next 
section. 


6.3. Obstructions to versor compression* 


Clifford monomial compression is a transformation in Geometric Algebra. During 
the compression of a Clifford monomial, the underlying Grassmann structure of the 
monomial is invariant. In particular, the multivector representation of a parabolic 
or hyperbolic rotor in Grassmann algebra is invariant under the change of repre- 
sentative invertible vectors of the rotor. This invariant structure or representation 
is the key to solving the versor compression problem. 


6.3.1 Almost null space 


Definition 6.61. An nD inner-product space is said to be almost null, if it is not 
null but has a null (x —1)D subspace. It is said to be of rank r, if its inner product 
matrix has rank r. 


The following lemma can be easily verified. 
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Lemma 6.62. An nD almost null space is either one of R'0"—1, ROLn-1 Chrel. 
which are of rank 1, or one of R':!"—?, C22, which are of rank 2. An nD almost 


null space has at most two null (n — 1)D subspaces. 


Proposition 6.63. Let b,,b2...,b,41 be nonzero vectors spanning a kD vector 
space. Let (by be =e *Deyi)k—-1 = 0. Then 


(1) at least one of the k + 1 vectors is null. In particular, if every k of the k+1 
vectors b; are linearly independent, then all the k + 1 vectors are null. 
(2) If be A b3 Ars: A by4i = 0, then (bob3 ed br41)K-2 = 0. 


Proof. (1) Without loss of generality, assume that b;,b2,...,b,x are linearly 
independent. In A(b, A bz A--- A by), denote [b;] = [bi b2---b;-- -by4i], where 
1<i<k. 
Using Cramer’s rule 
k 
[bibz-+-byJbay1 = $9 (—1)**"bi]b; (6.3.1) 
i=1 
to eliminate b,41 from versor bi b2---bx41, then using (6.1.38) to expand the 
(k — 1)-graded part of the versor, we get 


(bi ba +++ bey1)K-1 
k 


w=1 
k j-1 
=S5 biAbeA-+- Ab A+++ A by {b7[bj] + 55 2(-1)**4(b; - by) [bi] }- 
j=l i=1 


By (bib2---bg41)~-1 = 0 and the linear independence among the first / vectors, 
we get, for any 1 <j <k, 


B+ 2-1 1)'*4(b; - b;) [bi] = 0. (6.3.2) 


If none of the k+1 vectors b, is null, then when j = 1, (6.3.2) becomes [b;] = 0; 
when j = 2, (6.3.2) becomes [by] = 0. Continuing this way to j = k, we get [b;] = 0 
for all 1 < j < k. The right side of Cramer’s rule (6.3.1) becomes zero, however, 
the left side is nonzero. Contradiction. 

Furthermore, if [b;] 4 0 for any 1 < j < k, then from (6.3.1) we get (6.3.2), and 
by setting 7 = 1, we get b? = 0. By symmetry, for any 1 <i < k +1, we can start 
with the Cramer’s rule of b; with respect to the other k vectors, first obtain the 
corresponding equation (6.3.2), and then get b? = 0. 

(2) Since b; to bg41 span a kD space, while bz to by 41 span a (k—1)D subspace, 
it must be that b, is linearly independent of the other k vectors. By 


(bi bg +++ be41)e—-1 = bi A (bab 3: ++ bay1)e—2 + bi - (bobs +++ De+1)% 
=b, A (babs - ++ be41)e-2, 
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we get that (bib2---bx41)x—-1 = 0 if and only if (bobs --- byy1)x—2 = 0. L] 


Definition 6.64. Let Ao, = ajag---aox, where the 2k vectors span a (2k — 1)D 
vector space W?'-!, and whose subspace (A2x)2~—2 is null. If W?*~? is of rank 
1, then Ag, is called a parabolic rotor; if W?"-" is of rank 2, then Ay, is called a 
hyperbolic rotor. 


Theorem 6.65. Let A, = aja2---am, where the m vectors span an (m — 1)D 
vector space W™~+. If m is odd, then subspace (Ajm)m—2 is not null. 


Proof. Assume that (Aj)m—2 is null. Then W™~! is almost null. There are two 
cases: 

Case 1. W™~! is of rank 1. We only consider the case W"~! = R1O™—?) as 
the others are similar. 

Let e1,...,@m—1 be an orthonormal basis of R'°~? such that e? = 1. The 
coordinate component of a; with respect to e; is nonzero. Let a; = e; + Az;eg + 
A3ie3 + +++ + X(m—1)i€m—-1 for 1 < i < m. Then null blade (Am)m—2 must be 
identical to e2e3 -++@m_—1, SO 

[(a; —aj)(Am)m—2] =0, VI <i<g<m. (6.3.3) 

Denote [a;] = [a1 ---A;-+: Am]. By (5.4.2) and (5.1.62), 


[ai(Am)m—2]= > (-1)'*9*? (a; - ay) [ai(ar--- j++; -- am) 


>» en ee ee 
= een com 
= (-1)'s} fe) +29) C1) 
= (1) ab fi +290 (9) 


On one hand, by setting 7 = 1,2 in the last line of (6.3.4) and using (6.3.3), we 
get [a2] = [a;]. Substituting it into the last line of (6.3.4) and increasing the index 
i, we always get [a;] = [Ai] for all 2 <7 < m. On the other hand, by setting 1 = m,1 
in the last two lines of (6.3.4) respectively, we get [a;,] = (—1)'™ [a1]. So m must be 


even. The Cramer’s rule of the m vectors, i.e., 
m 


S-(-1)* ila: = 0, (6.3.5) 
i=l 
becomes 


3 (—1)***a,; = 0. (6.3.6) 


i=1 
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Case 2. W™~! is of rank 2. Again we only consider the real case R'™~3, 

Let €1,...,@m—1 be a Witt basis of R443 such that (e1,e2) is a Witt pair. 
The coordinate components of a; with respect to e;,e2 are both nonzero. Let 
aj =e, t+ Aje2 + L3i€3 ae eae M(m—1)i€m-1 for 1 Se a <m. Then 

=f aj 1 1 


a aj, aj = ~ 58 7 rn, + o3ie3 t+ + Btrm—1)¢2m—1)- (6.3.7) 


So for any 1 <i<j<m, 


(aj — aj) A (e2 Ae3 A---A@m-1) = 9, 
(a; *—ajzt) A (e1Ae@3A--:A@m_1) = 0. 


(6.3.8) 


Null blade (A,,)m—2 must be identical to one of eg A e3 A---Ae@m—1 and e; A 
e3 \--- A @m_—1 up to scale. There are two cases: 


Case 2a. [(a; — aj)(a1a2°-+Am)m—2] = 0, for any 1 <i<j<m. 


Case 2b. [(a; + — a; "\(ay tag’ -+-az)m_2] =0, for any 1<i<j<m. 


We only check Case 2a. Substituting the last line of (6.3.4) into (6.3.3), we get, 
forl<i< (=), 


i-1 
[zi] = [Aai—1] = | [ Aaj A3;4. [aa] 4 0. (6.3.9) 

j=l 
Substituting (6.3.9) into (6.3.5), we see that if m is odd, then the e;-component of 
the left side of (6.3.5) is S71", (—1)'*" [ai] = [Am] = 0. However, by setting i = m,1 
in the last two lines of (6.3.4) respectively, we get (—1)"a?, [am] = (—1)?a7 [Ai], ée., 


mm 


[Am] = —[Ai]A1/Am 4 0. Contradiction. LJ 


Corollary 6.66. If Aoxz is parabolic or hyperbolic, then any 2k — 1 vectors in Ao, 
are linearly independent. 


6.3.2. Parabolic rotors 


Parabolic rotors are much simpler in structure than hyperbolic rotors. The following 
theorem characterizes the Grassmann structure of a parabolic rotor. 


Theorem 6.67. The following statements are equivalent: 


(1) Ao, = aag---+ag, is parabolic. 

(2) For Aop-1 = a1 a+ ++ ag~—1, rotor ag, A2~¢—1 is parabolic. 
(3) (Azx)aze = (Aar—1)1, @e., (Aok—1)1 A ack = 0. 

(4) Aop-1 A ager = 0. 

(5) Ask = acpAcn-1. 

(6) Aon = Aok—1 - age. 

(7) Aop-1 = Age Aaj 


FreeEngineeringBooksPdf.com 


306 Invariant Algebras and Geometric Reasoning 


Proof. We only prove the theorem under the assumption that the vector space 
W?k-1 spanned by the 2k vectors a; has rank 1. After the properties of hyperbolic 
versors are established in the next subsection, the validity of the theorem in any 
almost null space W?*—! will be a direct. corollary. 

We use the same notation as in the proof of Theorem 6.65, and take W?'—! as 
R}0.2k-2 Subspace (Ao) 24—2 is null if and only if (6.3.6) holds. So the equivalence 
between statements (1) and (2) is obvious. Statements (4) to (7) are obviously 
equivalent to each other. Below we only prove the necessity of the conditions (3) 
and (4) for Az, to be parabolic; the sufficiency of each condition is easy to prove. 

In any (a;,a),°+-a;,,), all nonzero contributions come from the e;-components 
of the vectors, so 


(Aj, Aja ++ Aj.,) = (C1€1+--e1) = 1. (6.3.10) 
21 


Then statement (3) is just (6.3.6). 
By (6.1.38) and (6.3.10), for any 1 <i < 2k—1, 


Qk-1 
— i+1 j+1 S 
Qjai41 ++ A218; = (—1)*Ttajpiaipe ++: agR—1 +2 ) (-1)’"a;- ++ aj +++ agK-1, 
j=ttl1 
i+] a i : 
ajajag:::aj = (-1)** ajag:--aj_i t+ 2 1)9* TAG Aj. 


By these formulas and (6.3.6), statement (4) can be derived as follows: 


2(a1 22 -agk—1) A agk = a1 +++ A2k—-182k — AQKAL* + A2k-1 
Qk-1 


= ie (—1)**(arae ++ Bok 18; — AAl ++ AQR—1) 


yr ~ 


(2 2) 


O 


In a general vector space Y”, let e1,€2,...,@, be a fixed basis. For any 1 <i <n, 
the e;-component of a multivector B € A(V") refers to the component of B in the 
subspace e; \ A(V”). B has no e;-component if and only if e; \ (B — (B)) = 0. 

Denote I, =e; Aeg A--: Aen. Then any multivector B € A(I,,) is of the form 


a= > Mn ytnca)s (6.3.11) 
where Ar,,,,. € K. The e;-component of B is just 
y Mn) Ena): (6.3.12) 
FIn, e:€In (1) 


Corollary 6.68. If Ag, is a parabolic rotor, then Ag, € A((Agx) 24-2). 
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Proof. Let W?*-! be the (2k — 1)D space spanned by the 2k vectors a; to azz 
in Ao,. A multivector B € A(W?*?) is in A((Agx)2x—2) if and only if it does not 
have any e;-component, i.e., if and only if (B — (B))-a2, =0. By statement (4) of 
Theorem 6.67, for any 1 <i<k—-1, 


(Ack) an—2i * Aak = ((A2n—1)2k—2i41 * A2k) * Ak = (Avk—1)2h—2141 * (Ak A aoe) = 0, 


so Ao, € A((Aox)2n—2). L] 
Consider an odd non-rigid versor V whose compression is obstructed. By 
Proposition 6.58, there exist invertible vectors a), a2,...,@2x%41 such that Ag, = 


aja ::-:aox is a parabolic or hyperbolic rotor, and V = Agzagn+1. If V itself is 
compressible, say V = bi b2---b2x_1, then by denoting bo, = 25; we have 


Aor = b, be +++ Doz =ajaq:::agk. (6.3.13) 


So if V is compressible, then Ao; has two equal representations, either by vectors 
a; to agg, or by vectors b; to box. The 2k vectors a; span a (2k — 1)D subspace 
W?k-1. while the 2k vectors b; span another (2k — 1)D subspace (Aorb3; )2k-1- 
The intersection of the two subspaces is the null (2k — 2)D subspace (Aogx) 24-2. 
Figure 6.2 shows the k = 2 case. 

The compressibility of Ao,bs, = is equivalent to the existence and constructibility 
of another form b,b2---bo2, of Agz, when given an initial invertible vector bo, 
outside the subspace spanned by the 2k vectors a; in Agog. 


Proposition 6.69. In G(V”), if versor Aoy = aja -+- ag, is parabolic, vector box 
has the same signature with vector ag,, and bz-(Aox) 24-2 = 0, then versor Ao, box 
is compressible. 

Proof. Since subspace (Agx)2x—2 is null, and (Agzbox) 24-1 = (Aor) 2r—2 A bar, 
subspace (Ao, b2%)2%—-1 must have rank 1. Since both ag, and box are orthogo- 
nal to subspace (Azx)2r—2, and a3, = b3, by rescaling, there exists an orthogonal 
transformation g of V” that changes ag, to be, while fixing every vector in sub- 
space (Aox)2x-2. Under this transformation, multivector Ao, € A((A2%)2x—2) is 
invariant, so 


Aok = g(Aak) = g(a1)g (az) +: g(a) = g(ar)g(az)-++g(are-1)ber. (6.3.14) 
a 


In fact, the Grassmann structure of a parabolic rotor Ag, can be computed 
explicitly, so is the equivalent representation (6.3.14) of the rotor. 


Lemma 6.70. In an almost null space of rank 1, let vector a be invertible, and let 
vectors d,,...,d, be null and orthogonal to a. Denote D,. = d;d2---d,. Then 


(a+di)(a+da)---(atd,)= So a” S~ Dye. (6.3.15) 
i=0 (r—i,i)HD,. 
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Proof. Induction on r. When r = 1, the conclusion is trivial. Assume that the 
conclusion holds for r. Then for r+ 1, 


(at di)(atda)--- (a+ dy)(at drs) 


=e i S- D,-(2)(a + d,-41) 


(r—i,i)-D,. 
a 
= 3 (-1)'a" ) D,-(2) + ) a”™* ; D,(2)dr41 
(r—i,i)-D,. i=0 — (r—i,i) HD, 
i 
1 = 
=e TD Dey t dla Dette 
(r+1-i,i)FD,41, t=O (r—t,i+1)FDe41, 
dr41€Dr4+1(1) dr4+1€Dr+1(9) 
r+1 
1— 1— 
=e" © Dy Dest t Quah" Dy Dest 
(r+1-i,i)FD,41, (r+1-i,i)FDr41, 
d-41€Dr+1(1) d,-+1€Dr+1(9) 
r+l1 
1-3 
=a Dray 
i=0 (r+1-i,t)FDr4i 


O 


Corollary 6.71. In parabolic rotor Ag, € G(V"), let a; = ag, + d; for 1 <i< 
2k — 1, where the d; are null and orthogonal to ag,. Let Dox, = did2--- daz_-1. 
Then 


k-1 
Axk = Se)” S- Dor-1(1)- (6.3.16) 
7=0 (21,2k—2i—-1)FDox-1 


Furthermore, if vector bo, € V” satisfies b3,, a aS. and bop - (Aor) on—2 = 0, then 


Ask = (bax + d1)(box + da): ++ (bax + dax—1)ber. (6.3.17) 


6.3.3. Hyperbolic rotors 


Consider an almost null space W?*-! of rank 2. Fix a Witt basis e1,e2,...,e2%—1 
of W2k-1, where (e1,€2) is a Witt pair. For invertible vectors a;, assume that their 
coordinates are 


aj=e,+ Aje2 + L3zi€3 Sf terse L(2k—-1)i€2k-1- (6.3.18) 


Then the inner product a; - (aj, — aj,) = Aj, — Aj, is independent of the index i. 

A hyperbolic rotor Az, whose (2k — 2)-graded part has no e;-component (or no 
eo-component), is said to be eg-typed (or e1-typed). The following lemma can be 
easily verified. 


Lemma 6.72. Let a;,a2,...,a2,—1 be linearly independent invertible vectors of the 
form (6.3.18). Then {ag; — agj—1, a2; — agi41|1 <i <k—1} is a basis of the null 
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(2k—2)D subspace spanned by e2, e3,..., 24-1, and {a3,' —a5;! 1, a3)" ayy j1< 
i<k-—1} is a basis of the null (2k — 2)D subspace spanned by e1,€3,..., €24-1.- 


Lemma 6.73. For any invertible vectors a; € W2*-!, 
(ajag .: - 21) _ —(—2)- (13 -++XNgi-1 + AQAg: > - 21), (6.3.19) 
(e,ajag ves a2i—1) => —(—2)-1)1d3 see A2l-1; (6.3.20) 
(e9a1a9 at agi—-1) = a ey) ae sae AgI—2: (6.3.21) 


Proof. We only prove (6.3.19). The other two equalities can be proved similarly. 
Induction on J. When I = 1, (6.3.19) is obvious. Assume that the equality holds 
for 1— 1. Then for J, 
al 


(aag +++ agi) = So(-1)'(a - aj) (agag---Aj--- azz) 


1=2 
l 


- (-2)' 7 {30a + Aai) ((A3A5 ++» Aviva) (Azig2A2ita +++ Aan) 
i=l 
+(A2Ag ++ Avi-2) (Avit1Aait3 + Azi—-1)) 


l-1 
a wer -- A241) ((A3A5 ore Avi—1) (Azip2A2i-+4 cae 21) 


j=l 
+(AzAa +++ Avi) (Azig3Aai45 ++ Azi—1))} 
= —(—2)'7*(A1A3 +++ Agi + A2Aa ++ Aaa). 
LJ 


Definition 6.74. For a hyperbolic rotor Ag, = a,a2-:-ao% whose vectors span 
a (2k —1)D vector space W?*'~!, its e;-typed characteristic vector, denoted by c¢;, 
where i = 1,2, is defined as a vector in the radical rad(W?*~1): 


k ; ‘ 
cy = a (az; — aai+1) ( II A25—1) ( II 25); 

"e ee (6.3.22) 
cg = S- (aa; = a2i-1) ( II 25) ( Il 2541): 

id j=1 jai 


More explicit expressions of c1,c2 can be obtained. rad(W?*~1) is just the 
subspace spanned by basis vectors e3,...,@2%—-1. Let aj; = e; + A;e2 + d;, where 
d; € rad(W?*-!). By direct computing, we get 


k k k 4 k 
e1 = e2( |] A25 — [[ Aas-1) + S5 (dai — dois) (J A2y-1) ( [ 23), 
j=l j=l i=1 jr2 jit 
k k k i-1 k-1 
co = e2( | roy — [J Aaj—1) + $5 (dai — dai-1) ( [J X23) (T] A27+1)- 
j=l j=l i=1 j=l jai 
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That their coordinate components with respect to e2 are equal to zero is the result 
of the following proposition. 


Proposition 6.75. For hyperbolic rotor Agx, 


k k 
[Dx = [Pan (6.3.23) 
j=l j=l 


\(ayag ces aax)| = la, | |ag| oa4 |aox|. (6.3.24) 


Furthermore, the rotor is eg-typed (or e;-typed) if and only if it satisfies co = 0 (or 
cy = 0). 


Proof. If Ag, is eo-typed, set m = 2k in (6.3.4), and substitute the last two lines 
of (6.3.4) for i = m,1 respectively into (6.3.3). The result is [Ax] = A1A3; [ai], by 
which and by (6.3.9) we get (6.3.23). 

By (6.3.19), 


(ajag-+-ag,) = (—2A2;-1) = aja? . rag = asay .- 2 (6.3.25) 


=. 


1 


j 
then (6.3.24) follows. 
Substituting (6.3.9) into (6.3.5), we get 
i-1 


k 
S- (az; — aai—1) ( II apXo a1) = 0. (6.3.26) 


j=l 


ran 


Multiplying both sides with eae Azj+1, we get Co = 0. 

If Ag, is ey-typed, by (6.3.7), if replacing every a; by —2a;", and replacing 
every A; by aes we get the corresponding results from those of e2-typed hyperbolic 
rotors. Hence (6.3.23), (6.3.19) and (6.3.24) are still the same. 

With the understanding that ag,4; = a; and A241 = A1, the above replace- 
ments change the left side of (6.3.26) into 


k i-1 
Do (2a + Qazi 1) (TJ 3 A2i+1) 
i=l j=l 
k-1 k-1 i-1 
= —a,\;" ae aarrAdp II gj Aaj+1 ae So (aai = a2i41)Ag;" Il Ng; Aaj41 (6.3.27) 
j=1 i=1 j=1 
k : i-1 : 
= So (ari = a2i41)Ag;_ II nay A2j41- 
i=l j=l 
Multiplying both sides with em A2j, we get c; = 0. L] 
Corollary 6.76. Az, = a,a2---ag, is a hyperbolic rotor if and only if so is 


ag, Aon—1, Where Agx_1 = a1a2:+-Ag~—1. If Agog is eg-typed (or e;-typed), then 
a2, A2x—1 is e1-typed (or eo-typed). 
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Proof. If ajag---agx is shifted to agag---ag,a;, then c2,c, are changed into 
—¢1,—-A1Ag ‘eg respectively. By Proposition 6.75, the shift interchanges the two 


kinds of hyperbolic rotors. L) 
Proposition 6.77. For any hyperbolic rotor, cy + cg 4 0. 


Proof. By the fact that vectors a,,a2,...,a2—1 are linearly independent, it is 
easy to prove that Ag.c2 — A1¢1, being a linear combination of a, a2,...,a2x-1, 
equals zero if and only if A; = 1 for all 1 <i < 2k. However, if the latter condition 
holds, then by (6.3.18), a1, a2,...,a2%—-1 are linearly dependent. This contradiction 
shows that A2,¢2 # A,c,. For a hyperbolic rotor, one of c,,c2 equals zero, so the 


other must be nonzero. L 


Proposition 6.78. For hyperbolic rotor Aox, 
ay (Agg) = (azaz +++ age)1 + (—2)*-7(e1 + ep). (6.3.28) 


In other words, a; differs from (aga3---ag~)1 up to scale by a nonzero component 
in rad(W?*-1), 


Proof. Foranyl1<Il<k-1, 


l I41 
(ajae a Aol41)1 — S/ ani (ai a: Ore a2i+1) + S 0 ani (ai “Goi. a2i+1) 
i=1 i=1 


I 


i 
(-2)' 145° a2i(A1A3 ss A2i—1A21-42A2i-44 cea A2I 
i=l 
+A2\4 =F A2j—2A2i41A2i43 Te Azl+1) 
[41 


— ys, azi-1(A1A3 —¢ A2i—3A2iADi-+42 +++ Xgy 
i=1 


+A2A4 ned A2i—2A2i-41 A243 a Azi41) } 
q 


= (—2)'"*{( S\(azi — agi—1)A2Ag+ ++ Agi—2A2i41A2i+3 ++ A2r+1) 


1 


= 
l 


+( S\(a2i — agi41)A1A3 +++ Agi—1A2842A2144 °° Aat) 


i=l 


—(ay + ag41)A2A4- ++ Agi}. 
(6.3.29) 
On one hand, by setting |] = & and agi41 = a; in (6.3.29), and using (6.3.23), 
(6.3.25), we get 
(ayaz+-+aoKai)1 = (—2)*-1Aq(c1 +2) + (—2)ParAnAa- ++ Avk 


= (—2)*- 2a? (ce) +2) +a (ajag---agx). 


On the other hand, by (6.1.39), we get 


ajag-°:ageai)1 = 4a, aja2--:agk) — a; (a2ag::*agk)1- 
( )1 = 2arA( ) — az ( ) 
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O 


Combining the two results, we get (6.3.28). 


Corollary 6.79. If hyperbolic rotor Ao, is e2-typed, then 
(aga3 +--+ agr)1 — (Acx)az* a (Aog)az! — (agay-+-ag~@1)1. (6.3.30) 
If Ao, is ey-typed hyperbolic, then 
A1((agag -++ Agr) 1 — (Aox)az’) = d2((Azk az! — (aga4-++ag~@1)1). (6.3.31) 
Proposition 6.80. In hyperbolic rotor Ao, = ajag---ag~, denote Agr), = 


ajag::*:'agK-1- Then (Aor-1)1 x Aor-1 = 0. 


Proof. First, by (6.1.38), 


2(Aon—1)1 A Aok—1 
2k—-1 


= ~ (-1)*** (a, +++ Ape AQR-1) (Ajarag- ++ AgK—-1 — A1AQ** - ALK—1Ai) 
i=1 
=20 S>  -— So ER (aj- aj) (are ays aeei) ar Ay aD 
1<j<i<2k-1  1<i<j<2k-1 
2k-1 Q2k-1 0 j-1 
=25) °(-1 lay: -azr—1 {( ‘ey 2G j) (ar++ + Ay +++ args) F. 
= i=jt+l1 i=l 
Second, we prove that for any 1 < 7 < 2k—1, 
2k-1  j-1 
FG) = (DF — DHA) (ai: ay) (ans Ae aae—1) = 0 (6.3.32) 
wt 4=1 
When j = 2p is even, then 
k-1 p-l 
—(—2)?-¥ f (2p) = {( S> = S2)(rai + Aap )(ALAB +++ Avi Azi42 Avi pa A2n—2 
t=pt+1 i=l 


+A2X4 es A2i—2.A24-41A21-43A2b—1) } 
k p 
(2 2M Aai-1 + Aap) (A1A3 +++ Avi—3A2iADi42ADK—2 


+A2A4 oid A2i 2A2i t 1A2i t 3A2k 1)} 


When 7 = 2p — 1 is odd, then 


k-1 p-l1 
—(—2)?-* f(2p—1) = op = wer + Azp—1)(AtA3 +++ Azi—1A2i42A2i+4A2k—2 
i=p i=l 


+A2\4 os A2i—2A2-41 A2i-43A2k—1) } 


=f s = S )Aziv1 + Azp—1)(A1A3 + + Aai—3A21A24-42A2k—2 
i=ptl i=l 
+r2A4 +++ A2j—2A24-41A2i43A2K—1) } 


O 
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Theorem 6.81. Let Ao, be a hyperbolic rotor. Then 


Re i. -(aga3-+-agx), if the rotor is e9-typed; (6.3.33) 


2e; -(aga3---ag,), if the rotor is e-typed. 


Proof. ae only prove the statement for e2-typed rotor. For 2 < i < k, denote 
Tj = Ie ee es y (6.3.26), 
k 
ay =ao+ S\ (avi — agj_1)T;- (6.3.34) 


1=2 


Substituting it into Ag,, and using the following formulas from (6.1.38): 


2i-1 
: — 2 ) : ae : 
agjaga3°++ ag, = a9;82a3 °° agi-1 + I (ag; - a;) a2ag-°* aj: + agi, 
2 
a2i-142a83 °° A2Qi-1 = —A9;_ 142483 °° * AQi—2 
21-2 
+2 aS J(agi_1 + aj )agag +++ Aj +++ aii, 
we get 
k 
A a ge 2 =e 
Qk = 49a3a4°-- Age + Ti (a5;azas - -+ Age + 9; 14283 °-- Agi—1--- gk) 
4=2 
2i—2 k 
+2 ; (-1)? ) Ti (a; : (agi = a2i-1)) aga3:: aj “**aAok 
j=2 i=2 
k 
—2 y Ti (agi—1 - a2) a2a3 +++ Agj-1°+: Ar 
i=2 
k 
= —2A9a3a4°+- AgR — 2 y Tj A2j (azaz - “Age — aQaz °° Ag;-1°** ADK) 
j=2 
k-1 k 
+2 y a2a3 °+* Ag; ++ Ak y Ti(A2i—1 _ A2i) 
j=l i=j+l 
k—-2 k 
—2 y aga3 +++ Aoj41°+* Ak y Ti(A2i-1 _ A2i)- 
j=l i=j+2 
(6.3.35) 
Multiplying (6.3.35) with A3A5---A2%—1, and using the identity 
k 
A3A5 °° A2k—1 y Ti(A2i—1 _ A2i) = A2ra-*: A2j A2j+1A2j+43 ++ Nop—1 — Anda ++ Age, 
i=jtl 
we get 
k-1 
A3A5°+* A2k—1 
= ae SNE OE = i+ 
Aok = -S agag - ‘aak + > a3 +++ A2j41°°* AK 
2 A2XA4- ++ Ak 
j= 


—aga4*:* age — agas: oe + agag +++ Agk—2A2k 
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2k 

So (-1)?Mazas Aj +++ ADK 
j=2 
e2° (agas ca -Aok). 


L] 
Corollary 6.82. Let A, be a hyperbolic rotor. Then Ag, € A((Agx) 24-2). 


Proof. By symmetry we only need to consider the e2-typed case. For a multi- 
vector B € A(W?*-!) with no scalar part, it has no e;-component if and only if 
eo: B=0. For Agx, we have 


€2° (Aox = (Azk)) = —2)1e2- (eo ; (agaz - -aok) _ (epa9a3 ve -aok)) 
—2)1(e2 mx €2) : (agas3 aes a2x) 
= 0. 


O 


Proposition 6.83. If Ao, is a parabolic or hyperbolic rotor, then (Agx)ar-2; 4 0 
for any 1<i<k. 


Proof. Denote Box; = a2a3---agx. If Aox is a parabolic rotor, then Ag, = 
e; - Box_1. By the linear independence among vectors a2, a3,...,a2%, when i < k, 


(Aor) 2k—2i = €1 * (Box—1)2k—1-2(4-1) 
_ S- (e1Bax-1(2)) (Bok—1(1)) 2k—2 
(2k—2i,2i—-1) Bop_1 
= S- (Box-1(1))2k-21 F 0. 
(2k—2i,2i—-1) FBop_1 
When i =k, (Aon) =140. 
If Ao, is a hyperbolic rotor, we only consider the e2-typed case. Denote 


(6.3.36) 


ne nD era. 
A+ (aj, aj, - “jae 1) = { le i, oo eT. (6.3.37) 
Here (Jos Jdys<ay Soro fp C Judea fei). Themil 1 < h, 
(Aor) 2r—2i = 2A1€2 * (Bor—1)2h-1-2(i-1) 
= 21 ys (e2Bax—1(2)) (Box—1(1)) 2k-2% 
(2k—21,2i—1) FBap_1 (6.3.38) 
= S> (-2)'AA4 (Bor—1(2))(Bor—1(1)) 20-21 # 0. 
(2k—2i,2i-1)Box_1 
If i=k, (Aon) = (—2)*A1A4(Box_-1) 4 0. L] 


Corollary 6.84. Let Ao, be an e2-typed (or e;-typed) hyperbolic rotor. Then for 
any 1 <i<k—1, the e9-component (or e;-component) of (A2%)2%—24 is nonzero. 
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Proof. We only consider the e2-typed case. Denote 
A— (Aj, jn + ++ Ajai) = AG Aja + Agoi—ay (6.3.39) 
where 1 <i < k, and {j1,J3,- ay ,j2i—1} ie {ji,j2,- oe jai}. By (6.3.38), with the 
understanding that \(a;) denotes j, 
e1 - (Aak) 2K—2: 


= pm (—2)'A1A4 (Box—11)) el ° (Box—1(2)) 2k—24 
(2i—1,2k—2i) Bog_1 


= S> —(—2)'A1A4(Bex-1 (1) ACB2e-1(2)) (Bax—1g))2k—24-1 
(2i-1,1,2k—2i-1)Box_1 


= S> (—2)'Ar {A_ (Bax-1)) — A+ (Bok—11)) (Bak—1(2))2k—2i-1- 
(24,2k—2i—1) KBan_1 


(6.3.40) 

So ei: (Ak) 2k—2i = 0 if and only if rj Ajs sae Nisiet = Xjo Nj ad Ajay for any subse- 
quence j1,J2,---,J2; of indices 2,3,...,2k. 

However, if the latter condition is satisfied, then it is easy to deduce that 

Ag = A3 = ... = Ao, which leads to the linear dependence of ao,a3,..., aox. 


Contradiction. CL] 


So far the Grassmann structures of a parabolic rotor and a hyperbolic rotor are 
more or less clear. Still it is not clear how the Grassmann structures as invariants 
of versor compression determine the compressibility of a versor A2,bs, as where Aox 
is a parabolic or hyperbolic rotor in G(V"), and bg, is a general invertible vector 
in VY”. It remains an open problem for further investigation. 


6.3.4 Maximal grade conjectures 


A parabolic or hyperbolic rotor Ay, discloses a sharp difference between a Grass- 
mann space and the corresponding Clifford space. As a multivector, Ao, belongs 
to CL((Aog)2n—2) = A((Agx)2¢—2), but as a Clifford monomial, it does not belong 
to G((A2x)2n—2). 

There are several interesting problems inspired by the results of the Grassmann 
structures of the two rotors, each on a fundamental aspect of the Grassmann struc- 
ture of Clifford algebra. In this subsection, we probe on two such problems. 

All vectors a; below are assumed to be nonzero, but can be null. 


Definition 6.85. The mazimal grade (or minimal grade) of a multivector A, de- 
noted by (A)max (or (A)min), is the maximal (or minimal) integer r such that 


(A)r #0. 


By Corollaries 6.68 and 6.82, if Ao, is a parabolic or hyperbolic rotor, then 
Aor € A((Aox) max). There are more such instances. If A, is a rigid versor, then 
obviously Ax € A((Ag)&)- 
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Proposition 6.86. If VY” is (anti-)Euclidean or (anti-)Minkowski, then for any 
Clifford monomial Ay € G(V”), (Ax) max is a blade, and Ay € A((Ag) max): 


Proof. Any versor in G(V") can be compressed to a rigid one, and almost all 
vectors in VY” are invertible. By the multilinearity of the geometric product and 
the compactness of the projective variety of blades, any Clifford monomial can be 
approximated by a sequence of versors. By the continuity of the geometric product, 


we get the conclusion. LJ 
Corollary 6.87. If V” is a 4D or 5D (anti-)Euclidean or (anti-)Minkowski space, 


then any even Clifford monomial Az, € G(V") has the following Grassmann struc- 
ture: 


2 (Ack) (Azk)a = (Avg) A (Agk)2- (6.3.41) 
In particular, if (Aox) (Aon)4 #0, then (Agx)2 is not a blade. 
Proof. As a Clifford monomial, Ao, satisfies 


Axx A}, = ((Aok)4 at (Aok)2 7 (Azk))((A2n)4 — (Azk)2 + (Aok)) 
= (Ao) 4 — (Aak)3 + (Ave)? + 2 [(Ark)2, (Aok)a] +2 (Ark) (Aok)a ER. 


Since (Agx)4 is a blade, (Aox)? € R. Condition (AopAl,)o = 0 holds trivially. 
Condition (Aor Al.) 4 = 0 is equivalent to 


[(Azr)2, (Agr)a] + (Aor) (Aok)a = (Aan) 2 A (Adz). (6.3.42) 


Since (Agk)2 € A((Agx)a), we have [(Aor)2, (Aor) a] = 0, and then (6.3.41). L] 


Proposition 6.88. Let A, = a,a2:::ax, where a; € VY”. Let the maximal grade 
of A, be m. Then (Ax)m is a blade ifm < 2 or k < 6, and Ax € A((Ag)m) if 
m<2ork<65. 


Proof. When m= 0 or 1, the conclusion is trivial. When m = k or k—2, (Ax) m 
is obviously a blade. When m = 2, since 


AoA}, = ((Azr)2 + (Azr))(—(Azr)2 + (Azi)) = —(A2i)3 + (Aai)? ER, 
we have (Ag;)2 A (Agi)2 = 0, so (Agz)2 is a blade. This proves the first part of the 
proposition. 
For the second part, when m = 0,1,2,k, the conclusion is trivial. When k = 5 
and m = 3, by (6.2.19), (As)1 € (As)s. L] 


Maximal (or minimal) grade blade conjecture: For any Clifford monomial 
Ax in CL(V"), (Ax) max is a blade; or equivalently, (Ax) min is a blade. 


Maximal grade reduction conjecture: For any Clifford monomial A, in 
CLV"), Ax € A((Ag) max): 
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The two conjectures are closely related to each other. If V” is a degenerate inner- 
product space, then we can extend Y” to a larger inner-product space that is not 
degenerate. Without loss of generality, we assume that V” is nondegenerate. Let 
the maximal grade of Ay, be k — 2m. Below we always assume that (Ax),—2m is a 
blade, and investigate whether or not (Axa%+1) max is a blade for vector ap41 € V”. 


Lemma 6.89. If agi #0, then (Axag41)~—2m—1 is a blade if and only if agi A 
(Ak) k—-2m—2 € A((Ak) k—2m): 


Proof. If agyi A (Axk)k-2m #0, then (Apagy1)max = (Ak)k—2m A ag4i is obvi- 
ously a blade. So we assume agy1 € (Ax) ~—2m- Then 

(Akak41)k—2m—1 = (Ak) k-2m + An+1 + (Ak) k—2m—2 A ak41, (6.3.43) 
from which we get the sufficient statement. 

Now we prove the necessity statement. Obviously (Ax),—2m - ag+1 is a blade. 
Since a7, #0, we have (Ax) k—2m ‘angi # 0. If (Ag)r—2m—2 A axyi = 0, then the 
conclusion is trivial. We further assume (Ax) p—-2m—2 A arzi 4 0. 

Let (Apak+1)k—2m—-1 = by A bo Ars A De_2m_1- If b; *Ak+1 # 0 for some 1, 
by rescaling the b; appropriately and reordering them in the blade by A bz /A--- A 
bp—-2m—1, we can assume that there is an integer 1 < 1 < k —2m—1, such that 

bitaru, if l<i<l, 
bi={ ifl+1<i<k-2m-1, re) 


where bi - az,41 = 0. Then 
(Apar+1)k—2m—1 = (anti + b4) A (angi +5) A+++ A (anya + b}) 
Abi +4 A bi,o ING 21N by am-1 
= bi AbZA---A By om-1 (6.3.45) 
+ags1 A (bs — bi) A (bi, — bh) A+++ A (bf — bj) 
Abia, A Big As+* A Dy_amn—1- 
We have 
(Ak) k—2m * Ak 


(Ak) k—2m—2 A ary 


BAB Aoi, 
ar+1 A (bg — bi) A (bg — by) A--- A (by — bi) 
ABi41 A Bigg A+++ A Be am—15 


a 
l 


I 


so (Ax) k—2m—2 \ ap4i is a subspace of ((Ax)k—2m * Angi) A ak41 = Ag, 1 (Ak) k—2m- 
4] 
Corollary 6.90. If subspace (Ax) ,—2m is not null, then (Ax,ap41)~—2m—1 is a blade 


for all vectors arti € (Ak) k—2m if and only if (Ak) k—-2m—2 € A((Ak)k—-2m)- 


Proof. Since subspace (Ax),—2m is not null, almost all vectors in it are invertible. 
If (Ag) k—-2m—2 has any nonzero component outside A((Ax)k—-2m), then for almost all 
invertible vectors az41 € (Ax)k—-2m, the component of ag41 A (Ax) ~—2m—2 outside 


A((Ax) k—2m) is nonzero. 
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6.4 Clifford coalgebra, Clifford summation and factorization* 


In Chapter 2, Grassmann-Cayley coalgebra is proposed to make Cayley expansions 
by changing the meet products and the outer products of meet products into outer 
coproducts and meet coproducts respectively. In Chapter 5, when expanding graded 
Clifford monomials, various partitions of the monomials are needed to replace long 
geometric products by outer products with angular bracket coefficients. Such par- 
titions naturally lead to the concepts of geometric coproduct and Clifford coalgebra. 


Definition 6.91. Let A, = ajag---a,, where a; € V”. For any0O<t<r, 
Ai(Ar):= >> dl(Apqy) @ cl (Ar(y) (6.4.1) 
(t,r—t)FA,. 
is called the t-th part of the Clifford coproduct of A,, where “cl” is the geometric 
product operator defined in (5.2.1). When t > r, define A;(A,) = 0. 


The above definition is correct only when A;(A,) is independent of the repre- 
sentative vectors of Clifford monomial A,. The following lemma establishes this 
property. 

Lemma 6.92. [Fundamental lemma on Clifford coproduct] Let r > t > 0 be inte- 
gers. Let A, = ajag:--a,. Then 
[]+[$] — min(1,[$]) 
Ai(Ar)= So De Ci AP 95 ((Ar)r—21)- (6.4.2) 


=0  j=max(0,l—["3*]) 


= S- (Ar(1))t-2k ® (Ar(2y)r—t—23 


=v dv Do (Arq) (Ary) (Ar(ay)te-2k ® (Ar(ay)r—t—23 
j=0 (2k,t—2k,2j,r—t—2j)-A, 


=> > Sa es oe easy 


k=0 j=0 (2k,2j,t-2k,r—t—2j)HKA, 
t 


= S- S- y Ch j (Arqay) Af o¢(Arcay) 


k=0 j=0 (2k+2j,r—2k—-2j)KA, 
] 


min(1,[$]) 


2 So PARAL w). 


1=0 k=max(0,I—[55*]) 
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Definition 6.93. The Clifford coproduct defined on G(V”), also called the geometric 
coproduct, is the linear extension of the following Clifford coproduct of a Clifford 
monomial: 


A= 3 At: G(V") = Gv") & Gi”). (6.4.3) 


The Clifford coalgebra over Y" is the graded Clifford space G(V”) together with the 
Clifford coproduct and the counit map (): A> (A) for A € G(V”). 


The following proposition can be easily proved. 
Proposition 6.94. A is a homomorphism of Clifford algebras. 
By (5.4.17), the Clifford coproduct has the following geometric interpretation, 


when composed with two Z-grading operators and one deficit bracket operator: for 
any Clifford monomial A, of length r, any 0 <i < [4] and 0 < j < [5], 


x [(Ar(1))t-2i Un—t4 25] (Ar (2))r—t-2j 
(t,r—t)FA, 


= se ((Ar(1y)t-21 V Un—t42i) (Ar (2) )r—t-2/ (6.4.4) 
(t,r—t)FA, 


= Ch, j(Ar)r—2(43) V Un—t42i- 


Recall that in Chapter 5, when expanding square brackets, we proposed an 
expansion formula (5.4.24) that can produce much fewer terms than the general 
formula (5.4.2). That formula can also be written in the form (5.4.26) which is of 
the following “summation by part” style: 


S7 (Aq) [A = 2, Ar (Bay) [ABia)], (6.4.5) 


FA 


where \- denotes a scalar depending only on the partition. A formula of this form 
is called a Clifford summation by part, or in short, Clifford summation. 

Clifford coalgebra is an important tool in making Clifford summations. In par- 
ticular, when only one Clifford monomial is involved in a Clifford summation, e.g., 
n (6.4.5), B = 1 is a monomial of length zero, then the Clifford summation becomes 
Clifford factorization, the inverse of Clifford expansion. 

In the following subsections, we investigate various Clifford summations and the 
Clifford factorizations induced by them, by categorizing the Clifford summations 
according to the number of participating Clifford monomials and the types of Z 
grading operators. Symbols a; denote arbitrary vectors in V”. 
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6.4.1 One Clifford monomial 
Lemma 6.95. Let As+i+on+o1 = A182°**As+t+2or+21 for any s,t > 0 and k,l > 0. 
Then 


(As+t+2k+2(1))s 5 (Astt+2k+21(2))t = 0. (6.4.6) 
(s+2k,t+2I)FAsieton+ar 


Proof. Direct from (5.4.2) and (5.1.22). L] 
Theorem 6.96. For any s,t,k,l > 0, let u=s+t+2k+4 21. Let A, = ajag:--ay. 
Then 
(Auc1y)s (Au(aye = Chi Coye (Au) ott: (6.4.7) 
(s+2k,t+2I)K Ay 
Proof. By (6.4.6), 


S- (Au(1))s (Au2))t = S- (Au1)) (Au(3)) (Au(2))s (Auca))t 
(s+2k,t+21)FAy (2k,s,21,t)-F Ay 


_ > (Au(1)) (Au(2)) (Au(3))s A (Au(4))t 
(2k,2,8,t)- Au 


=CEiC%, > (Any) (Augy)ont 
(2k+2l,st+t)- Au 
= Criss (Au)s+t- 


L 
Theorem 6.97. For A, = aja :--a,, 
> (Ar(1) Ar(2))r—21 = c(r, t, 1) (Ar) rat, (6.4.8) 
(t,r—t)FA,. 
where 
min(1,[$]) 
e(r,t, 1) = ys O16 mars (6.4.9) 
i=max(0,l+[(+++)) 
is the coefficient of x in the polynomial (1 + x?)!(1 + 2)"~!. 
Proof. By (6.4.2) and (6.4.7), 
[1413] min(1,[5]) 
clo A;(A,) = ey ~ Ci] clo Ap. 9;((Ar)r—2i) 
1=0 j=max(0,l—[5*]) 
[FHI] min(I,[4]) 
= > do OP CPT at (Ar) rat. 
1=0 j=max(0,l (>) 
L 
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Corollary 6.98. For Ao; = aja2--- agi, 


0, if t is odd; 
> (A211) A2i(2)) = ee sae (6.4.10) 
(t,21-t) Ay 


Proof. If t = 2k —1, then by (6.4.9), c(2l,t,l) = 7} Ci =0. If t = 2k, then 
e(2l, t,t) = *_, ci =CF. L 


6.4.2 Two Clifford monomials 


Recall the classical definition of combinatorial number Ci: for any 0 <1 < k, 


k! 


Cc eo (6.4.11) 
We extend it to k,l € Z so that the following rules are always satisfied: 
e For any 1 > k, CL =0. 
e For any k,l € Z, 
CStla ec). (6.4.12) 


The Ci for k,l € Z are called extended combinatorial numbers. 


Lemma 6.99. 


(1) For any! <<0<k, CL =0. 
(2) For any 1 >k> 0, Ca. =(—1)*"'Ce. 


Proof. For any k > 0, from C,' + CP? = CP,,, we get C;* = 0. Assume that 
for some | > 1, ar = 0 for any k > 0. From C,' + gry = Ca, we get 
C,' =0. This proves (1). 

To prove (2), first we prove C—* = (—1)*+1 for any k > 0. From C7} + C®, = 
Ce, we get C7j = 1. Assume that Gs = (-1)* for some k > 1. From 
Crk +078) = cy ®-” =0, we get CZ* = (-1)*+1. 

Now assume that for some k > 1, Cr, :49 = (-1)**-1Ck? for any 1 > k. 

From Ck + Cig = CTh,_y, we get Ct) = —Ch? -1 = —k. So (2) 
is true for! = k +1. Assume that for some | > k, oe ae = Gl tc. 
From CZ, + CL? = C73}, we get CZ, = (-1)FHOR? + (-echy = 


(<p Gr". Cc 


The following theorem is dual to Theorem 5.79. 
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Theorem 6.100. [(0,0)-typed summation] Let A,, = a1a2--: am and Bog4o1-m = 
Am+18m+2°°*Aek+21- Then for any k,l > 0 and any 0 < m < 2l, 


S- (AmBox+21-m1)) (Box+21-m 2) 
(2l—m,2k)FBor+421-m 


& 


(6.4.13) 


= > CF ms Aomti) (Am(2)Bok+21-m)- 
i=0 (21,m—2i)FAm 


where the cr wa m are extended combinatorial numbers. 
For example, set m = k = 1 = 2, and denote Bg = bi by --- bg in (6.4.13): 
(ajagb;b2) (b3b4bsb¢) — (ajagb;b3) (b2b4bsbe) + 
+ (ajagbsbe¢) (bi bgb3b,) (15 terms) 
= (ajagb; bebsby4bs be) + 2 (ay s a2) (by bo b3b4bs be). 


Proof. When m = 0, (6.4.13) is just (5.4.10). When m = 1, by (5.4.3) and 
(5.4.10), 


(a1 Box+21-1(1)) (Bar+2t-1(2)) 
(21-1,2k)-FBox+21-1 


= S- (a1 - Box+21-11)) (Bar+21—1(2)) (Bar+21-1(3)) 
(1,21—2,2k)Bar+or-1 


= Chi4 S- (ar - Box +21-1(1)) (Bar+21-1(2)) 
(1,214+2k—-2)Box421—1 


= Ch. 1-1(a1 Bor +21). 


Assume that (6.4.13) holds for 0 < m < r—1. By (6.1.68), (5.4.17) and (6.1.69), 
for m=r > 2, 


S- (A, Box421-7 (1)) (B2k+21-r (2)) 
(21—7,2k)F Box yo1—r 


= S- (A, Ve 7 (Box+21-r (1))r (Box+21-r (2)) 
(21— ea , 


5 So (1) (Ary )(Boe-+2i—r (2) (Ar(2) Barat ay) 
i=1 (2i,r—2i)FA,, 
(21— ee r 


=O (Ay Bara) ; ye , > 


i=1 (2i,r—2i)F A, j=0 (2j,r—21—-27)F A+ (2) 


(= io. mae (Ar) (A,(21)) (A+(22) Box +21) 
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[3] 
= Chr (ArBorsai-r) — Chay 9 SS (-1) 1 (Arca) (Ar(2)Bar+ai—r) 
i=1 (2i,r—2i)F Ay 


é So (1) CR i (Ara) (Ara) (Ars) Bar+ai-r) 
i=1 j=0 (21,2j,r—2i-2j)HA, 


[3] 


= Chy1--(ArBor+ai—r) + S> (Arq) (Ar()Bor+2i—r) 
h=1 (2h,r—2h)KA, 


h 
eal Cra el CC a 
i=1 
So (6.4.13) is reduced to the following identity: for any h > 0, 
GOR at ay ee Cr (6.4.14) 
i=1 
We prove (6.4.14) by induction. When h = 1, (6.4.14) is just —Cf,)_, + 


CE nai = ChyiL,, which is true by (6.4.12). Assume that (6.4.14) is true for 
h=j-—1. When h = j, by (6.4.12) and induction hypothesis, 


h 
1) Chaat SCD Cs 
a | | 
= (-1)°OR + OCD (Ghai -— ACR 


4=1 : : ; ; 
Se Op ONES Lie i i. CAG ei 
h-1 h-1 
= hok i 4 k—(h—-1)+4 i i k—(h—1)+i 
= (=I) Chien + (DCC — DCD Cha Cay re 
ae )-(h-) ht (k+1)—( 
i+1 ci (k+1)—(h—-1) +4 i4+1 ci k+1)—(h—-1)+i 
— Sy -1) Ch-1C (yt) 41-1) +i oy we) Ch-1 Ce p1) 4 (Ir) +i 
i=0 i=0 
k—-(h-1 b k-(h-1 : 
= eet ate + et i Saran _ Ga. ) lye as + ACR, ia 
k—-h 
= Ceti 


O 


Theorem 6.101. [(0,7)-typed summation] Let k,/ > 0, and let u = n+ 2k 4 2l. 
For any 0 < m < 2k, let Ay, = ajag-:-am and By_m = Am41am+42°°* au. Define 


Trt(Am) = S” Gp Be may) Bama (6.4.15) 
(2k—m,u—2k)FBu—m 
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Then 
0 if m is odd; 
Am) = os Al 
ee ) { Chat«(Am) (Bu-m)n, if m= 2%. (6 6) 
Proof. By (5.4.17), 
[F] 
(2k—m,u—2k)FBy—m t=0 
3 
_ d, Chim ((Am)m 27° (Bu nnn 2i)n 
if m is odd; 
Chg rn ( i (Basa) ay if m = 2h. 
L] 


Theorem 6.102. [(n,7)-typed summation] Let k,/ > 0, and let u = 2n + 2k + 2l. 
For any 0 < m < n+21, let Am = ajag-::am and By—-m = Aam41am+2°°* au. 
Define 
Uk,i(Am) = yA Bicmay)s Bue (6.4.17) 
(n+2k—m,n+21I)FBu—m 
Then 
Uxi(Am) = 


0, if either m <n, or m —n is odd; 


Chg Amn (Bu-m)n, if m—n= 22. 
(6.4.18) 


Proof. By (5.4.2) and (6.4.6), 


eT 


Uz,1(Am) a S- ((Am)m—2i A (Bu-m1))n—m+2i) (Bu-m2))n 
(n+2k—m,n+2l1)-FByu—m t=0 


= S- S- (Am)m—2i i ((Bu-m))n—m+2i : (Bu—m2))n) 


i=max(0,[ moth }) (n+2k—m,n+21) 
FB 


u-m 


_ 0, if m—n is either odd or negative; 
Chip (Am)n(Bu-m)n, if m—n= 2h. 


6.4.3. Three Clifford monomials 


The following theorem on the Clifford summation of three Clifford monomials is a 
corollary of (6.4.16), (6.4.18), and Lemma 6.105 to be introduced in this subsection. 
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Theorem 6.103. Let A; = ajazg---a;, Bj; = bib2---b;, and Cy = cic2:-- cy, 
where the ay, bg, c, are vectors in Y”. 


(1) Ifu=n+2k+ 21 —i—j, where i < 2k and 7 < 21, then 


min(k, [4 }) 
S> (AiCuqy) [BiCugl = So 
(2k—in+21—j)KC, m=[41]  (2m—i,i+-j—2m)F By (6.4.19) 


i(i—1) 


oe eae Cg, (AiBj(,)) [Bj Cul. 


(2) If u = 2n+ 2k + 21-—i—j, wherei < n+ 2k and j < n+ 2l, then 


min(k, (42) 


>| Cu] [BjCu] = x a 
(n+2k—i,n+2l—j)FCy m=max(0, [+4=*)) (n+2m-i, (6.4.20) 
i+j—n—2m)+B; 


mid(n—i) 4 Sane) 
(<1) ti Chaim [AsBy fy] [By c2)Cul. 


In particular, (6.4.20) equals zero when i+ 7 <n. 


Example 6.104. Set n=4, i=j=k=l1=2, u=8 in (6.4.19): 


(a1 a2C1 C2) [bj boc3c4c5¢g¢7Cg] — (ayage1 C3) [bj bycgc4e5cgC¢7C8] + °° 
+ (ajagc7Cg) (bi b2c1c2c3c4¢5¢6] (28 terms) 


= 3 (ay - a2) [by boc; c2¢2C4C5CgC7C8| = (ajagb2b1) [C1 CgC2QC4C5CgC7Cg]. 


Setn=u=4, i=j =2, Kk=1=0 in (6.4.20): 


[ayagc1Co] [by boc3c4] = [ajagcics] [by bocgc4] os [ajagc icq] [by b2c2c3] 
+[a1azc2¢3] [bi bye ¢4] — [arage2c,] [b1 bee ¢3] + [arage3ca] [bi b2c1¢9] 


= [ayagb; bo] [c1¢9C3C4]. 


Setn=i=4, j=2, k=l=1, u=6 in (6.4.20): 


[ay agaga4c1Co| [by boce3c4c5C¢| = [ajaga3a4c1Cs| [by bocec4c5cg] fees 
+ [ajagaza4Cs Ce] [by b2ce1¢2¢3¢4] (15 terms) 


= [ajagasay| [by boe1.¢2¢3c4€5C6| = [ajagagaybeb)| [c1C2C3C4C5C6]. 
Lemma 6.105. Let k,l, s,¢ be nonnegative integers, and let u= s+t+2k+2l. Let 


A, =aja---:a,. For anyi < t+2l andj < s+2k, let v = s+2k—1,w =t+2l—-j. 
For any partition (Ax(1), Au2), Au(g)) of Au of shape (7, 7,u —i— J), define 


W(Au(i), Auiay) a > (Au(1)Au(31))s(Au(2)Au(32))t- (6.4.21) 
(v,w)F Au (3) 


For Aj =ajag::- aj, B; = aj41aj42°°* aj4i, C;; i—j F AG4141Aj+4i42°°° Ay: 
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(1) Ift+ 9 <s+2k, then 


¥) 
W (B;,A;) = (—1)3+9+ 
r=0 —r)FA; 


r(r—1) 
2 


W(BiAj{1),1)- (6.4.22) 


(2) If i+ j > s+ 2k, then 


W (Bi, Aj) = 3 S- (-1)’ j(sti)t y= 


r=0 (r,j—r)FA; 


(s=i)(e-i=1) 
2 ot ad (B; Ajly)s (Aj (2)Cu-i-j)t- 
v,j—v)FA; 


loa 1) 


(6.4.23) 


Proof. First, we prove that for any 0 < h < min(j,v), by denoting D, = 


Aj—h414j—h42°°° Aaj, 


W (B;, A;) ae S- (1heres 


r=0 (r,h—r)FD;, 
When h = 1, (6.4.24) can be proved as follows: 
W (B;, Aj-1) = do BilajCu-i—s)qay)s (Aj—1 (aj Cu-i-s) 2) 


(v,u—i—j—v+1)Fa;Cy_-i-; 


= (-1)°** », (BiCu-i-jq))s (Aj Cu—i—j ay) 


(v,u—i—j—v)FCy_i_j 


4. > (BijajCu—i-j(1))s(Aj—-1Cu-i-j ay) 


(v—1,u—i—j—v4+1)FCy_i_; 


r(r—1) 


W(B;D,! 


Hy Agen). (6.4.24) 


— (—1)°**W(B,, A;) + W(Bya;, Aj-1). 
Assume that (6.4. = is true for h = m—1, ie, 


W (Bi, A;) =e So (m—1)(s+i)+ 


r=0 (rym—r— a“ 1 


r(r—1) 


W(BiDm—1 (1), Aj—m+1)- 


(6.4.25) 
Substituting 
W(BiDm—1{1); Aj—mt+1) = (I {WBiDm-( Aj—m) (6.4.26) 
—W(B;D,, 101) 43 m+1,A; m)} 
into (6.4.25), and denoting p = (—1)™@+9+“S" | we get 
m-1 
wR. +S CS) MWBDaly Amm 
r=0 (r,m—r)FDm r=1 (r,m—r)EFDm 
ambit Dien (3 Aj t12Dm(1) 


>» > EW (BiDmm(),Aj—m).- 


r=0 (rym—r)FD» 
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This proves (6.4.24). 
Second, when j < v, setting h = j in (6.4.24), we get (6.4.22). When j > v, 
setting h = v in (6.4. aM); we get 


W (B;, A;) ~S ae petite “= W(B:D,!,), Aj»). (6.4.27) 
r=0 (rju- - 


Third, we ale that for anyO<h<j-v, 


Me => pe (—1)@-D(et+ 


r=0 (r,v+th—r)FDyin 


sti)+ ve 1) 
+ S- (1) +4) (B; Dotnfiy)s (Aj—v—-nDo+n a) Cu-i-j)t- 
(v,h)FDu+n 


(BiDy4njy),Aj—v—n) 


(6.4.28) 

The case h = 0 is just (6.4.27). Assume that (6.4.28) is true for h = m. 

Substituting (6.4.26) into (6.4.28) for h = m, we get that (6.4.28) is true for h = 
m-+1. This proves (6.4.28). 


Last, by setting h = j — v, we get (6.4.23). L] 


6.4.4 Clifford coproduct of blades 


Let A, be an r-blade. Then there exist mutually orthogonal vectors a;,a2,..., a, 
such that A, = ajag:--a,. The Clifford coproduct of A,. is identical to the outer 
coproduct of A... 

In Clifford coalgebra, the result of the Clifford coproduct of a blade or the 
geometric product of several blades, can be multiplied using the geometric product 
after being composed with various Z-grading operators. We first consider the case 
where only one blade participates in the Clifford coproduct. 


Theorem 6.106. Let A,,B, be blades of grade r,s respectively. 


(1) For any O<t<rand any 0 </<min(t,r+s5—t), 


S> (Aray(Aray A Bs)) 9 = OF (AB nt s-op (6.4.29) 
(t,r—t)FA, 
(2) For anyO<t<-sandany 0 </< min(t,r+s-—t), 
Y> (Ar ABsy)Bs(2))pyg oy = Cont (ArBa)rte—2i- (6.4.30) 
(s—t,t)FBs 


Proof. By (5.4.33) and (5.4.13), 
dD (Aray(Ar@ ABs) 4.691 


(t,r—t)FA, 
i 
= S- ba (-1)' 4) (Ar (2)Bs(1)) (Ar(3)Ar(4)) Ara) A Ar(5) A Bgi2) 
t=0 (t-1,i,l—i,l—i,r—t—l+i)FA,, 


(i,s—i)FBs 
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I 
= y ye (1) 9 Cro (Ar (1)Bs(1)) (Ar(3)Ar(ay) Arca) A Bsa): 
t=0 (4,r—21+i,l—-i,I-i)-KA,, 
(i,s—i)F Bs 
(6.4.31) 


y (6.4.6), in the result of (6.4.31), only the term corresponding to i = / is 
nonzero. 5o 


(r— l I 
Yo (Ara (Ary ABs)) 45-97 = (CDI PO) SF (Ara Bsay) Ary A Bsa) 


(t,r—t)F A, (l,r—l)KA,, 
(l,s-D) HB, 


= C= (A,Bs)r4s—2I- 
(6.4.30) can be derived from (6.4.29) as follows: 
Cc (A,Bs)r+s—21 = (peo (By Ay) r+s—21 


— a i S- (Bs (1)(Bs(2) A A) )t4(s—t4r)—21 


(t,s—t)FBs 
-_ (Sere ert ye ((Bs(2) A A,)Bs(1))r+s—2l 
(t,s—t)FBs 
((Ay A Bs(1y)Bs(2))r-+s—21- 
(s—t,t)FBs 
L 
Corollary 6.107. For any r-blade A, and s-blade B,, for any 0 <t<r, 
0, if — <tr 
Ar(1) , (Ar(2) N B,) = . r+s (6.4.32) 
(t,r—t)FA,. (A,Bs)r+s—2t; if 1 = t < : 


As a special case of Corollary 6.107, we have 


Proposition 6.108. [70] [Seidel’s identity] Let A, = C; A A/_, and Bs = Ci A 
B‘_,, where A/._,, B4_,, Cz are blades of grade r — t, s — t,t respectively. Then 


(A,Bs)r¢s—2t = Cz: (Al_; ABz). (6.4.33) 


Theorem 6.109. Let A,, B, be blades of grade r, s respectively. Then (A;Bs) max 
and (A,Bs)min are both blades. Furthermore, A,B, € A((A;Bs) max). Geomet- 
rically, (A,B) max represents the orthogonal complement of subspace A,.U B, in 
space A, Bs. 


Proof. We assume that A,B, 40. In (6.4.33), let C; = A, UB,. Then C; does 
not contain any vector in either rad(A,) or rad(Bs). 

Obviously r + s — 2t is the maximal grade of which A,B, possibly has nonzero 
component. We only need to prove that C,-(A/._, AB,) 40. By Witt Theorem, 
we only need to consider the following three cases: 
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Case a. C, =a is an invertible vector. A/_,, 


onal to a. So A, = aAj,_,, B, = aB{_,, and 


B/,_, can be chosen to be orthog- 


C,-(A,_1 ABs) = (—1)""'a? Al, A Bi. # 9, 


6.4.34 
A,B, = (-1)""'a?A’_ | Bi_4. ( ) 


Case b. Cy = aA b, where (a,b) is a Witt pair. A/._5,B%_. can be chosen to 
be orthogonal to both a and b. So A, = (aA b)A’_., Bs = (aA b)Bt_», and 


Cy: (Ay_1 ABs) = Ay_2 \By_2 F 0, 


A.B, =A! Bl. (6.4.35) 


Case c. C; = ais null,a- A’_, 40, anda-Bi_, £0. 

There exists a vector b’ € Bi_, such that a- b’ 4 0. The 2D subspace a A b’ is 
nondegenerate, so there is a vector b € aAb’ such that (a,b) is a Witt pair. Then 
be€ Bi_, but b ¢ A‘_,, otherwise the case is identical to Case b. 

Extend (a,b) to a Witt basis of B,, and then further extend it to a Witt basis of 
y”. With respect to this basis, blades A,. and B, have the following decompositions 


that are similar to (6.3.45): 


A, =a/ (C,-1 + bA D,_2) = aC,_} + (a x b)D,_2), 


A, 
B,; = aN\bA E,_2 = (aA b)E,_2. (6 0) 


Here blades C,._1, D,_2, E,_2 are orthogonal to both a and b, moreover, C,_; 4 0, 
and D,_2 € A(C,_1). Then 


Ci 7 (Al A B,) =a/ Cr_1 A E.,_2 # 0, 


A, 
A,Bs =aC, 1E, 2+D, 2Es 2° (6 ae 


If V” is nondegenerate, by 
(A,Bs) min = ((A,(B>)) max) ™; (6.4.38) 


(A,Bs)min is a blade. If V” is degenerate, then VY" can be extended to a larger 
inner-product space W™ that is nondegenerate. With respect to the dual operator 


in CL(W"), (6.4.38) remains valid. L 
Theorem 6.110. For any r-blade A, and s-blade B,, for any 0 < t <r, define 


P= S° Apy(Ar(y:Bs)- 
(t,r—t)FA, 


Then ifO<t<r—-s, 
Poa A. Be (6.4.39) 
If max(0,r — s) <t <r, then for any 0 <1 < min(t,s—r+t), 


(P) s—r+2t—21 = Cae: (A,Bs) s—r+2t—21- (6.4.40) 
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Proof. By (6.4.6), ifr —t > s, then P = (P),_;. So 


(P)r—s = > Ar(1) A (A, 2) -B,) 
(t,r—t)FA, 


= DE Ara) \ Arca (Arg “ Bs) 
(t,r—t—s,s)FA, 


= > Cr_s Ara) (Ara) : Bs) 
(r—s,s)FA, 
= Ct_, A, Bs. 


When r—t < s, by (5.4.37), 


(P) s—r-+2t-21 = S> (Ar) Bs) (Ar(2)Bsa))Aray A Bais) 


(t—Ll,r—t)KA,, 
(r-t,l,s—r+t—l)FBs 


I 
= SS Cha 4 (An(2y)Bsq))Arqy A Bac) 
(t—Lr—t+DKA,, 
(r—t+l,s—r+t—l)-B, 


= ea (A,Bs)r+s—2(r4i-t)- 


L] 
Theorem 6.111. For any r-blade A,. and s-blade B,, for any 0 <t<r, 
S- (Ar(1)BsAr(2))r+s—2 = (—1)d(r, t, 1) (B,Ar)p+s—21; (6.4.41) 
(t,r—t)FA, 
where 
min(t,/) 
b(r,t, 1) = So (-nicict (6.4.42) 


i=max(0,t+l—r) 


is the coefficient of x‘ in the polynomial (1 — x)!(1+2)"~'. 


Proof. By (6.4.6), the inner product of any two vectors in A, cannot occur in 
the Clifford expansion of the left side of (6.4.41), so 


a (Ar(1)BsAr(2))r+s—2l 
(t,r—t)FA, 
min(t,1) 
a do (Ara Bsay)(Ar(a)Bs(s)) Ara A Bsa) A Arca) 


i=max(0,l+t—r) (t-i,i,l—i,r—t—l+i)FA,, 
(i,s—Ll—i)-FB, 


l| 


min(t,l) 


S- (-1)*t* ye (A+-(2)Bs(2)) (Ar(1)Bs(3))Bs(1) A Arca) A Arca) 


i=max(0,l+t—r) (l-i,i,t—i,r—t—I+i)-A,, 
(s—L,i,l—-i)HBs 
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min(t,1) 
— S- (-1)*t*C} S- (Ay (2)Bs(2)) (Ar(1)Bs(3))Bs (1) A A+(3) 
i=max(0,l+t—r) (l-i,i,r-l)FA,, 
(s—l,i,l—2)-+Bs 
min(t,/ 
= x a henson (2) .s (Ar (1)Bs(2)) Bsa) A Arca) 
i=max(0,l+t—r) (l,r—l)FA,, 


(s—l,lI)FB, 
= (-—1)*d(r, t, 1) (BsAr)r+s—21 : 


O 


Next we consider the case where two blades participate in the Clifford coproduct. 
By Proposition 6.94, 
where the juxtaposition on the right side denotes the geometric product in the 
twisted tensor product G(V") @G(V"). 
As an example, consider the following nested summation: 
Q => > (Ar) (Argy x Bs(1))Bs(2)) 4.691 . (6.4.44) 


(r—r’,r’)FA,, 
(s’,s—s’)FB. 


Theorem 6.112. For any r-blade A, and s-blade B,, for any 0 < r’ < r, any 
0<s'<s, and any 0 <1 < min(r,s), 
Q = d(r,r’,s,8’,1) (A-Bs)r+5—21, (6.4.45) 
where 
d(r,r’,s, 9,1) = Corr a” 


iy tig=igtia=l, it <r—r’, io<r', 
iz <min(I—i2,s’), ig<s—s’ 


(6.4.46) 
min(I,r’) min(l—i2,8’) ae _ 
- »¥ ye Coren s 
ig=max(0,l—r+r’) i3=max(0,l—s+s’) 
Proof. By (5.4.46), (6.4.6) and (5.4.13), 
Oy Ap Bp ) 
Q= » > (Ar()Ar(g)Boq) Bois)) 
i +ig+izg+ig=2l, i1,r—1! —i1,i2,r’—i2), (5) (6) (7) (8) 
ncmingr r)iace', Goa tadaeee ig) Ara) N Aria A Bag A Bows 
i3<min(l—i2,8’),ia<min(l,s—s’) rBs 
1 2 3 4 
_ $ SARAHB AB) 
iy +igtis+ia=2l, r—r! —i1,r! —i2,i1,i2), (5) (6) (7) (8) 
iy Smin(Ljr—r’),in <r", 2 Ari) nm Ar(a) . Bs(3) a Bs (4) 
i3<min(l—i2,8’),i4<min(l,s—s’) rBs 
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3 4 5 6 
- > 57 (Arg) A Arag)(Bsq) ABs) 
iy tig tig+is=2l, ((r—r! —i1 ,r’ —i2,i1,412), A CO) (2) (7) (8) 
ix<min(yr—r’) iar", te ae te Bs Ari) A Arg) \ Bs (3) \ Bs (4) 
ig <min(I—i2,s’),ia<min(l,s—s’) FA,Bs 
7 > YS CLG? OP CP C27" (Ar@)Bsay) Arqy ABs): 
44 +i2=i3+i4=l, (r-LI)FA,, 
i<r—-r' jig<r’, (l,s—l) Bs 


i3<min(l—i2,s’),ia<s—s’ 


O 


6.5 Clifford bracket algebra 


Graded inner product algebra is an algebra of advanced invariants for the orthogonal 
geometry of Y”. While a graded inner-product provides the cosine of an angle 
formed by two high-dimensional linear subspaces, its grade is restricted to within 
n. The Pfaffian operator “( )” does not have such a limitation upon the length of 
its contents, nor does the square bracket operator “[ |” defined by (5.4.16). They 
naturally extend the graded inner-product bracket algebra to an algebra of higher- 
level invariants, called Clifford bracket algebra. 


Definition 6.113. [Definition of Clifford bracket algebra] Let aj,...,am be sym- 
bols, called atomic vectors, and let m > n. 


e Let the [aj, ---aj,,,,] be indeterminates over K for each ordered sequence 1 < 
11,-+-;4n421 <m, called square brackets, where | > 0 is arbitrary. 

e Let the (aj, ---aj,,,,) be indeterminates over K for each ordered sequence 1 < 
11,---, 22142 <m, called angular brackets, where | > 0 is arbitrary. 

e For any 1<r<_n, let the (aj, ...a;,| ax, ...ax,.) be indeterminates over K for 
every ordered pair of sequences 1 < J1,...,jp < mand 1 < ky,...,k, < m, 
called r-graded inner products. When r = 1, (a; | ax) is identified with (ajax). 


The nD Clifford bracket algebra generated by the atomic vectors, is the quotient 
of the polynomial ring generated by the square brackets, angular brackets and 
graded inner products, modulo the ideal generated by the following syzygies from 
Definitions 5.35 and 5.37: 

Bl, B2, IS, IGP, BL, GI1, GI2, GI3, GIL, 
together with the following two new syzygies: 


AB. (angular bracket expansion) 
2 


(ai, ai, a * Ain,) _ S- (1)? (ai, ai,) (ain Ais pas ai, - Bey )3 (6.5.1) 


j=2 
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SB. (square bracket expansion) with the notation An+2) = aj, aig °*- Ai, 4215 


[An+2i] _ Ne (An+21(1)) [An+2i(2)]- (6.5.2) 
(21,n)FAn +21 


In developing Clifford expansion theory and Geometric Algebra techniques, we 
have also developed a lot of formulas related to the angular bracket and the square 
bracket, using the geometric product, the inner product, the outer product, the 
meet product, the dual operator, and various grading operators. Now that these 
products and operators do not belong to Clifford bracket algebra, they pose a threat 
against the validity of the formulas in the setting of Clifford bracket algebra. 

In the remaining part of this section, we show that all the identities in Clifford 
algebra involving only the two kinds of brackets, can be derived from the defining 
syzygies of Clifford bracket algebra. 

In the statements of the following propositions, basic symmetry syzygies B1, B2, 
IS are not taken into account, because they are always automatically applied. As 
no graded inner product occurs in the propositions, syzygies GI1, G12, GI3, GIL do 
not occur. So only four of the defining syzygies are left: IGP, BL, AB, SB. 


Proposition 6.114. The following relations are in the ideal generated by AB: 
(ajag +++ ag]) = (agiaiag - ++ Agi—1) = (agiagi-1° ++ aL). (6.5.3) 


Proof. When | = 1, (6.5.3) is just the symmetry relation IS. Assume that (6.5.3) 
holds for! = k—1. For 1 =k, denote Box_2 = aga3---aox_1. By syzygy AB, the 
first equality in (6.5.3) can be generated as follows: 
(ayag - + ax) 
= (a1 - agx)(Box—2) + S- (a1 - Box—2(1)) (Bar—2 2) 2x) 


(1,2k—3)F Box —2 


= (a1 - age) (Box-2) + S* (a1: Bor—2(1)) (Box—2(2)) (aan - Bor—2,g)) 
(1,2k—4,1) Box —2 


= (a1 - agx)(Box—2) + S- (a1 Box—2(1)) (aan + Box—2(2)) 
(2k—3,HBop_2 


= > (A2x * Box—2(1)) (B2x—2(2)) 
(1,2k—2)F a; Box—2 


= (agna1Box_2). 


The second equality can be generated as follows: 


2k-1 


(asnaae—1---a1) = S> (—1)7*** (aoe - ai) (aze—1 + Ae) 
i=1 
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2k-1 


= > (—1)*** (aoe - aj) (ar +++ ays AgK-1) 


i=1 
_ (acpar se -A2k—1) 
_ (ay a -AQk—182k)- 


O 


Proposition 6.115. The following relations are generated by AB, SB and IGP: 


[arag ++ Ant21] = (—1)"~*[an+arai +++ An+2i—1] (6.5.4) 


n—1) 
=(-1)7 2 [an+oiantai—1- + ai]. 


Proof. Denote A = ajag:---apn42)-1 and B = ajao---anyo1. By syzygy SB, on 
one hand, 


[Aanval] = >> (Aq) [Agyantal + S$ (-1)"{A anger) [Aca] 
(21,n-1)FA (21-1,n)FA 


S70 (-1)"" (Aq) fangarAcay}—- SS (= 1)" 7) (Aqyanta)[Acay]; 
(2ln—1)FA (Ql-1,n)FA 
on the other hand, 
[an+21A] = S- (Aca) [an+21A(2)] + S- (An+21A(1))[A(2)]- 
(2l,n—1)FA (2l-1,n)FA 
By the above two equalities, together with (6.5.3) and syzygies AB, IGP, the 
first equality in (6.5.4) can be derived as follows: 


[ansarA] —(-1)"" Aang} =  S> 2 (Ayansar)[Acy] 

(21-1,n)kKA 

= So 2(ansar: Ay) (A@)IA@)] 
(1,21—2,n)kFA 

= So 2(ansar: Aa) [Ae] (Ag) 
(1,n,21—2)KA 

= S- 2(A(2)) > Anta * Aci) [Aq2)] 
(n+1,21-2)FA (1,n)FA 1) 

= 0. 


For the second equality, by syzygy SB and (6.5.3), 


[an+2t@n+at—1 +++ aa] = > (Bi, [Bi] 
(2l,n)KB 


(2l,n)-B 


n(n—1) 


=(-1l)* Bl. 
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It is independent of IGP. L 
Proposition 6.116. 
(1) For any 2 < k < 2l, the following relation is generated by AB: 


(ajag +++ ag) + (—1)* (azag +++ aparapyi +++ azz) 


= 2d (-Y'a Bg) Midas Bio oda), (6.5.5) 


(2) For any 2<k<n-+ 2l, the following relation is generated by AB and SB: 


lereas -An+o1] + (-1)*[azas ++ agararyi: ++ An+2i] 


=9 YH a;) [agas -- + Ansoll- (6.5.6) 


Proof. (1) Denote (aja |ag3a4) = (a; -a3)(a2 + a4) — (ag-ag)(ar-a4). For k = 2, 
by syzygy AB, 


(aj agag - + agi) + (a2aja3--- agi) 


3<i<j<2l 


ie Ss ( 1)'*9 (ag +++ Aj+++Aj +++ ag?) (ag Nar): (a; Aaj) 
3<I<G<2l 


+ 2a) ‘ a2 (a3 ava - Aoi) 


= 2a, . ag (a3 3 - agi). 


So (6.5.5) is true for k = 2. Assume that it is true for k = r—1. For k =r, by 
induction hypothesis and (6.5.3), 


(ayag +++ agi) + (—1)"(azag +++ apaya,41 ++ a21) 


= (ajay +++ agi) + (aay «++ ayy) — (aay «++ agi) + (—1)"(agag +++ apaya,+i- + a2) 


= 2a, - ag(ag ++ agi) — ca1ag > -agia2) + (—1)" (ag +++ apararqi > ++ agiae) 


= 2a, - ao(ag- ++ agi) — 21 1a aj (ag +--+ Aj; +++ ag/ae) 


(2) When k = 2, let B = agay--- ania. By syzygy SB and (6.5.5), 
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[ayazag --- An+2i] + [azarag --- An+2i] 
S$ (Bay) ([ara2Ba)] + fazaiBa)])+ >> {-(aiBay)la2Be] 
(2l,n—2)KB (21—-1,n—1)FB 
+ (a2B1))[ai1Bi2)| — (a2B1)) [ai Biay| +(ai1Bqy)la2By)] } 


+ S$) ((arazBay) + (araiBy))) [Be] 
(21-2,n)FB 


= S© 2(as-a2) (Bay) [Bey] 
(21-2,n)HB 
= 2(ay ” a2) [B]. 
So (6.5.6) is true for k = 2. Assume that it is true for k = r—1. For k =r, by 
induction hypothesis and (6.5.4), 


[aja +++ an+oi] + (—1)"[agag---aparar41 ++: aAn+2i] 


_ [ajag — An+ai] ah [aga, a -An+ai] = [aga ees an+21| 
+ (—1)"*" "as + ApALAr41 +++ An+ 2182] 


= 2a, -ag[az---an+oi] — (—1)"~"[arag---an+21ag] 


+ (—1)"*""*[a3 * ApALAr41 + An4 2182] 


= 2a, ‘ag [a3 sone a2] + 2 So(-)r tay ‘ay [a3 ate aj sear Aan+2182| 
i=3 
= 2 So(-Diar : a;[ag a ‘aj oe -An+ai]. 
i=2 


O 


Corollary 6.117. The following relations are generated by AB and SB: 
(ajajaza3 ae - Agi-1) a ai(azaz a “azI-1), (6 5 7) 
[ajajaza3 eid a2i—1] = aj[azas ie -An+21—-1]- _ 
Proposition 6.118. Denote A, = aja2---a, and B, = byb2--- by. 
(1) [IGP relation for Clifford monomials, see (6.4.16)] For any 1 <i < k, and any 
1 > 0, let 
A=Ay-1, A’=Axi, B=Bn+oe+¢21-2141, B’ = Bnyor+oi—2i- 
Then the following relations are generated by AB, SB and IGP: 


S> (ABa)) [Bay] = 9, 
(2k—2i+1,n+2l1)-B 


D2 (AB) Bla] = Ch’) [BIL 
(2k—2i,n+21)+B’ 


(6.5.8) 
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(2) [GP relation for Clifford monomials, see (6.4.18)] For any k,l > 0, any 0<m< 
n, any 1<j<J,and any 0 <i <I, let 
A= Am, A’ = An+2j-1; A” — An+2i, 
B = Bon+or+2I-m, B’ = Bn+or+2i-2j41, B” = Bn+ok+ai—2i- 
Then the following relations are generated by AB, SB, IGP and BL: 


ABa)| By] — 0, 
(n+2k—m,n+21)-B 
[Ba |B'e] =0, (6.5.9) 
(2k—2j+1,n+21)+B’ 
x mB )][B" (2) = Ct [A] [B”). 


(2k—2i,n+21)-B” 


In fact, all the identities developed in this chapter and the previous chapter on 
the two kinds of brackets can be derived similarly. Similar to the definitions of 
the outer product and Grassmann-Cayley algebra by the brackets of atomic vectors 
and dummy vectors in Chapter 2, any composition of the geometric product and 
a Z-grading operator, ¢.g., (a1ag--:Ax)k—21 for atomic vectors a;, can be defined 
using dummy vectors and deficit brackets. Then the geometric product a,a2--- az 
can be defined by 


ajag- ap = (ayag+ +A‘) K—2I- (6.5.10) 


In this way, the whole Clifford algebra generated by atomic vectors a; can be derived 
from the Clifford bracket algebra, if the latter is supplemented with sufficiently many 
dummy vectors. 

In a general Clifford bracket algebra, the polynomials of syzygies AB and SB are 
too large, leading to middle expression swell very quickly if they are used directly in 
algebraic manipulations. To reduce the expression size, we need a special Clifford 
bracket algebra based on the homogeneous model of Euclidean geometry, called 
null bracket algebra [125]. The homogeneous model will be introduced in the next 
chapter. 
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Chapter 7 


Euclidean Geometry and Conformal 
Grassmann-Cayley Algebra 


Euclidean geometry contains, besides projective structure and inner-product struc- 
ture, an affine structure, or structure of translation. The Cartesian model of Eu- 
clidean geometry is inconvenient in representing the latter structure. The homoge- 
neous coordinates model of Euclidean geometry can represent the affine structure 
effectively, but cannot make the representation fully compatible with the inner- 
product structure. It is the conformal model of Euclidean geometry, developed by 
F.L. Wachter, S. Lie, et al. in the 19th century, that provides a representation fully 
compatible with both structures. Lie further developed a model for the geometry 
of oriented spheres and hyperplanes based on the conformal model, called the Lie 
model of contact geometry. 

In the conformal model, the primitive geometric objects include not only points, 
lines and planes, but also circles and spheres of various dimensions. The Grassmann- 
Cayley algebra on the intersections and extensions of these geometric objects is 
called conformal Grassmann-Cayley algebra. It extends the classical Grassmann- 
Cayley algebra of linear geometric objects to include nonlinear geometric objects of 
constant curvature. It can be further developed into an algebra of oriented geometric 
objects of constant curvature via the Lie model. 

This chapter introduces various models of Euclidean geometry and develops 
their Grassmann-Cayley algebraic representations, with emphasis on the conformal 
model and the Lie model. 


7.1 Homogeneous coordinates and Cartesian coordinates 


7.1.1 Affine space and affine Grassmann-Cayley algebra 


Let V” be a vector space, and let W"~' be a fixed (n —1)D subspace of VY". In the 
(n —1)D projective space V", the (n — 1)D affine space A"~' whose hyperplane at 
infinity is W"—", is composed of all the projective points not in subspace W""!: 


At y - we, 


A projective point in A"~! is called an affine point, and a projective point in 
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Atul ax 


vi 


y 0 WwW n-l 


Fig. 7.1 Affine space A”~1. x: affine point; y: point at infinity. 


Wr! is called a point at infinity. An rD affine subspace refers to the intersection 
of an rD projective subspace with A"~!. An rD subspace at infinity refers to the 
intersection of an rD projective subspace with W"~!. 

The affine structure can be represented in either the Grassmann-Cayley algebra 
or the inner-product Grassmann algebra over V”, by specifying either a meet prod- 
uct with a fixed pseudoscalar representing the hyperplane at infinity, or an inner 
product with a fixed vector representing the normal direction of the affine space. 

In A(V”), let I,_1 be a fixed (n—1)-blade representing the hyperplane at infinity 
w”-!. For any r-blade A, € A(V”), A, VI,—1 represents the space at infinity of 
the (r—1)D affine subspace which is the intersection of projective subspace A, with 
affine space A”~!. The affine subspace can be compactly represented by the pair 
(A,, A, VI,-1), and the whole affine space can be represented by (V",I,_1). 


Definition 7.1. The boundary operator of affine space (V",I,-1), denoted by “0”, 
is & linear operator in A(V") defined by 

O(A) :=AVI,-1, VAEA(V"). (7.1.1) 
O(A) is called the boundary of A. 


For example, the boundary of ¥” is I,_1. The boundary of a scalar is zero. The 
boundary of a vector is zero if and only if it is a point at infinity. In general, the 
boundary of a multivector A is zero if and only if it is “at infinity”: A € A(Ip_1). 


Proposition 7.2. 000 =0. Furthermore, for any vectors a; € V”, 
Oar A+++ Aay) = So (-1)"*70(aj) ar A+ a A Nay. (7.1.2) 
i=1 
Proof. Direct from the cograded anticommutativity of the meet product, and the 
shuffle formula (2.3.32). L] 


Corollary 7.3. 0 is a graded derivative with respect to the outer product, i.e., for 
any r-vector A, and s-vector Bg, 


O(A, ABs) = 0(A,) AB, + (—1)’A; A a(B,). (7.1.3) 
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Furthermore, it has the following property related to the meet product: 


O(A, V Bs) = A, V (Bs) = (-1)"~*d(A,) V Bg. (7.1.4) 


Definition 7.4. Two affine subspaces (A,,0(A,)) and (B;,0(B;)) are said to be 
parallel, if the intersection of the two linear subspaces A,,B, is a linear subspace 
at infinity. Two affine subspaces of the same dimension are said to be translational, 
if they have the same space at infinity. A parallel projection in rD direction A,., is 
an rD perspective projection whose center A,. is at infinity. 


For example, for lines 12,34 in the plane, they are parallel (or equivalently, 
translational) if and only if in A(V?), 0((1 A 2) V (8A 4)) =0. For plane 123 and 
line 45 in space, they are parallel if and only if in A(V*), 0((1A2A3) V(4A5)) =0. 

A vector in I,_1 is called a displacement vector, or translational vector. All 
displacement vectors form a vector subspace of V”, called the space of displacements. 
The difference between a translational vector and a point at infinity lies in the effect 
of the scaling: it changes a translational vector while leaving the corresponding point 
at infinity invariant. 


Example 7.5. Any two affine points are translational. For points x,y, the trans- 
lational vector from x to y is 
A(x Ay) 
O(x)A(y)’ 
which is independent of the scaling of x,y. Indeed, 


(7.1.5) 


x AxAy) _— Ay)x+O(x)y — Ay)x y 


A(x) — A(x)A(y) A(x) Oly) Oy)’ 


Definition 7.6. The affine addition, or barycenter, of two affine points x, y, is 


x y 
oe) de 7.1.6 
Ie) * BY) ae 
The translation, or displacement, of an affine point x by a translational vector t is 
x 
—~ +t. 7.1.7 
De f (7.1.7) 


The two concepts can be extended to more than two affine points and more than 
one translational vector respectively. 


Traditionally, people set 0(x) = 1 if x is an affine point, and take A"! as the 
set composed of all such vectors in ¥V”. This inhomogeneous representation of affine 
space is traditionally called the homogeneous coordinates representation. Indeed, 
let €9,€1,.--,@n—1 be a basis of V”, and let I,-1 =e, Neo A+++ A en_1, then any 
affine point x has homogeneous coordinates (1,271,...,@n—1). 


FreeEngineeringBooksPdf.com 


342 Invariant Algebras and Geometric Reasoning 


In the homogeneous coordinates representation, the affine addition of r points 
X1,X2,--.,X, becomes 

X1 + XQ t+ t+ Xp 

‘ : 


(7.1.8) 


More generally, an affine combination of the r points is a linear combination of the 
form 


AyX1 + AoXg +++ + ApXKp, Where Ay +Ag4++:: +A, = 1. (7.1.9) 


An affine basis of V” is a basis composed of n affine points. A Cartesian frame, 
or Cartesian basis, of V”, is a basis composed of one affine point, called the origin, 
and n — 1 translational vectors. In the homogeneous coordinates representation, 
any affine point is either an affine combination of affine basis vectors, or the origin 
plus a linear combination of translational basis vectors in a Cartesian frame. 

Three affine points 1, 2,3 are collinear if and only if 1A2A3 = 0 in A(V”), 
or equivalently, 0(1 A 2A 3) = 0 in A(I,_1). In general, r affine points 1,2,...,r 
are affinely independent, t.e., they are linearly independent as vectors in V”, if and 
only if in A(I,_-1), 


OLA2ZA---Ar) 40. (7.1.10) 
Lemma 7.7. For any vector a € Y”, any r-blade A, and s-blade B, in A(V”), 


aA O(aA A,) = O(ajaAA,, 
O(a)A, =aAO(A,), ifae Ay, (7.1.11) 
O(ja\ A,) A O(aA Bs) = O(a) (aA A, AB,). 
Proof. Only the last equality needs proof. 


O(a A,) A (aA Bs) 

= (O(a) Ar —aAA(A,)) A (Ala) Bs —a A O(Bs)) 

alt A, AB, —O(a)a ae he +(-1)'A, A O(Bs)) 
= O(a)? Ar NB, — O(a)a A O(A, ABs) 

(a) Aah A, ABs). 


O 


Corollary 7.8. Affine points 1,2,...,r are affinely independent if and only if in 
I,,-1, vectors 0(1 Ai) for i= 2,3,...,r are linearly independent. 


Proof. Direct from the identity that for any multivectors Aj,...,A,, 
O(aA Ai) A---AO(aAA,) = O(a)” | Aad AL A-:-AA,). (7.1.12) 


The (r—1)D affine subspace generated by affinely independent points 1,2,...,r 
is represented by the pair (A, 0(A,)), where A, = 1A2A---Ar, in the sense that 
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a point x € A”~! is in the affine subspace if and only if x \ A, = 0 in A(V”), or 
equivalently, 


—_ \a(A,) = A,. (7,18) 


r-blade A, is called the moment of the affine subspace, and O(A,) is called the 
(r —1)D direction. So (A,,0(A,)) is called the moment-direction representation of 
the affine subspace. 

An affine transformation in A"~' refers to a linear transformation in V” leaving 
the space at infinity W"~' invariant, or equivalently, commuting with the boundary 
operator. Affine geometry studies the properties of A"~! that are invariant under 
affine transformations, called affine invariants. 

For example, projective invariants are also affine invariants. In particular, all 
brackets are affine invariants. The boundary of a vector in Y” is another affine in- 
variant. Brackets and boundaries of vectors are basic affine invariants, and generate 
all other affine invariants [205]. 

There are also rational affine invariants. For example, for collinear points 1, 2,3, 
the ratio [12]/[13] is an affine invariant because it is a projective invariant. It is not 
an absolute affine invariant because it changes with the scaling of 2 and 3. Instead, 
the following ratio 

rae): (7.1.14) 
[13] 0(2) 
called the simple ratio of point 1 with respect to collinear points 2 and 3, is an 
absolute affine invariant. 


Definition 7.9. The affine Grassmann-Cayley algebra over A"! = (V",I,_1), is 
the Grassmann-Cayley algebra A(V”) further equipped with the boundary operator 
“9”, such that O(x) 4 0 if and only if x € A"~?. 


Definition 7.10. Let a,,...,a, be symbols, called atomic vectors, and let m > n. 


e Let the [a;, ---a;,] be indeterminates over K for each sequence of indices 1 < 
i1,..-,4m <™m, called brackets. 


e Let the O(a;) be indeterminates over K for each 1 < 7 < m, called boundaries 
of vectors. 


The nD affine bracket algebra generated by the a’s, is the quotient of the polynomial 
ring generated by the brackets and boundaries of vectors, modulo the ideal generated 
by the syzygies B1, B2, GP in Definition 2.11, together with the following affine 
Grassmann-Pliicker syzygy (AGP): 


n+l 
AGP. SO (-1)*10(aj, lag -- Aj. Ajnal- 
i=l 
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If VY” is endowed with a nondegenerate inner product, then by setting eg = Iy_,, 
we have 


O(A) =e9-(A—(A)), VA EA”). (7.1.15) 


Proposition 7.11. In CL(V"”), 0 is a graded derivative with respect to the geo- 
metric product: for any r-vector A, and s-vector B,, 


O(A,B,) = 0(A,)B, + (—1)"A,O(Bs). (7.1.16) 
Furthermore, it has the following property related to the inner product: 
O(A,): Bs, if r>s, 
O(A,- Bs) = ¢ 0, if r=s, (7.1.17) 


(-1)"A,-O(Bs), if r<s. 


7.1.2 The Cartesian model of Euclidean space 


i” is an affine space in V"+! whose space of 
, Pp P 


An nD Euclidean space, denoted by 
displacements is a Euclidean inner-product space. A Euclidean transformation is 


an affine transformation preserving the inner product in the space of displacements. 
Euclidean geometry studies the properties of E” that are invariant under Euclidean 
transformations, called Euclidean invariants. 

For example, the distance between two points x,y is defined as the magnitude 
of their displacement vector in V"+!: 


_ la«Ay)| 
bey = Taco) a) 
By setting O(x) = O(y) = 1, we get the familiar expression dy, = |x — y]. 

Traditionally people set the origin of a Cartesian frame to be the zero vector, 
and identify E” with the space of displacements R”. This is the Cartesian model 
of Euclidean space. It has a special point represented by the zero vector, which is 
convenient for algebraic computation but not so for geometric explanation. 

In the Cartesian model, a vector represents both a point and a direction. A 
line passing through points 1,2 can be represented by the pair of points. However, 
this representation is far from being unique: the pair can be replaced by any two 
other points on the line. The moment-direction representation (1 A 2,2 — 1), on 
the contrary, is unique up to scale: (1A 2,2—1) and (1/A 2’, 2’— 1’) represent the 
same line if and only if (1/ A 2’, 2’ — 1’) = X(1A 2,2 —1) = (ALA 2, A(2 — 1)) for 
some scalar \ # 0. 

In general, the (r — 1)D affine subspace generated by points 1,2,...,r € R” is 
represented by the moment-direction (A,.,0(A,)), where A, =1A2A---Ar, and 


O(Ay) = (2-1) A(B-1)A--- A= 1) = SOL) NMA: AIA: Ax, (7.1.19) 
i=1 
such that any point a € R” is in the affine subspace if and only if 


aA O(A,) = A,. (7.1.20) 
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In particular, if r = 1, then point a € R” has the moment-direction representation 
(a, 1). In other words, O(a) = 1 for any point a in the Cartesian model. 

It must be pointed out that in the Cartesian model, 0(A,) is just a short-hand 
notation. It always refers to the blade defined by (7.1.19) when r > 1, which is in 
fact a blade in A(A,) if A, 4 0; it refers to r when r < 1. In the Cartesian model, 
O(A,) does not need to be equal to zero if A, =0. The reason is that the direction 
is invariant under the change of origin, in particular, it remains the same no matter 
if the origin is in R” or not. The moment, on the contrary, always changes with the 
origin. 


Example 7.12. In the Euclidean plane R?, the outer product of any three points 
is always zero. The signed area of triangle 123 can only be represented by 


50 A2A3) 7 5 (12) _ [13] + [23)). (7.1.21) 


So in the Cartesian model, the constraint that three points are collinear is rep- 
resented by a 3-termed bracket polynomial equation. 


Example 7.13. In R”, the constraint that two lines 12,34 are perpendicular is 
represented by a 4-termed polynomial equation of inner products of vectors: 


A(1 A 2)- (3 A4) = (2-1)- (4-3) =0. (7.1.22) 


One may argue that the inner product in (7.1.22) should not be expanded, so 
that the representation still remains 1-termed. In algebraic computation based on 
multilinearity properties, such an expansion is unavoidable. Although setting one 
of the four points to be the origin can reduce the number of terms by two, there 
is only one origin, so at most one vector can be set to zero. For general algebraic 
computation, the simplification brought about by the origin is negligible. 


Example 7.14. Lines 12, 34 are parallel if and only if they have the same direction. 
In R?, this constraint is represented by 


(2-1) A (4-3) =1A3-2A3-1A44+2A4=0. (7.1.23) 


If the two lines are not parallel, then their intersection can be derived as follows: 
in the affine GC algebra A(V), by setting 0(x) = 1 for any affine point x, the 
intersection is 

(1A 2)V(3A4) [134]2 — [234]1 


H(LA2)Vv(BA4) [484] — [234] 
[(A(1A3A4)]2—[A(2A3A4)]1 
= TOA ABA4—[O@ABAA)] eee 
([13] — [14] + [34])2 — ((23] — [24] + [34])1 


[13] — [14] — [23] + [24] 


In the Cartesian model R?, the above result is still valid, and remains 10-termed. 
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We see that in the Cartesian model, the outer product, inner product and meet 
product in the affine GC algebra A(V"*') of E” are represented by complicated 
(rational) polynomials of rather poor geometric meaning. Contrary to the naive 
idea that the introduction of zero vector to represent a specific point should simplify 
algebraic representations and manipulations, such an introduction generally makes 


symbolic computing based on invariants much more complicated. 

The homogeneous coordinates model of Euclidean geometry, and its homoge- 
neous version where for any affine point x, it is O(x) # 0 instead of O(x) = 1, 
both lead to significant simplifications in symbolic computing. However, in this 
model, the inner product has Euclidean geometric meaning only when restricted to 
the space of displacements. In computing by multilinearity, if we expand the inner 
product such as the one in (7.1.22), we get an expression of four terms, none of 
which is an invariant, no matter how we select the signature for the 1D subspace 
orthogonal to the space at infinity in V"*!. 


Example 7.15. For two affine points x,y in (V"'',I,,), where 0(x) = A(y) = 1, 
if their inner product x- y is a Euclidean invariant, it should be unchanged by the 
displacement along vector t € I: 


(x+t)-(y+t)=x-y, ie, t-(x+ty+t) =0. (7.1.25) 


Since points x,y are arbitrary, it must be that t € rad(V"*!). Since t € I, is 
arbitrary, I,, must be the radical of ¥"+!, contradicting with the requirement that 
it has Euclidean signature. 


The homogeneous coordinates model disables Euclidean invariant computing, 
while the Cartesian model is very inconvenient for symbolic computing. More ad- 
vanced algebraic models are needed. 


7.2 The conformal model and the homogeneous model 


F.L. Wachter (1792-1817), a student of Gauss, once discovered that a special sphere 
in non-Euclidean geometry called horosphere, whose center is at infinity, is equipped 
with a Euclidean distance structure. In his Ph.D. dissertation, S. Lie (1872) pro- 
posed what is nowadays called Lie sphere geometry, where a point in the Euclidean 
space is taken as a sphere of radius zero, and where an oriented sphere or hyperplane 
in E” is represented by a null vector in space R"*!?. By discarding the orientations, 
the dimension of the embedding space can be reduced by one, leading to a represen- 
tation of spheres and hyperplanes of E” by positive vectors in the Minkowski space 
Rt! while points in are still represented by null vectors. The model with 
embedding space R"+!? is called the Lie model, and will be investigated in Section 
7.5. The model with embedding space R"*+1! is called the conformal model. 


yr 
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7.2.1 The conformal model 


We start from the Euclidean plane. A circle with center (xo, yo) and radius p has 
the following equation in the Cartesian coordinates of R?: 
(x — 20)” + (y — yo)” = p?. (7.2.1) 
Expanding the squares, we get 
ret ye —p 7 e+y 
2 2 

(7.2.2) suggests that we can represent the circle by a 4D vector (o, yo, (7 + ye — 
p”)/2,1), and by taking point (x,y) € R? as the circle of center (x,y) and radius 0, 
we can represent the point by another 4D vector (2, y, (x? + y”)/2,1), such that the 
left side of (7.2.2) is the inner product of the two 4D vectors. The components of 
the two 4D vectors are called the generalized homogeneous coordinates of the circle 
and the point respectively. 

Denote the basis vectors of the 4D space by e1, e2,e3,e4. The left side of (7.2.2) 
becomes 


LL + YYo — 0. (7.2.2) 


2 2 2 2 2 
Lo + YG — 
(ape1 + Yoe2 + wt es + e4) : (xe, + ye + €3 + e4) | 
7.2.3 
A lca ha A 
0 0 2 2 ’ 
for any parameters x,y, Xo, Yo, p. A simple computation shows that 
ej =e} = 1, 
Di gD, 

Her eaa (7.2.4) 


e, -@€9 =e, -e3 =e), -e€4 = €2: €3 = €2 -e, = 0, 
e3:e4, = —1. 


Therefore, the 4D embedding space is Minkowski with Witt basis e1, e2, e3, e4, 
where (e3,e4) is a Witt pair. Traditionally people write e = e3 and ep = e4. The 
mapping f : R? ++ R* defined by 

2 


f(x) =e9 +x+ Se. (7.2.5) 


where R? is the 2D plane spanned by e€1, 2, has the following properties: 
(1) For any two points x,y € R?, 
x? +y? Ix—y|? dey 
f(x) - f(y) i San ae Gee 
So in the conformal model, the inner product of two points has intrinsic geometric 
meaning, and is a basic Euclidean invariant. 
In particular if x = y, then f(x)? = 0. So f(x) is a null vector. Furthermore, 
f{(x)-e=e9-e=—1. The set 


Ne = {a € R*1|a? =0,a-e=—1} (7.2.7) 


(7.2.6) 
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is the image space of f. It contains up to scale all null vectors in R?! except e. 
(2) For any two points x,y € R?, 
(f(x) — f(y))? = f(x)? + f(y)? — 2£(x) - f(y) = diy. (7.2.8) 


So f is an isometry from R? to Ne, and is invertible. The inverse map is the 
orthogonal projection onto R?: 


i“) = Pani = Pagal, Va eNex (7.2.9) 


(3) £(0) = eo, so the origin of R? corresponds to eo. In (7.2.5), when x? tends to 
infinity, 2f(x)/x? tends to e. So e is a point at infinity. It is obtained by pinching 
the line at infinity of the 2D affine plane to a single point, so that the result is a 
compact topological space homeomorphic to a 2D sphere. This extraneous point 
outside the plane is called the conformal point at infinity of the Euclidean plane. 

The set Ne is a Euclidean distance space but not a Euclidean space, because it is 
not affine: for two different null vectors a,b € Ne, the 2D plane a/b is Minkowski, 
so a,b are the only two null vectors up to scale, and Aa + pb ¢ Ne for all Au 4 0. 

From this aspect, the conformal model is very unusual: it represents Euclidean 
geometry by a non-affine model in a non-Euclidean space of two more dimensions 
through a nonlinear isometry (7.2.5). It is much more complicated than both the 
homogeneous coordinates model and the Cartesian model of Euclidean geometry. 
What is amazing is that, this complexity in algebraic structure does not lead to 
the complication of symbolic manipulations; on the contrary, it brings about highly 
unusual simplifications for Euclidean geometric computing. 

(4) We come back to circles in R?. We have seen that a circle of center x9 € R? 
and radius p can be represented by null vector 


2 2 2 


*o 5 f etey =F) Fe, (7.2.10) 


and a point x € R? is on the circle if and only if f(x) -s = 0. In fact, for any point 
x € R?, 


2 2 d2 
f(x) «s = f(x) - f(x) — F(x) -e= Se (7.2.11) 
So x is inside, on, or outside the circle if and only if f(x)-s > 0, = 0, or < 0 
respectively. 
(5) By (7.2.10), s? = p? > 0, so s is a positive vector. Furthermore, s-e = —1. 
Conversely, any positive vector s satisfying s-e = —1 represents a circle: the 


radius is Vs? and the center in R? is 
eS 
flis+ Zz) = PL 


eAeo 


(s) = ((SsAe Ae) -e)-e€9 =€0: (SAe) — eo. (7.2.12) 


(6) A positive vector s such that s-e = 0 represents a line in the plane. A 
line can be taken as a circle passing through the conformal point at infinity. We 
first check the line normal to unit vector n € R? and to which the signed distance 
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from the origin along direction n is 6. A point x € R? is on the line if and only if 
x-n=0. Replacing x by f(x) — eo — x?e/2, we get 


f(x) - (n+ de) = 0. (7.2.13) 


Denote s = n+ de, then s? = n? = 1, ands-e = 0. Conversely, any positive unit 
vector s orthogonal to e represents a line whose signed distance to the origin is eg-s 
along the unit normal 


s+(e9-s)e=ep-(sAe). (7.2.14) 


The conformal model of the Euclidean plane can be directly extended to nD 
Euclidean space. 


Definition 7.16. The conformal model of nD Euclidean geometry is the set 
Ne := {x € R"*" |x-x =0, x-e=-—1}, (7.2.15) 


where e is a fixed null vector in R"+!, called the conformal point at infinity of the 
model, together with the following isometry: 
Fix a vector e9 € Ne, and denote the orthogonal complement of the 2D plane 
eA eo in Rt! by R”. Then 
oe 
f(x) :=eg+x+ ae Vx € R” (7.2.16) 


is an isometry from R” onto Ne. Its inverse is Pes The origin of R” corresponds 


to eg. f is called the formalization map of the conformal model. 


The set of null vectors in R"*11, denoted by N, is called the nD projective null 
cone when being considered in the (n +1)D projective space R"*''. Topologically, 
the projective null cone is homeomorphic to nD sphere. Since two null vectors in 
R”*!! are orthogonal if and only if they are equal up to scale, when removing a 
projective point from the projective null cone, the result Ne is homeomorphic to 


R”. In fact it is isometric to R” as a distance space, the distance being defined by 


la—bl=/(a—b)?,  Va,beE Ne. (7.2.17) 

When the origin moves from ep to f(0), where o € R” = (eA eo)™, for any point 

x € R”, null vector f(x) represents the following point y in the nD Euclidean space 
(eA f(o))~: 


y= P2xt(o) E(x) =x-—0+(0-(x—o))e. (7.2.18) 


The orthogonal projection of y back to R” = (eA e9)~ is x — 0. As expected, a 
change of the origin eg induces a translation in R” along the vector —o from the 
new origin to the old one. 

When the conformal point at infinity rescales from e to Ae, a point x € R” is 
changed into \~'x € R”, because 


me (A~tx)? 


f(x) =x+e9+ oo A(A7*x + AT *e9 + 5 Ae). (7.2.19) 
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This is a dilation in the Euclidean space centered at the origin. The dilation property 
can also be seen from 


dz dey ay) (4-1y 
a-b=——¥(a-e)(b-e) = -- 98 (a. (Ae))(b - (Ae), (7.2.20) 


where a = f(x) and b= f(y). 

When e, €9 are interchanged but each vector in (e A e9)~ is invariant, by linear 
extension we get an orthogonal transformation T in R"*!1. For any vector x € R”, 
f(x) is changed into 

2 2 -1)2 

e+x+ se = (0 + 2x71 + Cx 

i.e., x is mapped to 2x~!. This is the inversion with respect to the sphere in R” 
centered at the origin and with radius V2. 


e)= F(a), (7.2.21) 


Definition 7.17. In E”, the inversion with respect to a sphere of center c and 
radius p, called the invariant sphere of the inversion, is the transformation in E” U 
{e} (e being the conformal point at infinity) that interchanges point ¢ and the 
conformal point at infinity, and changes any point x to a point on line cx, such that 
vectors ¢xX, cy have the same direction, and 


deter =o (72.22) 


An inversion fixes every point on the invariant sphere. It also fixes every ray 
starting from the center of the invariant sphere. Two points are said to be in 
inversion with respect to a sphere, if they are interchanged by the inversion with 
respect to the sphere. 

When e A eo is replaced by another Minkowski plane e’ A e5, a point x € R” = 
(e A eo)~ is changed into another point y’ in (e’ A eg)~. Denote the orthogonal 
projection of y’ back to R” = (eA e9)~ by y. Then x » y for all vectors x € R” 
is a conformal transformation in R™ U {e}. 


A conformal transformation in E”, also called Mobius transformation, is an 


angle-preserving diffeomorphism of E” U {e}. Conformal geometry, or Mébius ge- 


ometry, studies the properties of E” U {e} that are invariant under conformal trans- 


formations. 
It is a classical result [22] that any orthogonal transformation of R"t!! induces 
a conformal transformation in E” U {e} via the conformal model, and conversely, 


any conformal transformation can be generated in this way. This justifies the name 
“conformal” of the model. 


7.2.2 Vectors of different signatures 


In the conformal model, a null vector represents a point or the conformal point at 


infinity, while a positive vector represents a sphere or hyperplane in E”. By the term 


“sphere” without specifying its dimension from the context, we mean an (n — 1)D 
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“hyper-sphere” in E”. A sphere with center c and radius p is usually denoted by 
the pair (c, p). 
Let s be a positive vector in R"*+1!, then it represents a sphere or hyperplane in 


the sense that a point represented by a null vector a is on it if and only if a-s = 0. It 
represents a hyperplane if and only if e-s = 0. In other words, a hyperplane passes 
through the conformal point at infinity, but not so for a sphere. The representation 
by positive vectors is unique up to scale. 

The following are Euclidean geometric explanations of the inner products of 
positive vectors and null vectors in the conformal model, where a point is identified 
with the null vector in Ne representing it: 


e For two points c, and Co, 


d2 
Ci, °CQg = == (7.2.23) 
e For point c and hyperplane n + de, 
c:(n+d6e)=c-n-—6. (7.2.24) 


The inner product is positive, zero, or negative, if and only if the vector from the 
hyperplane to the point is along n, zero, or along —n respectively. Its absolute 
value equals the distance between the point and the hyperplane. 

e For point c; and sphere cz — p*e/2, 

2 2 2 

Fe) = = (7.2.25) 
The inner product is positive, zero, or negative, if and only if the point is inside, 
on, or outside the sphere respectively. Let dmax and din be respectively the 
maximal distance and minimal distance between point c; and the points on the 
sphere. Then the absolute value of (7.2.25) equals dinaxdmin/2. 

e For two hyperplanes n, + 6,;e and ng + d2e, 


cy: (Co — 


(ny + 61e) . (ng + 62e) =n, no. (7.2.26) 


e For hyperplane n + de and sphere c — p?e/2, 
2 
(n + de) - (c — Fe) =n-c-6. (7.2.27) 
It is positive, zero, or negative, if and only if the vector from the hyperplane 
to the center c of the sphere is along n, zero, or along —n respectively. Its 
absolute value equals the distance between the center and the hyperplane. 
e For two spheres c; — pje/2 and cz — pse/2, 
2 2 24.2 42 
(c1 — Ste) - (en ~ e) = ene 
It is zero if the two spheres are perpendicular to each other, 7.e., they intersect 
at 90°. When the two spheres intersect, (7.2.28) equals the cosine of the angle 


(7.2.28) 


of intersection multiplied by pp. 
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When sj, 82 are positive vectors, the scalar sj - s2/|s;||S2| is called the inversive 
product of the two spheres or hyperplanes [95]. 


Proposition 7.18. Let s;,s2 be two positive vectors in R"+!! representing two 
intersecting spheres and planes in R”. Let a be a point at their intersection. For 
i = 1,2, when s; represents a sphere, let s; = c; — p?e/2, and let m; be the outward 
unit normal direction of the sphere at point a; when s; represents a hyperplane, let 
s; =n; + 6;e, and let m; = —n;. Then 

$1 °S92 


——— =m|-Mo. 7.2.29 
Ede eee 


Proof. Direct from (7.2.27), (7.2.28), and the expression m; = p;'(f~!(a) — 
f-1(c;)) for s; = c; — pze/2. L] 


Below we consider the geometric meaning of a negative vector s € R"t!. Since 
s* <0, s-e £0. Let a= ~—s/(s-e). In the Minkowski plane spanned by vectors a 
and e, 


a2 


c=a+t a (7.2.30) 
is the unique null vector in Ne. Let 


x=f-'(e) =F 5 


eAeo 


(a) € R”, 


‘ (7.2.31) 
p = lal =|P,(e)|". 
Then sphere (c, p) has positive-vector representation 
s:(eAs). (7.2.32) 


The space s~ is Euclidean and is composed of positive vectors, i.e., spheres and 
hyperplanes. A sphere f(o’) — p’’e/2 is in s~ if and only if p’” = d2,, + |al?. A 
hyperplane n+ 6e is in s~ if and only if n-x = 6. So negative vector s represents all 
the spheres and hyperplanes each containing an (n — 2)D great sphere of the sphere 
(c, p), in the sense that for any positive vector t, s-t = 0 if and only if the sphere 
or hyperplane represented by vector t intersects sphere (c, ) at an (n — 2)D great 
sphere on the latter sphere, see Figure 7.2(a). 


S 


(a) 


Fig. 7.2 Geometric interpretation of negative vectors in the conformal model. 
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Negative vector s after rescaling, can be written in the following standard form: 


Pi 
s=ct Fe. (7.2.33) 


The Euclidean geometric meaning of the inner product of a negative vector with 
another vector in R"*!! is as follows: 


(1) Let c,,c2 be points represented by null vectors in Ne. Then 


2 d2 ls p? 
a = Ci1C2 . 
C1 - (cg + 5 e) = 


As shown in Figure 7.2(b), let y be any point on sphere (C2, p) satisfying cay L 
€1C2, then (7.2.34) equals —dé, , /2. 
(2) Let n be a unit vector in R”, then 


(7.2.34) 


2 
(n + de): (c+ Fe) =e-n-6. (7.2.35) 
Let y be any point on sphere (c2,) such that coy Ln, then (7.2.35) equals 
the signed distance from hyperplane n + de to point y. 
(3) Let c1,c2 € Ne, then 


2 2 2 72 d2 
es Fe) sites Pe) =o i Bice (7.2.36) 


Let y be any point on sphere (c2,p) such that cgy L c1e2, and let dinax, dinin 
be respectively the maximal signed distance and the minimal signed distance 
from point y to points on sphere c; — p?e/2, then (7.2.36) equals —dmaxdmin /2. 
(4) Let c1,c2 € Ne, then 
24 2 2 
2 Pe) Pit 2 t dere, 


(ce, + Fe) (ca + Be) = — AR ees (7.2.37) 


Let y be any point on sphere (C2, 2) such that cgy L cic2, and let z be any 
point on sphere (c1, 1) satisfying c1z | c1y. Then (7.2.37) equals —d},,/2. 


7.2.3 The homogeneous model 


From the definition of the conformal model, it is clear that the model depends on 
the choice of the origin e9. For invariant symbolic computing, we need to revise the 
model by getting rid of the origin. The result is a new model called the homogeneous 
model. 


Definition 7.19. [115] The homogeneous model of nD Euclidean geometry is a 
pair (NV,e), where N is the set of null vectors in R"*!!, and e € N represents the 
conformal point at infinity. A vector a € N represents a Euclidean point if and 
only if a-e # 0. Two vectors in N represent the same point if and only if they 
differ by scale. 
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The homogeneous model has a representation space that is homeomorphic to nD 
sphere, while in the conformal model, the representation space Ve is homeomorphic 
to R”. Since it does not require any origin, the homogeneous model does not need 
a formalization map onto the standard Euclidean space R”. As a consequence, the 
representations and computations in the homogeneous model are all homogeneous. 

The homogeneous model provides a conformal description of Euclidean geom- 
etry, t.e., the model is conformal instead of isometric. By setting a-e = —1 for 
any null vector a not equal to e up to scale, we obtain an inhomogeneous represen- 
tation that is still origin-free. The homogeneous representation is very convenient 
for symbolic computation, while the inhomogeneous representation is suitable for 
geometric interpretation. 


Example 7.20. In the homogeneous model, the sphere with center o (null vector) 
and radius p is represented by 

2 
p : is .. 
the sphere with center o (null vector) and through point a (null vector) is repre- 
sented by 


o+ 


(7.2.38) 


a-(eAo); (7.2.39) 
the hyperplane with normal n € e~ and through point a (null vector), where n is 
a positive vector but is not necessary to be of unit magnitude, is represented by 

a-(eAn). (7.2.40) 

(7.2.38) is quadratic with respect to e, so under the dilation e + Ae, the radius p 


has to be scaled by A~! in order to keep (7.2.38) invariant. (7.2.39) is homogeneous 
with respect to e; it is a dilation-invariant representation while (7.2.38) is not. 


7.3 Positive-vector representations of spheres and hyperplanes 


Positive vectors in the conformal model represent spheres and hyperplanes in E”, 


and the representation is unique up to scale. The outer product of a sequence of 
positive vectors can represent both the pencil of spheres and hyperplanes spanned 
by the vectors, and the intersection of the spheres and hyperplanes represented by 
the vectors. 


Definition 7.21. For r > 1, let there be a set of spheres and hyperplanes f; = 
0,..., fr = 0, where f; = 0 is a polynomial equation in Cartesian coordinates 
representing the i-th sphere or hyperplane. Assume that the polynomials f; are 
linearly independent. The rD pencil of spheres and hyperplanes spanned by the r 
spheres and hyperplanes, is the set of spheres and hyperplanes whose equations are 
of the form Ay f; +...+A,;f, = 0, where the A; are parameters. If the dimension of 
a pencil is not specified, the pencil is assumed to have default dimension two. 


FreeEngineeringBooksPdf.com 


Euclidean Geometry and Conformal Grassmann-Cayley Algebra 355 


In the conformal model, an rD pencil is an rD vector subspace of R”+!:+ spanned 
by r linearly independent positive vectors s1,...,S,, So it can be represented by 
blade s; A-:-AS>. 


7.3.1 Pencils of spheres and hyperplanes 


Pencils are classified by the signatures of their representing blades. The classification 
and representations of rD pencils are much the same with those of 2D pencils [110], 
so we only investigate 2D pencils. 

Take the 2D geometry as an example. In R*:!, the 2D subspace Bz = (81 \s2)~ 
has three possible signatures: 


(1) Minkowski: (sy \s2)? <0. Bg has two different null vectors up to scale. 


If e € Bg, then both s1,82 are lines. Besides e, the other null vector a € Bo is 
the point of intersection of the two lines. Pencil s; \s2 is called a concurrent pencil. 
Any positive vector in the pencil is a line passing through point a. To express the 
point of intersection a explicitly, however, the three vectors e,s1, S82 are insufficient, 
and a fourth vector needs to be introduced. 

Ife ¢ Bg, then at least one of s1,s2 is a circle. The two circles s;,s2, or one 
circle and one line, intersect at the two points a,b corresponding to the two null 
1D subspaces of Bz. Pencil s; A so is called a secant pencil. Any point or line in 
the pencil passes through the two points. 

The secant pencil contains only one line. It is line ab, whose positive-vector 
representation is e-(s; \s2). The circle containing points a, b as a pair of antipodal 
points is Ps,,s,(e). It is also in the pencil. 


a 


b 


Fig. 7.3 Secant pencil (left) and concurrent pencil (right). 


(2) Degenerate: (s; \s2)? = 0. Bz has only one null vector up to scale, denoted 
by a. 

If a = e up to scale, then both s;,s2 are lines, and the two lines are parallel. 
Pencil s; A sg is called a parallel pencil. Any positive vector in the pencil is a line 
with the same normal direction ep - (sj A S2). 

Ifa e up to scale, then at least one of s;,S2 is a circle. The two circles s1,s2, 
or one circle and one line, are tangent to each other at point a = P= (a2). Pencil 
S; \ Sq is called a tangent pencil. 
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The tangent pencil contains only one line. It is line e- (s; A sg). Any circle in 
the pencil is tangent to the line at the common point of tangency a. All the circles 
and lines in the pencil are perpendicular to line (e As; A s2)~. 


Fig. 7.4 Tangent pencil (left) and parallel pencil (right). 


(3) Euclidean: (s; A s2)? > 0. Since Bz has no null vector, circles s1,82, or one 
circle and one line, do not intersect. 


As the dual of Ba, blade s; A s2 is Minkowski, and has two null 1D subspaces. 
Let (a,b) be a Witt pair in plane s; A sg. Without loss of generality, let a = e9 be 
the origin, and let s; = f(c;) — p?e/2 for i = 1,2, where c; € R?. 

If b = e, from s; \e A eo = 0 we get c; = 0. So circles s},s2 have the same 
center. Pencil s; A s9 is called a concentric pencil. Any positive vector in the pencil 
is a circle with the same center s;es, (null vector). 

If b = f(x) up to scale, where x € R? — {0}, then from s; \e 9 Af(x) = 0 we get 
xc; = (c? — p?)x. So xc; = c? — p?, and 

—e;(x — cj) = p?. (7.3.1) 

By (7.2.22), the origin and point x are in inversion with respect to each circle s;. 
They are called the Poncelet points of the pencil. Pencil s; A s2 is called a Poncelet 
pencil. 

The Poncelet pencil contains only one line. It is the perpendicular bisector of 
line segment ab, and has positive-vector representation e- (a/b). All the circles 
in the pencil have the property that the two Poncelet points a,b are in inversion 
with respect to each of them. 


Fig. 7.5 Concentric pencil (left) and Poncelet pencil (right). 


Proposition 7.22. In the following statements, a point is identified with a null 
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vector representing it: 


) The secant pencil passing through points a,b is aA b. 

) The concurrent pencil passing through point a is e A a. 
(iii) The parallel pencil containing line s is es. 

) The parallel pencil with common normal direction n € R? is e A n. 

) The tangent pencil with common point of tangency a, and containing circle 
(or line) s, is aAs. 
(vi) The tangent pencil with common point of tangency a and common perpendic- 
ular line s, is (aA s)~. 
The tangent line of circle s at the point of tangency a is e- (a/s). 
The concentric pencil centered at point ais e/a. 
The Poncelet pencil with Poncelet points a,b is a/b. 
For any point (including the conformal point at infinity) a, the circle or line 
in pencil sy; As and through point a exists if and only if vector a- (s; As) is 
positive. If it exists, the circle or line is represented by the vector. 


Proof. Only (vi) needs proof. The line through point a and perpendicular to line 
sis (eAaAs)~. By (v), the pencil is aA (eAaAs)~ = (a(eAa)s)5 =a-e(aAs)~. 


7.3.2 Positive-vector representation 


Let s1,S2 be two linearly independent positive vectors, and let a be a null vector. 
Since a- (Ss; A S2) = (a-81)S2 — (a-S2)s; = 0 if and only ifa-s; =a-s» = 0, blade 
S; (Sz can also represent the intersection of spheres or hyperplanes s;,s2, in the 
sense that point a is on the intersection if and only if a- (sj Asz) = 0. If the two 
spheres or hyperplanes intersect, their intersection is an (n — 2)D sphere or plane, 
and can be represented by blade s; A s2, which has Euclidean signature. 

In the general case, if the intersection of r spheres or hyperplanes sj,...,s; 
exists, where 1 < r < n, it can be represented by s;/A---/s, in the sense that a point 
a is on the intersection if and only if a-(s; A---As,) =0. This representation of iD 
spheres and planes for all 0 <i < n—1, is called the positive-vector representation. 
In this representation, blade s; A--- As, represents an (n — r)D sphere or plane if 
and only if it is Euclidean. 


Definition 7.23. In E”, a 0D plane, or OD line, is a pair (a,e) where a is a point 
and e is the conformal point at infinity. A OD sphere, or OD circle, is a pair of 
distinct points. The center of a 0D sphere is the midpoint of the line segment 
between the two points of the 0D sphere. 


Definition 7.24. For an rD sphere in E”, where 0 < r < n—1, its supporting plane 
is the (r + 1)D affine plane in E” that contains the rD sphere. Its extensive sphere 
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is the (n — 1)D sphere having the same center and radius with the rD sphere. The 


supporting plane of an rD plane is the rD plane itself. 


For example, the supporting plane of a OD sphere is the line passing through 


the two points of the OD sphere; the supporting plane of an (n — 1)D sphere is 
itself. 


Definition 7.25. In E”, for any0<r,s<n-1, 


yi 


yr 


e when r,s > 0, then if an rD sphere and an sD sphere intersect, they are said 


to be perpendicular if at any point of their intersection, their tangent spaces 
are perpendicular; 

e when r = 0, a OD sphere and an sD sphere are said to be perpendicular, if the 
center of the sD sphere is collinear with the two points of the 0D sphere, and 
the two extensive spheres of the 0D sphere and the sD sphere respectively are 
perpendicular to each other; 

e when s > 0, an rD sphere and an sD plane are said to be perpendicular, if 
the center of the rD sphere lies in the sD plane, and the sD plane is either 
perpendicular to the supporting plane of the rD sphere, or inside the latter 
plane as a proper affine subspace; 

e when s = 0, an rD sphere and a OD plane are said to be perpendicular, if the 


point of the 0D plane is the center of the rD sphere. 


Example 7.26. Let the (f(a;),f(b;)) for 7 = 1,2 be two OD spheres in R”. The 
center and radius of sphere (a;,b;) are denoted by (0;, p;) respectively, where 0; € 
R”. By definition, the two spheres are perpendicular if and only if the four points 


a1, @2,b1, be are collinear and 


dg, = Pi t+ p- (73.2) 


0102 


Fig. 7.6 Perpendicularity of two 0D spheres. 


(7.3.2) can be expressed as an equality of the distances among the four points. 


The extensive spheres of the two 0D spheres have three possible relations: in- 


tersecting, inclusive, and exclusive. We consider only the intersecting case, because 


the formulas to be derived below are valid for the other two cases as well. 


Denote d = do,o,. AS shown in the first of Figure 7.6, if e; is the unit vector on 
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line 0,02 in the direction from 0; to 02, then 
— 
ayb; = 2p;e1, 
— 
agbz = 2p2e1, 
Oja2 = (d = p2)e1, 
—-. 
bjo2 = (d = pijei, 
— 
ajbz = (d+ p1 + p2)er, 
— 
agb; = (p1 + p2 — djer, 
ajaz = pie, + Ojag = (d+ pi — po)ei, 


—— es 
bib = poe1 + biog = (d— pi + po)er. 


So (7.3.2) is equivalent to 


1 
a be agb, =ajag b, be = zarbi agbs. (7.3.3) 


Proposition 7.27. Let n > 1. For spheres and hyperplanes t,s),s2,...,8,, where 
1<r<n, let blade A, =s;A---As, be Euclidean. 


(1) When r <n, A,-t = 0 if and only if as spheres and planes geometrically, A, 
and t intersect and are perpendicular to each other. 

(2) When r = n, ife-A, = 0, then A, -t = 0 if and only if t is a sphere 
perpendicular to OD plane A, 7.e., the s; for 1 < i <n are n hyperplanes 
meeting at the center of sphere t; ife- A, 40, then A,,-t = 0 if and only if 
A, is a OD sphere perpendicular to sphere or hyperplane t. 


Proof. When r = 1, by (7.2.29), all the statements are true, so we assume r > 1. 
We only prove the necessity statements. The sufficiency statements can be proved 
similarly. By the hypothesis, A, -t = 0, 7.e., s;-t =0 for every 1<i<r. 

(1) When r <n, since A,.-t =0, blade A, At is Euclidean, so it represents the 
(n —r —1)D intersection of the spheres and hyperplanes t,s1,...,s,. In particular, 
A,. and t intersect. 

Case 1.1. Ife-(A, At) = 0, then t and all the s; are hyperplanes, and obviously 
plane A, and hyperplane t are perpendicular. 

Case 1.2. If e-t 4 0 but e- A, = 0, then all the s; are hyperplanes, and t 
is a sphere whose center is on every hyperplane s;, so the center must be on the 
intersection A,. of the hyperplanes. 

Case 1.3. If e- t = 0 but e- A, #0, we can choose s; € A, such that e-s; 40 
for all 1 <i<-r. The centers of the spheres s; are all on hyperplane t. Since the 
intersection of an sD sphere and an (n — 1)D sphere is an (s — 1)D sphere whose 
center is on the line through the centers of the two spheres, the center of (n — r)D 
sphere A, must be on hyperplane t. Since the the supporting plane e- A, of the 
(n — r)D sphere is perpendicular to hyperplane t, the (n — r)D sphere and the 
hyperplane are perpendicular. 


FreeEngineeringBooksPdf.com 


360 Invariant Algebras and Geometric Reasoning 


Case 1.4. If both e-t and e- A, are nonzero, by 

(e-A,)A Pa,(e) — (e: A,)Pa,(e) 
(Ay eA? 

we get that the center o’ of the (n — 1)D sphere Pa,(e) is also the center of the 

(n —r)D sphere A,., and is on the supporting plane e- A, of (n—1)D sphere A,. 

By (7.3.4), 


ASS (7.3.4) 


0 = (e-A,)?(A;7! - t) 
= ((e-A,) A Pa,(e)) -t 
=e-A,(Pa,(e)-t) + ((e-A,)-t) A Pa,(e), 
so 
Pa,(e)-t =0, (e-A,)-t=0. (7.3.5) 


By Case 1.2, the center o of sphere t is on plane e- A,. Since both centers 0, 0’ 
are on plane e-A,, spheres t and A, are perpendicular if and only if the intersection 
of sphere t with plane e-A,. is perpendicular to sphere A,., as the latter is completely 
situated in the plane. By (7.3.5), spheres Pa,.(e) and t are perpendicular, so they 
keep the perpendicularity when restricted to any (n — r + 1)D plane through their 
centers, and in particular, when restricted to the plane e- A,. The restriction of 
sphere Pa,.(e) to the plane is exactly A,. 

(2) When r = n, AX is a Minkowski plane, and has two different null vectors 
up to scale: a,b. 

Case 2.1. If one of a, b, say a, equals e up to scale, then all the s; are hyperplanes. 
Since t- A,, = 0, by the signature of R"+!!, e-t 4 0. Since the center of sphere t is 
on every hyperplane s;, it must be the point of intersection a of the n hyperplanes. 

Case 2.2. Ife: A, #0, then A, represents a OD sphere. If furthermore e-t = 0, 
then the arguments in Case 1.3 are still valid, and it can be shown that the midpoint 
of line segment ab is on hyperplane t, and the line segment is perpendicular to 
hyperplane t. 

Case 2.3. If both e- A, # 0 ande-t ¥ 0, then similar to Case 1.4, it can 
be shown that sphere t passes through the midpoint of line segment ab and is 
perpendicular to the line segment. L] 
Definition 7.28. For two spheres with centers c,,c2 and radii p1, p2 respectively, 
they are said to be near if d2,., < pj +3; they are said to be far if dz... > pi +p3- 

Remark: By Pythagorean Theorem, the two spheres are perpendicular if and 
only if d2.., = p? + p3- 

Let $1,82,83 be either null or positive vectors in R"*+!!. The integer 

7 = sign of scalar (sj - S2)(S2-S3)(S3 -S1), (7.3.6) 


is invariant when the s; are rescaled. It is called the discriminant of the three 
vectors. Below we consider the geometric meaning of 7 = —1l. The geometric 
meaning of 7 = 1 can be discussed similarly. 
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The following classification is easy to verify. 


Proposition 7.29. 


(1) 


When the three s; are all null vectors, then 7 = —1 is always true, as long as 
no two of them are equal up to scale. 

When s; = e, and sz is a point (null vector), and s3 is positive, then 7 = —1 if 
and only if s3 is a sphere and point sz is outside the sphere. 

When s; = e, and s2,s3 are positive, then 7 = —1 if and only if s2,s3 are far 
spheres. 

When s1,S2 are points, and s3 is positive, then 7 = —1 if and only if points 
S 1,S2 are on the same side of sphere or hyperplane s3. 

When s; is a point, and sz, s3 are parallel hyperplanes, then 7 = —1 if and only 
if s; is between hyperplanes s2,s3. When s, is a sphere, then 7 = —1 if and 
only if the center of the sphere is between the two hyperplanes. 

When s; is a point, and s2,s3 are intersecting hyperplanes, then 7 = —1 if and 


only if s; is in the wedge domain of acute angle formed by the two hyperplanes. 
When sj is a sphere, the same conclusion holds for the center of the sphere. 
When s; is a point outside sphere s2, and s3 is a hyperplane, then 7 = —1 if 
and only if point s; and the center of sz are on the same side of hyperplane s3. 
When s; is a point inside sphere sg, and s3 is a hyperplane, then 7 = —1 if and 
only if point s; and the center of sz are on different sides of hyperplane sz. 
When sj is a point, and s2,s3 are far spheres, then 7 = —1 if and only if point 
s; is either inside both spheres or outside both spheres. 

When s; is a point, and s2,s3 are near spheres, then 7 = —1 if and only if point 
S; is inside one sphere but outside the other. 

When s1,82,83 are all hyperplanes, then 7 = —1 if and only if they intersect 
pairwise, and in the 3D subspace formed by the normal directions nj, n2, ng of 
the three hyperplanes, for any two directions, say n, and ng, the orthogonal 
projection of the third direction ng into the 2D plane formed by nj, ng always 
lies in the wedge region of obtuse angle formed by 1D lines nj, no. 


When sj is a hyperplane, and s2,s3 are far spheres, then 7 = —1 if and only if 
the two spheres are on the same side of the hyperplane. 

When sj is a hyperplane, and s2,s3 are near spheres, then 7 = —1 if and only 
if the two spheres are on different sides of the hyperplane. 

When sj, 82,83 are all spheres, then 7 = —1 if and only if either all three spheres 


are far from each other, or two spheres are far from each other but both near 
to the third. 


Corollary 7.30. Let s;,s2 be two non-intersecting spheres. 


They are inclusive, t.e., one is contained in the open ball bordered by the 
other, if and only if they do not intersect and are near, i.e., (Ss; \ $2)? > 0 and 
(e-s1)(€-S2)(S1-S2) > 0. 
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e They are exclusive, i.e., they are strictly separated from each other by a hyper- 
plane, if and only if they do not intersect and are far, i.e., (81 \s2)? > 0 and 
(e-s1)(e+ S2)(Si -S2) < 0. 


Example 7.31. [38] A canal surface in R® is an envelope of a 1-parameter family 
of spheres with varying radii. In the rational parametrization of canal surfaces, the 
conformal model can provide simple algebraic expressions. 


Fig. 7.7 Canal surface in computer-aided geometric design. 


Let o(t) = (x(¢), y(t), z(t)) be the center of the 1-parameter sphere, and let p(t) 
be the radius, where ¢ is the parameter. The surface has positive-vector represen- 
tation c = c(t) = f(o) — p?e/2. Let c’ = c'(t) be the derivative with respect to t. 
Let a (null vector) be any point on the surface. By the enveloping property of the 
surface, 


eer i.e, a-(cAc’)=0. 


Thus the surface is formed by the pencil of spheres c A c’. The canal surface is 
said to be nondegenerate, if the pencil does not contain any “bad” spheres, 7.e., null 
vectors and negative vectors. Direct computation gives 


(cAc’)? =(c-e)? —cc” = p*(p? — 0”). (7.3.7) 
So cA c’ has Euclidean signature if and only if 
o” — p? >0. (7.3.8) 


This is the nondegeneracy condition of the canal surface. 
When cdc’ is Minkowski, the surface has a swallowtail; when cAc’ is degenerate, 
the surface has a cone vertex. 


7.4 Conformal Grassmann-Cayley algebra 


yr 


In the previous section, a sphere or hyperplane in 
vector. Alternatively, a sphere or hyperplane can be represented by the dual of a 


is represented by a positive 
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positive vector — a Minkowski (n+ 1)-blade, and accordingly, an rD sphere or plane 
can be represented by a Minkowski (r + 2)-blade. 

Geometrically, since the Minkowski blade representation is based on null vectors 
instead of positive ones, it describes the geometry of points instead of spheres and 
hyperplanes. Algebraically, this representation has the property that the grade of a 
Minkowski blade representing a sphere or hyperplane is independent of the dimen- 
sion n of Euclidean space E”, in sharp contrast to the positive-vector representation. 
The dimension-free property is a big advantage, by which the Grassmann structure 
of projective incidence geometry can be directly extended to Euclidean incidence 
geometry. 

By Euclidean incidence relations we mean the geometric relations including 
collinearity, cocircularity, parallelism, perpendicularity and tangency among points, 
lines, circles, planes and spheres of various dimensions in a Euclidean space. Eu- 
clidean incidence geometry studies the properties of Euclidean incidence relations. 
The Minkowski blade representation enables the Grassmann-Cayley algebra of pro- 
jective geometry to be extended to the conformal model of Euclidean geometry, 
such that the outer product, the meet product and other related products in GC 
algebra have very nice Euclidean geometric interpretations. 

The GC algebra A(R”*1), further equipped with the inner product, the bound- 
ary operator, and the Euclidean geometric interpretations of its old and new prod- 
ucts and operators derived from the Minkowski blade representation, is called 
the conformal Grassmann-Cayley algebra over E”. From now on, we always use 
the Minkowski blade representation in the conformal model and the homogeneous 
model. 


7.4.1 Geometry of Minkowski blades 


Any nonzero Minkowski (r +2)-blade A,+2 in A(R"*!) represents an rD sphere or 
plane. It represents a plane if and only if it contains the conformal point at infinity, 
t.e.,@/\ Ayo = 0. The representation is unique up to scale. 

For 0 < r < n—1, the rD sphere passing through r+2 affinely independent points 
a1,..-,A@,42 represented by null vectors, is represented by A,4+2 =a, A--: A apio, 
in the sense that a point b (null vector) is on the sphere if and only if bAA,+2 = 0. 
The rD plane passing through r + 1 affinely independent points aj,...,a,41 is 
represented by B,42 =eA a, A---Aa,;4, in the same sense. Alternatively, the rD 
plane passing through r+ 2 points a;,...,a,-42 in which no r+ 1 points are on the 
same (7 — 1)D sphere or plane, can be represented by A,+2. 


(1) When r = n—1, if (n+1)-blade A,,41 represents the sphere of center c € Ne 
and radius p, then c — p?e/2 equals A*~,, up to scale. Since e- (c — p?e/2) = —1 
while e- AY, , = [eAn+1], we have 


Pp ntl 
c— ~e = ———.. 7.4.1 
2 [eAn+1] ( ) 
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Squaring both sides, we get 


AniijA 

2 n+l n+l 

= —-—— 7.4.2 
p [eAnsi]2 ( ) 


Substituting it into (7.4.1), we get, up to scale, 
c= 2[eAnsiJAny: + (AnsilAnije = AneAnii (7.4.3) 


or in short, c = A®,, mod e up to scale. 


Example 7.32. When n = 2, circle 123 is represented by 1A 2/3, and the center 
is represented by 


[e123](1\2A3)~ +(1-2)(1-3)(2-3)e. (7.4.4) 


The squared radius is 


1-2)(1-3)(2-3) 
#2 <5h 7A 
r [el 23/2 rae 
If A,+1 represents hyperplane n + de, then 
Ani 
n+6e=—“—, 7.4.6 
[Anat] (7.4.6) 


or in short, n = Ay,, mode up to scale. Making inner product with eo at both 
sides of (7.4.6), we get 


[ep An+1] 


§=-oe 
|An+1| 


(7.4.7) 


and up to a positive scale, 
n= —(e9 -e)Ay,, + (eo - Ad, )e = —(e€0 A (€- Any1))™- (7.4.8) 


Example 7.33. When n = 2, line 12 is represented by eA 1A 2. The direction of 
the line is e- (1 A 2), and the normal direction is 


(eAeg A(e- (1A 2)))~ = (CALA 2)~ — [ee 12Je. (7.4.9) 
The signed distance from a point 3 to line 12 along the normal direction is 


[e123] 


—_—_.. 7.4.10 
leA1LA2| ( ) 


(2) For general r, the rD sphere on (r + 1)D affine plane A,+3, with center o 
(null vector) and radius p, is the intersection of plane A,.+3 and sphere (o— p?e/2)~, 
and has Minkowski blade representation 

2 2 2 
AusV¥to— Fe)~ = (o- Fe) Arig =(0- Fe)Arss. (7.4.11) 

The rD sphere on (r + 1)D affine plane A,+43, with center o and through point 

a, according to (7.2.39), has Minkowski blade representation 


A,+3 V (a: (eA 0))-~ = (a: (eA 0))- Aps3 = (a: (CA 0)) A, 43. (7.4.12) 
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The rD plane on (r + 1)D plane A,+43, with normal direction n and passing 
through point a, is the intersection of plane A,4+3 and hyperplane (a- (eA n))~, 
and by (7.2.40), has Minkowski blade representation 

A,y+3 V(a:(eAn)) ~ =(a-(eAn))- Apis = (a: (eAn)) Apis. (7.4.13) 

(3) The rD affine plane passing through affinely independent points x1,...,X,+1 

in R” is 

A,p4+2 =e/ (x1) Ars+A £(x,41) =e/ B,+1 +eNAegA O(B,-+1), (7.4.14) 
where B,41 = x1 A-::AxX,41. This is just the moment-direction representation of 
the rD affine plane. In vector space B,+1, the normal direction of subspace 0(B,+1) 
is O(B,41)- Bry). 

The rD sphere determined by r+ 2 points x1,...,X;+2 € R” is 


A,p+2 = f(x1) AN f£(x,+2) 


1 1 7.4.15 
= B,+42 +9 A O(B,42) + xe A Crii + seAe0ADr, ( ) 
where 
B,+2 =x,/A-:::A Xr+2, 
r+2 
Cri = S- (—1)* tx? 9 Aes AK A+ A Xp, 
i=1 
D, = S- (—1) 91 (x? — x7) x1 A ARAL AR Ao AXr4o. 
1<i<j<r42 
(7.4.16) 
When interchanging e, eg as in (7.2.21), or equivalently, by writing 
2 2x-1)2 
f(x) = =e ces ae OD 60) (7.4.17) 


we get another expansion of f(x1) A--- A £(x;42). Comparing the two results, we 
obtain 


Cat = keg OO ARE Ae Ae) (7.4.18) 
where “0” is the boundary operator (7.1.19) in the Cartesian model. 

By Proposition 2.87, if B,.2 40, then in A(B,+2), 

O(Br+2) V Cr4i 
[B,+2] 

By (7.4.15), the supporting plane of rD sphere A,..2 has moment-direction rep- 
resentation (B,+2,0(B,+2)). Comparing (7.4.15) with (7.4.11), we only need to 
find out how the center o € R” and radius p of the sphere are related to the four 
components B,+2,0(B;+2),C,41,D,; in (7.4.15). 

By (7.4.11), rD sphere A,+2 has another representation 


D,=- (7.4.19) 


~(f(0) — Fe) (eA £(x1) A+++ A £(Xp42)) (7.4.20) 
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that equals (7.4.15). Expanding the inner product in (7.4.20) after substituting 
(7.4.15) into it, we get 
2 
~(f(0) — Ee) (eA Bry2 +e A eo A O(B,42)) 
2 _ 9? 7.4.21 
_ B,-+2 + eo A O(B,-+2) +e/A (o : B,4+2 + E . O(B,-+2)) ( ) 


—e/ €0 A (o . O(B,+2)). 


Since o is on the (r + 1)D affine plane (B,+2, 0(B,+2)), it is completely deter- 
mined by o- 0(B,+2), or equivalently, by its projection into 0(B,+2). After o is 
determined, p can be obtained by comparing (7.4.21) with (7.4.15): 

C,+1 = (p? — 07)0(B,42) + 20- B42 = (p? + 07)0(Br42) — 20A (0 - 0(B,+2)), 
D, =-—20-0(B,42) = — yap? Cots: 
(7.4.22) 

(4) Consider the geometric meaning of vectors of different signatures in a 
Minkowski blade. 

Let a be a nonzero vector in R"+!!, and let A,+2 be a Minkowski blade of grade 
r+2, where0 <r<n-—1. Ifa isa null vector, then aA A,42 = 0 if and only 
if the point or conformal point at infinity represented by a is on the rD sphere or 
plane A,.2. If a is a positive vector, then a~ represents a sphere or hyperplane, 
and aA A,+2 = 0 if and only if A,42-a~ =0, i.e., if and only if the rD sphere or 
plane A,+2 intersects and is perpendicular to the sphere or hyperplane a”. 

If a is a negative vector, by (7.2.32), when r > 0, then a\ A,42 = AX p-a=0 
if and only if rD sphere or plane A,+2 passes through an (r — 1)D great sphere of 
the (n—1)D sphere (a: (eAa))~. A negative vector can be taken as the set of great 
spheres of dimension ranging from 0 ton —1 in an (n —1)D sphere. 

When r = 0, then Minkowski 2-blade A» has two different null vectors up to 
scale. For negative vector a, a/ Ay = 0 if and only if (i) when Ag is a OD sphere, 
then the 0D sphere is composed of two antipodal points on sphere (a- (eA a))™, 
(ii) when Ap =e Ax, then point x is the center of sphere (a: (e/a))~. 


Example 7.34. When n = 2, for positive vector a, negative vector a’, and null 
vector b in R*1, 


e eAaN bis the line passing through point b and perpendicular to circle or line 


a 
e e/a’ Ab is the line passing through both point b and the center of circle 
(a’ A(e-a’))™. 


(5) Consider the geometric meaning of brackets, or equivalently, Minkowski (n+ 
2)-blades in A(R"*1). 


Proposition 7.35. Let there be an nD simplex in E” whose vertices are 
a1,.--,An41, and let Sa,..a,,,, be its signed volume. Let the sphere circumscribing 
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the simplex be of center o and radius p, and let an+2 be a point in E”. Then in the 


conformal model, with the same symbols denoting the null vectors representing the 
points, 


fea, aadsts an+1] =n! Saieeneis 


n! 


[ay a -Ant2] = (-1)" 5" _— a Pere 


are on the same sphere or hyperplane if 


(7.4.23) 


ym 


As a corollary, any n + 2 points in 
and only if in A(R”*1"), the bracket composed of their representative null vectors 
equals zero. 


Proof. The first equality is direct from (7.4.14). For the second equality, by 
(7.4.1), 


[ay ee an+2| 41 (ay Arse A Aan+i)~ p? 
———$—$—_—————— | =| a n cl SCO =i ay n . -—_— 
[ea ...an4i| (1) ant [eay ...Aan41| (—1)"ant2 “(0 2 é) 

p? = d2 
= —1 n 0an+2 : 
(-1)n eet 


For points x1,--- ,x, € R”, where2<r<n+l, 
G@ <1 =f 26. <3 
oot 0 S02 5/2 vss ~ dx, /2 
(ef(x1)...£(x,) |ef(x1)...£(x-)) =|—} —Geun/2 9  «-. —diax,/2), 
-1 -d2,,/2 -@,,/2... 0 
(7.4.24) 


The right side is called the Cayley-Menger determinant [162] of the r points. When 
the conformal point at infinity on the left side of (7.4.24) is replaced by a point, we 
get 


(£(x1) +++ £(%r) |£(x1) ++ £(%r)) = det(£ (xi) - £Gcj))rxr = det(—dy, 5c, /2)rxr- 


Proposition 7.36. [Ptolemy’s Theorem] Let x1,--- ,Xn+2 be points in E”, then 
they are on a sphere or hyperplane if and only if det (de. x.,) (n4+2)x (n-+2) =0. 


(6) Consider the geometric meaning of a Minkowski 2-blades Ag. 
A>» represents a 0D sphere or plane. When representing a OD plane, then up to 
scale, 


Ao =eA f(x) =eAen+eAx. (7.4.25) 


Definition 7.37. In the conformal model of R”, the affine representation of a point 
x € R” refers to the Minkowski 2-blade representation (7.4.25) of OD plane (e,x). 
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It can be easily verified that for any x,y € R” and \ € R, 
eA f(\x + (1 — A)y) = Ae A f(x) + (1- A)eA f(y). 


So the set 
e\N.={e\alace Ne} (7.4.26) 
is an nD affine space whose space at infinity is 
eAet :={eAalac R”™*, a-e=0}. (7.4.27) 
The homogeneous form of affine space e A Ne is 
eAN := frie\alac Ne, \€ R-— {0}}. (7.4.28) 


Definition 7.38. The affine Grassmann-Cayley algebra upon the conformal model 
of E”, refers to the Grassmann space over the vector space eA R"*+1! = feAala€é 
R"*1:1). equipped with the outer product (2.3.16), i.e., 

(e\ A) Ae (CAB) :=eAAAB, VA,BeE A(R"), (7.4.29) 
the same meet product “V” as the GC algebra over R™+!!, and the boundary 
operator 


O(A):=-e-A, VAeA(R"*”), (7.4.30) 


Proposition 7.39. Let A, be an (r — 2)D plane, where 3 << r<n+1, and leta 
(null vector) be a point. The foot drawn from a to the (r — 2)D plane has affine 
representation e A Pa, (a). 


Proof. First, no null vector is orthogonal to a Minkowski blade, so Pa, (a) 4 0. 
Second, if e- Pa,(a) = 0, then Pa, (a) must be positive. Since a is null, Pg (a) is 
negative. However, 
e- Pala) =e-((aA\A,)- Az) =(-1)"(eA Az!)- (aAA,) =0. 
It contradicts with the fact that a null vector cannot be orthogonal to a negative 
vector in a Minkowski space. This proves e- Pa,.(a) # 0, so eA Pa, (a) is a Minkowski 
blade in A(A,). 
By 
(eA Pa,(a) \a)- Ar =e: {((a- A,)A;')-(a- Ar)} = 0, 


line e A Pa,.(a) Aa is perpendicular to (r — 2)D plane A,. L] 


Definition 7.40. A 1D tangent direction in the conformal model of E”, refers to 
a 2-blade in the space at infinity e A e+ of the nD affine space e/\ Ne. Any 1D 
tangent direction is of the form e \ a = ea, where a € e~ is a positive vector. For 
any point b in E” represented by a null vector in Ne, the tangent direction ofeAa 
at base point b, refers to the orthogonal rejection of vector a from e A b: 


Pyp(a) = (ade Ab)(eAb) =—b-(e Aa). (7.4.31) 


e 


All tangent directions at the base point form the tangent space (e A b)~ of the 
conformal model at base point b, which is an nD Euclidean vector space. 
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When point b varies in Ve, so does the tangent direction b-(e A a) of eA a at 

base point b, but the length of the tangent direction is invariant: 
|b- (eA a)| = |a+t (a: b)e| = fal. (7.4.32) 

In fact, for any two points b,c, the tangent spaces based on them are isometric 
canonically: any x € (e \ b)~ corresponds to P4,,(x) € (eA c)~, and vice versa. 

An rD tangent direction of the conformal model is of the form eA a, /A---Aa,, 
where the a; are in e~. Its dual is the (n — r)D direction (eA a; A--:Aa,)~. The 
two high-dimensional directions are completely orthogonal to each other, and form 
an orthogonal decomposition of the tangent space at each base point of E”. 


Example 7.41. When n = 2, let b be a point (null vector), and let ea be a 1D 
tangent direction. The line passing through point b and following direction e/a is 
(eA a) Ab. The line passing through point b and parallel to line a~ is (eA a)~ Ab. 


(7) The outer product of a Minkowski blade with any other blade in A(R"*1'), 
if nonzero, must still be a Minkowski blade. Let A, be a Minkowski r-blade, and 
let B, be an arbitrary s-blade, such that r,s > 2, r+s<n+2,andA,AB, £0. 
Consider the geometric meaning of A, A Bs. 

When r = s = 2, let Bp = bac. If Ag =e Aa, where a is null, then 


e if By is Minkowski, let b,c be null, then Az A Bg is the 2D affine plane of E” 
determined by three points a, b,c; 


e if Bz is degenerate, let b be null, then Az A Bg is the 2D affine plane passing 
through points a,b and 1D direction eA (e: (bAc)); 

e if Bz is Euclidean, then Az A Bz is the 2D plane passing through point a and 
perpendicular to spheres or hyperplanes b~ and c~. 


If Ag =a/a’, where a,a’ are null vectors representing two points, then 
) g 


e when Bz is Minkowski, let By = b Ab’, where b,b’ are null, then Ag A Bg is 
the 2D sphere or plane through four points a,a’,b,b’ (possibly including the 
conformal point at infinity). 


e When Bz is degenerate, let b be the null vector unique up to scale in Ba, 
then Ay A Bg is the 2D sphere or plane through points a, a’, b and the tangent 
direction (ecb), at b. 


The tangent direction is derived as follows. First, e-(aAb) is a tangent direction 
at some base point in E”, and e A (e- (b A c)) is the bivector representation 
of the tangent direction. Second, b- (e A (e- (b A c))) is the tangent direction 
corresponding to base point b. Third, direct computing gives 

b- (eA (e-(bAc))) = (b-e)e- (bAc) —(b- e)(b- c)e = —(b-e) (ecb). 


e When Bg is Euclidean, Az A Be is the 2D sphere or plane passing through 
points a,a’ and perpendicular to spheres or hyperplanes b~ and c~. 


When r > 2 or s > 2, the geometric explanation of A, A B, is similar. 
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7.4.2 Inner product of Minkowski blades 


Firstly, consider the geometric meaning of the dual A of a Minkowski blade A,. 
It is the inner product of an r-blade and an (n + 2)-blade in A(R"*!"), both of 
which are Minkowski. Blade A* is Euclidean, so it can only be interpreted in terms 
of tangent directions. 


e When r = 2 and Ag =eda, where a is null, AZ is the tangent space of the 
conformal model of E” at base point a. 

e When r = 2 and eA Ap #0, blade e A AZ is Minkowski. Let Ag = a/b, 
where a,b are null vectors, then eA A5’ = (e: (aA b))~ is the perpendicular 
bisecting hyperplane of line segment ab. 

e When 2<r<n+2andeAA,=0, AY is the normal space of the (r — 2)D 
plane A,., i.e., the space composed of normal directions of the (r — 2)D plane. 

e When 2<7r<n+landeAAnii £0, eAA® is the (n+1—r)D plane passing 
through the center of (r — 2)D sphere A, and perpendicular to the supporting 
plane of the (r — 2)D sphere. 

e When r=n+landeA Ay 41 40,eA AZ, is the affine representation of the 
center of sphere A,,+1. 


Secondly, consider the geometric meaning of the inner product of a null vector 
a and a Minkowski blade A,., where 2<r<n+l1. 

Obviously, a: A, #0. Since a- (a- A,) =0, blade a- A, is either degenerate or 
Euclidean, and is degenerate if and only if a is in it, or equivalently, if and only if 
a: (aA A,) =0. 

When a=e, if A, = f(x1) A---Af(x,), where the x; € R”, then by (7.4.15), 

e- A, =—d(B,) + se AD», (7.4.33) 
where B, = x1 A---Ax,. If A, = eA f(x1) A-:- A £(x,-1), then by (7.4.14), 
e- A, =e/ O(B,-1), where B,-1 =X, A°:::AXp-1. 

If A, is an (r — 2)D sphere, then e-(eAA,) is the space at infinity of the 
supporting affine plane of the (r—2)D sphere; if A, is an (r—2)D plane, then when 
r>2,e-A, is the space at infinity of the (r —2)D plane, when r = 2, e- A, ise 
up to scale. 

Whena € Ne, without loss of generality, take a = eg. When ep-A,. is degenerate, 
if r > 2, then eg- A, is point ep together with the (r — 2)D tangent subspace at eo 
represented by (e A eo): A,; if r = 2, then eg - A, is eo up to scale. 

If A, = f(x) A---Af(x,), again by (7.4.15), 

eg: A, = —F(Cr-1 + eo A D,_2). (7.4.34) 
If D,_2 4 0, denote y = C,_1-D7'5, then C,_1 = y AD,_2, and 


1 
eA (eo: A,) = =ae Af(y) AD,—2. (7.4.35) 
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In fact, by (7.4.22), if A, is an (r — 2)D sphere with center o € R” and radius p, 
then 


a a: 0” — p* 4) 
y =(D,-2C;,=,) = 5 (Pc,._,(0))~-. (7.4.36) 
Similarly, if A, =e A f(x1) A---Af(x,_1), again by (7.4.14), 
eg: A, = —(B,-1 + eo A O(B,_1)). (7.4.37) 


So eA (ep: A,) = —A,. 

When e9- A, is Euclidean, if (e \ eo): Ay = 0, then eg: A, is an (r —1)D 
tangent subspace at eo; if (eAeo):-A, £0, then ifr =2, eA(e9-A,) ts a OD plane, 
ifr > 2, eA(eo:A,) is an (r—2)D plane with (r —2)D direction (e\e9):A,, and 
is just A, itself if the latter is an (r — 2)D plane. 


Thirdly, consider the geometric meaning of the inner product of two Minkowski 
blades of the same grade. 
The simplest case is grade two. If Ag =e Aa, Bg = e Ab, where a,b € Ne, 
then (ea) -(e Ab) = 1. If By = bAb’, where b,b’ € Ne, then 
fe = 
(e/a) : (b Ab’) => == 9 
which equals zero if and only if dab = dap’. If Ag =a a’, where a,a’ € Ne, then 


2 2 2 2 
dapdap’ _ dap dap 
4 9 


(7.4.38) 


(a\a’)-(bAb’) = (7.4.39) 
which equals zero if and only if 


dab/ da'b = dabda’b’- (7.4.40) 


b a a 


Fig. 7.8 Geometric meaning of (a A a’): (b/A b’) = 0. 


If dab = 0, then dap 4 0 and dap 4 0, so (7.4.40) cannot hold. Assume that 
(7.4.40) holds. Then the distance between any two of the four points is nonzero. 
Let dab : dab’ = A > 0. Let a,a’, b, b’ represent points x, x’, y, y’ € R” respectively. 
Set y’ as the origin of R”. Then (7.4.40) is equivalent to 


(x—y)? =)?x?, Yy2 _ yr Y \2_; AY 
{wyatt ERE ema) we aga Pages Ae 
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If \ = 1, then x,x’ are both on the perpendicular bisecting hyperplane of line 
segment yy’. If \ 4 1, then x,x’ are both on the sphere with center c = (y — 
A?y’)/(1 — A?) and radius p = Adgy:. Since deydey’ = p”, and c is on line yy’ 
but outside the line segment between y, y’, points y, y’ must be in inversion with 
respect to sphere (c, p). 


Proposition 7.42. For any four points a, a’,b,b’ in E”, let L be the perpendicular 


3 


bisecting hyperplane of line segment aa’. Then in the homogeneous model of E”, 


(aAa’)-(bAb’‘) = 0 if and only if either (1) points b,b’ are both on LZ, or (2) L 
intersects line bb’ at a point c, such that points b, b’ are in inversion with respect 
to the sphere with center c and through points a, a’. 


Comparing (7.4.40) with (7.3.3), we get 


Corollary 7.43. For pairwise different collinear points a,a’,b,b’ in E”, 0D spheres 


(a, a’) and (b, b’) are perpendicular if and only if the two points of 0D sphere (a, a’) 
are in inversion with respect to OD sphere (b,b’). 


The next simplest case is grade n+ 1. It is already considered in Section 7.3 in 
the positive-vector representation dual to the Minkowski blade representation. 
In the general case where 3 < r < n, there are three cases: 
(i) If A,,B, are both planes, by (7.4.14), let 
A, =eAA,-1+eAe9 A O(A,-1), 
B, =eAB,_1 +eAe9 A O(B,-1), 
where A,_1,B,_1 € A” ~1(R"), then A, -B, = 0(A,—1)- 0(B,—1) is the inner 
product of the two Euclidean (r — 2)-blades representing the tangent spaces of the 
two planes. 
(ii) If A, is a plane and B, is a sphere, by (7.4.11) and (7.4.14), let 
A, =e/ Ay-1 +eNegA O(A,-1), 
2 
B,. = (£(0) — Fej(e AB! +eAe9\0(B))), 
where A,_; € A”~-1(R"), Bi € A(R”), and o € R” is a point in (r — 1)D affine 
plane (B/, 0(B/.)). Let x € R” be any point in (r—2)D affine plane (A,_1, 0(A,_1)). 
Then the geometric meaning of A, - B,. can be derived as follows: 
A,-B, = (A, A f(o))- (eA Bi. +e A e9 A O(B})) 
=(-1)" eAOA A,_-1 +e A e€0 A (Ap_-1 — 0 A O(A,_1))) 
‘(eAB,+eAeoAO(B,)) (7.4.44) 
= (-1)""(A,-1 — 0A A(Ay-1)) -O(B4) 
= (-1)""*((x — 0) Ad(A,_1)) - O(B;). 
(iii) If A,,B, are both spheres, by (7.4.11), let 


(7.4.42) 


(7.4.43) 


2 
A, = (eA A, t+eNeq A O(A, f(o,) — Le), 
( ie (A,,))(£(oa) — Fe) (7.4.45) 


B,. = (£(o,) — Pe) (e AB! +eAe9A0(Bi,)), 
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where A/., Bi. © A(R”), and 0,,0, € R” are points on affine planes (A/,, 0(A/,)), 
(B/., O(B/.)) respectively. 

The computing of A,-B, is very complicated in the inner-product Grassmann 
algebra A(R"*1'), but much easier in the Geometric Algebra G(R"*'"). In the 
latter algebra, the computing is as follows: 


2 72 
A,B, = ((eA’. + (e Ae0)0(A‘)) (0 + 0a + =! ; Pa) 


are) 
(ec + oy + 2 "2e)(eBs, + (eA e0)0(B}))) 


= (eA;,(eo + 0a)(e0 + 04)(e A e0)0(B;.)) 
+((e A e9)0(At.)(e9 + 04)(€9 + 04)eB’) ? 


2 2 2 
+((e Ae9)0(A!,)(ogop + wa Pacey gen 5 Pb eye)(e A ey)0(B.,)) 


= —(eA.e9 (0p — 04)0(B),)) + (A(A4Jeo(0s — 0)eB",) 


+(0(A4)0q0)0(B,)) ~ 22 Pa +8 ~ Ph aca’ yc) 


= (-1)"(A}(00 — 0a)0(B;,)) + (O(A,,) (00 — Oa)B;) 


+(8(A)o,0,0(B))) — 22 Pa 8 — Pb aca! ace. 
(7.4.46) 

Direct expansion of the geometric product by multilinearity in the first line of 
(7.4.46) produces a lot of terms. Using the shift symmetry of the angular bracket, 
and the (anti-)commutativities of e and eAep with elements in A(R”), the expansion 
can be significantly simplified. For example, the first term eA/, in the first expression 
eA/.+(eAeo)0(A/.), and the first term eB’, in the last expression eB/.+(e/Ae9)0(B/,), 
cannot be in the same angular bracket because 

(eA/....eB!) = (eB).eA!...) = (—1)"(BieeA’....) =0. 

As a second example, the multilinear expansion generates a term of the form 
((e\e9)O(At.)... (eA e9)0(Bi.)). Since the two eA eo’s can be moved together and 
canceled, the result is : 

2 
(0(A1)(€o + 04 + e)(e9 + 0, + = "be)a(B;,)). (7.4.47) 
In (7.4.47), terms containing e0,,€90,a, etc., do not contribute to the angular 
bracket, so only three terms are left after (7.4.47) is further expanded. 

We continue the computing of (7.4.46). By 0g A O(A/) = Af and oy A 0(B/.) = 

B’, and using ungrading techniques in Geometric Algebra, we get 
(—1)"(A;(p — 0a)0(B;.)) + (O(A,) (04 — Oa)B;) 


2 2 
00 — Pa 


= —((0(A/,) A 0)(0p — 04)0(Bi,)) + (O(AL.) (04 — 0g)(0p A O(Bi,))) 
= 5{-(A(A!)oa(ov — 04)0(B;.)) + (-1)" (0a0(A‘,) (05 — 0a) 0(B;,.)) 
+(O(A‘,)(Op — 04)0,0(Bi.)) + (—1)"~*(A(As,) (04 — 02)0(Bi.)on) } 
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= —(0(A‘,)0.020(B;,)) (0(A;,)O(B;,)) + (—1)" (000A, )000(B;,)) 
+(-1)"-45((0,0(A4)0,0(B})) + (0,0(A4)019(B"))) 


Substituting it into (7.4.46), we get 


4 Oat 
2 


te as Pa FBS er jeri arabe) 
+(-1)™ "5 ((000(A;,)0a0(B;,)) + (000(A;,)000(B;,))). 


Choose 0, as the origin, i.e., set og = 0. By commutation, (7.4.48) becomes 
2A,-Br = (9 + p7)O(A;) - O(B;) + (-1)""*(0,0(A;,)o,0(B;,)) 
= (12 + p5)0(A,,) - O(B;,) — (0,0(A,,)O(By,. on) 
+2 (0,0(A/,)(O(Bi.) A 0n)) (7.4.49) 
= (92 + py — 05) 0(A,.) - O(B) + 2 (0p A O(A,.)) - (O(B;.) A 00) 
= (A!) - ((o2 + 2 — 02)0(B!) + 205 - BI). 
To clarify the geometric meaning of the result of (7.4.49), we need to eliminate 
one of Bi. and 0(B}). 
If Bi. = 0, ze., if the center of sphere A, is on the supporting affine plane of 
(r — 2)D sphere B,., then 


2 2 2 
a + — dg oO 
Ap: Be= ere (A!) -A(B!), (7.4.50) 
which equals zero if and only if either the supporting planes of the two (r — 2)D 
spheres are perpendicular, or the extensive spheres of the two (r — 2)D spheres are 
perpendicular. 


If BY. 4 0, from Pac: (00) O(B/.) = B/ we get 0(B/) = (Pcp) (0s)) 7? - BY’, so 
2 2.2 
A,B, = {0(Al) A (Po Fb 98 (Pye (00)! +05)} Bi, (7.4.51) 


which equals zero if and only if either the following point x is on the supporting 
plane of (r — 2)D sphere A,., or the rD plane containing both (r — 2)D sphere B, 
and point 0, is perpendicular to the rD plane containing both (r — 2)D sphere A, 
and point x: 


ye Pa + Pb = 40,0 ( 
2 

Finally, assuming that A,,B, are Minkowski blades of grade r,s respectively, 

where 2 < r<s <n+1, we consider the geometric meaning of their inner product. 

Since A,-B, = 0 if and only if A,-D, = 0 for any Minkowski r-blade D, € 

A(B,), and the geometric meaning of A,.-D,. = 0 is already obtained, we can assume 

that A,-B, 4 0. Since A,-B, = B, V A>~, we only need to consider the meet 

product of a Minkowski blade A, and a Euclidean blade C;, where r+t >n4+42. 
The result has only one possible signature: Euclidean. 


Pap: (Oo — Oq))~* + 04 — Oa. (7.4.52) 
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Ife- (A, V C,) = 0, then A, V C; represents an (r + ¢ — n — 2)D direction in 
the space at infinity of the supporting plane of (r — 2)D sphere or plane A, If 
e- (A, V C;) £0, then e- (eA (A, V C;)) represents an (r + t — n — 3)D direction 
in the space at infinity of the supporting plane of A... 

We see that for r 4 s, the inner product A,-B, of two Minkowski blades A,., Bs, 
if nonzero, does not have good interpretation in Euclidean geometry. The reason is 
that the inner product results in a blade of Euclidean signature, so it can only be 
interpreted as a high dimensional direction in the space at infinity. On the contrary, 
the inner product of a Minkowski blade and a Euclidean blade, or equivalently via 
the dual operator, the meet product of two Minkowski blades, has much better 
Euclidean geometric interpretation, as to be investigated in the next subsection. 


7.4.3 Meet product of Minkowski blades 


Let A,,B, be two Minkowski blades in A(R"*1+), where 2 < r,s < n+ 1 and 
r+s>n+2. Their meet product A, V B,, if nonzero, is a blade that has four 
possible signatures. 

Case 1. A, V Bg, is Minkowski. 

Then r+ s > n+, the two spheres or planes intersect, and A, V B, is their 
intersection. If r+ s = n-+4, the intersection is either a OD circle or the affine 
representation of a point. 


Example 7.44. When n = 2, for any points 1,2,1’,2’ in the plane (null vectors 
in R*"), let a (null vector) be the point of intersection of lines 12 and 1/2’. Then 


eA\a=(eA1A2)V(eAl1'A2’) =e ([e11'2'|2 — [e21'2']1). (7.4.53) 
Let 
a = [e11/2']2 — [e21’2']1 + Ae, (7.4.54) 
where \ is an indeterminate. \ can be determined by a? = 0, and the result is 


1 - 2[e11/2'|[e21/2’ 


SSS SS SSS A, 
e- 2[e11/2’| — e- 1[e21/2’ a) 


The denominator of (7.4.55) is a bracket binomial that can be written as a long 
bracket as follows. By (6.1.38), for null vector e, 


rele = (e- 1)2e — (e- 2)le, 
so 
s[ei2e1'2' =e- 2{e11'2'] —e- 1[e21'2’]. (7.4.56) 
Substituting it into (7.4.55), and then into (7.4.54), we get, up to scale, 


1 
a= glel2e1'2!([e11'2"]2 — [e21'2']1) + 1 - 2[e11'2'][e21'2’Je. (7.4.57) 
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The geometric meaning of [e12e1’2’] is obvious from (7.4.56): it is four times 
the signed area of quadrilateral 1'12’2. Two lines 12,1'2’ are parallel if and only 
if [e12e1/2’| = 0. By the shift symmetry of the square bracket, we also have 


1 1 
5let'2e12] = ~zlet2e1'2"| =e- 2'[e121’] —e- 1'[e122’]. (7.4.58) 


Consider the barycentric coordinates of the intersection (7.4.57) with respect to 
the affine basis 1,2 of line 12. Let [e12] denote a deficit bracket in A(R*1). By 
the Cramer’s rule [e12]a = [12a]e — [e2a]1 + [elaj2, 

a a__[e2aj1 — [ela]2 — [12a]e 


O(a) -e-a e-a 


By this and (7.4.57), we get the the barycentric coordinates of a with respect to 
1, 2: 
( [e2al —lelal ) 7 (2 [e21/2'] = [e11/2’] ) 
e-alel2]’ e-alel2| [e12e1/2’]’ [e12e1/2] 


Ip/ Ip/ (7.4.59) 
=(2 (e21/2')4 »_(e11/2')a ): 


(e12e1/2’) 4’ (e12e1/2’)4 
The last form of (7.4.59) is valid not only for the intersection of two coplanar 
lines, but also for a foot of perpendicular of two noncoplanar lines in space. Let 


12, 1/2’ be noncoplanar lines in E?. Let their common perpendicular be aa’, where 
a,a’ are the feet on lines 12,1'2’ respectively. Using the same method of indeter- 
minate coefficients, we get the barycentric coordinates of a with respect to 1,2 as 
follows: 


(2(e21'2')4 - (e12e1'2’)7*, —2(e11'2')4- (e12e1'2') 7"). (7.4.60) 


When lines 12, 1/2’ are coplanar, then a = a’ is their point of intersection, and 
(7.4.60) is identical to (7.4.59). 


Case 2. A, V B, is degenerate. 

Ifr+s = n+3, then if A, VB, = e up to scale, planes A,,B, do not 
intersect, else they intersect only at the point represented by null vector A, V Bs. 
For example when n = 38, circles 123 and 145 intersect only at point 1 if the five 
points 1,2,3,4,5 are neither coplanar nor cospherical in space. 

Ifr+s >n+8, then ife € A,VB,, planes A, and B, are parallel, and A,.VB, 
is their common directions of dimension r+ s—n-—3. Ife ¢ A, VBs, let a be the 
null vector in A,.VB, which is unique up to scale, then the two spheres or planes A, 
and B, are tangent to each other at point a, in the sense that they have a common 
tangent subspace e- (A, V B,) of dimension r+ s — n— 3 at their unique common 
point a. This is only a partial tangency except for the special case where at least 
one of r,s equals n+ 1. For any r,s <n+1, since r+s—n-—3 < min(r,s) — 2, 
e- (A, VB,) is a proper subspace of both tangent spaces of A, and B, at a. 

For example, when n = 4, if two 2D spheres Ay, By intersect at only one point, 
their 2D tangent planes at the intersection may be identical, or intersecting at a 1D 
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subspace, or not intersecting. In the first case, Ay V By = 0, because Ay, By have 
a common 3D subspace. In the last case, Ay, B4 have a common null 1D subspace 
but have no common positive vector, contradicting with the fact that Ay V By is 
a 2D subspace of a Minkowski space. In the middle case, the two 2D spheres have 
only one common tangent direction at the tangent point, and are partially tangent 
to each other. 


Case 3. A, V Bg is anti-Euclidean. 

Then r+s =n+83, spheres or planes A,., B, do not intersect. Let a= A,VBs. 
Then A, passes through a (r — 3)D great sphere A/._, of sphere (a: (e/Aa))~, and 
B, passes through another (s — 3)D great sphere B4_, of the same sphere. 

For example, when n = 3, let x1,X»2 be linearly independent unit vectors in R®, 
and let y1,y2 be non-unit vectors in R®. For i = 1,2, the two circles each passing 
through three points x;, —x; and y; are 

Cj = f(xi) Af(—xi) Af(yi) = —(2e0 + e) Axi A F(yi)- 
So 
Ci V Co = [(2e9 + e)xif(y1)x2f (y2)](2e0 + e) 
= [eeox1x2((1 — y3)y1 — (1 — yi)y2)](2e0 + e) 


is a negative vector as long as (1 — y3)y1 — (l—yf)yo ¢ x1 Axe. 


Definition 7.45. An rD sphere A and an sD sphere B in E®, where 0 < r,s < n—1, 
are said to be knotted, if (1) they do not intersect, (2) sphere B intersects the (r+1)D 
supporting plane A’ of sphere A at a point inside sphere A and at the other point 
outside sphere A, (3) sphere A intersects the (s+1)D supporting plane B’ of sphere 
B at a point inside sphere B and at the other point outside sphere B. 

An rD plane A and an sD sphere B are said to be knotted, if the intersection 
of plane A and the supporting plane B’ of sphere B is a point inside sphere B. 


A 


Nn aes 


Fig. 7.9 Two knotted spheres (left); a knotted pair of sphere and plane (right). 


In particular, a point is knotted with an (n—1)D sphere if it is inside the sphere; 
a OD sphere is knotted with an (n — 1)D sphere if one point of the OD sphere is 
inside the (n — 1)D sphere while the other point is outside. 


Proposition 7.46. In a (r + 1)D affine plane A,+3, 
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(1) two points a,a’ (null vectors) are on the same side (or on different sides) of an 
rD sphere B,+2 in the (r+1)D plane, if and only if vector (aAa’)-(B,+42:Ar+3) 
is positive (or negative); 

(2) point a is outside (or inside) sphere B,+2 if and only if vector (eA a) -(B,+2- 
A,+3) is positive (or negative). 


Proof. We only need to prove the first statement. By Proposition 7.29, two points 
a,a’ are on the same side of a sphere b~ (or on different sides), if and only if the 
discriminant T = (a-a’)(a- b)(a’-b) < 0 (or 7 > 0). By the identity 


(aAa’Ab)?=—-|a-a’ 0 a’-b| =—2(a-a’)(a-b)(a’- b)+b7(a-a’)’, 


we get the following expression of the discriminant: 
1 1 
-= 5 (b*(a Aa’)? —(ada’ Ab)?) = —5((a Aa’)-b)?. (7.4.61) 


For sphere B,+2 in plane A,4+3, its positive-vector representation in A, +3 is 
b= B,42-A,+3. By (7.4.61), we get the conclusion. L] 


Theorem 7.47. For 2<r<n+1, let A, be a (r —2)D sphere, and B,_,+3 be 
an (n—7r+1)D sphere or plane. Then A,, B,_,;+3 are knotted if and only if vector 
A, V Bn_r+3 is negative. 


Proof. First, consider the case where vector c = A, V Byn_,+3 is negative. If 
both A,,B,-,+3 are spheres, the intersection of the supporting plane e A A, of 
sphere A, with sphere B,_,+3 is represented by the 2-blade (e A A,) V Bn_,+3. 
The 2-blade is Minkowski, because it contains negative vector c. This proves that 
the intersection of plane e \ A, and sphere B,_;+3 is a OD sphere. 

By Proposition 7.46 and by symmetry consideration, we only need to prove that 
the following vector is negative: 


d= ((eA A;) V Bn—r43) (Ar: (eA A,)) 
= (-1)"A? (Br_p 43: (eA Ar)) (eA Ar)AS) 


=(-1)"A? 3S) (By_p43-(@A Ary) (Arey: Pa, (€)) 
(r—2,2)F A, 


—Az (eA (Br_p43° Ar) - Px, (€) (7.4.62) 


Since A, is a sphere, eA A, 4 0, so Pe (e) is a nonzero vector in Euclidean 
vector space A, and (Pa (e))? 4 0. Then c,d have the same signature. If A, is 


rr? 


a sphere but B,_,+3 is a plane, the proof is still valid. 
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Second, if vector c is null, then spheres or planes A,, Byn_,+3 have a common 
point c, so they cannot be knotted. 

Third, if c is positive, so is d by (7.4.62). Even if (e A A,) V By_,+3 is a OD 
sphere, by Proposition 7.46, the two points of the OD sphere cannot be separated 
by sphere A, in planee/A A,. So A,, Bn_,+3 cannot be knotted. L 


Case 4. A, V B, is Euclidean. 

Then spheres or planes A,.,B, do not intersect. Blade (A, VB,)~ is Minkowski, 
because r+s—n—2 <n. 

Ife € (A,VB,)~, then (A, VB,)~ is a plane. If A, is a sphere, its center c (null 
vector) must be in plane (A, V B,)~, because if p is the radius then c — p?e/2 € 
A> c (A, VB,)~. If A; is a plane, all its normal directions are in plane (A, VB,)~. 

Ife ¢ (A, V B,)~, then (A, V B,)~ is a sphere. By Proposition 8.11 to be 
proved in Chapter 8, sphere (A, V B,)~ is invariant under the inversion or mirror 
reflection with respect to any of A,,B,. It is called the Poncelet sphere of A,, Bs. 


Definition 7.48. Two spheres or planes of dimension between 0 and n — 1 in E” 


are said to be separated, if they neither intersect, nor are tangent to each other, nor 
are knotted. 


As a corollary of Theorem 7.47, we have 


Proposition 7.49. For 2<r<n-+1 and Minkowski blades A,, B,_,+3 of grade 
r,n—r-+3 respectively, spheres or planes A,,By_,+3 are separated if and only if 
A, V Bn_r+3 is Euclidean. 


For Minkowski blades A,,B,, their total meet product provides a complete 
classification of all possible incidence relations between the two spheres or planes. 


Definition 7.50. The extension of two spheres or planes of dimension r,s respec- 
tively, refers to the plane or sphere of lowest dimension that contains both of them. 


Definition 7.51. For 0<r,s<n—1, 0<t<min(r,s) andu=r+s-—t,anrD 


sphere and an sD sphere in E” are said to be 


e ¢tD spherical intersecting (or tD planar intersecting), if their intersection is a 
tD sphere, and their extension is a uD sphere (or plane). 

e tD spherical tangent (or tD planar tangent), if they have a unique common 
point, called the tangent point, and they have a common tD tangent subspace 
at the tangent point, and their extension is a (u + 1)D sphere (or plane). 

e uD spherical separated (or uD planar separated), if they are separated, and 
their extension is a (w+ 1)D sphere (or plane). 


For an rD sphere and an sD plane, their extension can only be a plane, and their 
tD intersecting, tangent and separated relations can be defined similarly. For an rD 
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plane and an sD plane, the definitions are the same, except that if the two planes 
are tangent to each other, the tangent point can only be the conformal point at 
infinity, and they are called parallel instead. 


Below we investigate in details the case of two circles in E*. The general case of 
an rD and an sD sphere or plane in E” is similar. 


(4) (5) © (6) 
ee an ee i 
Ce} (4’) Naa (5’) (6’) 


Fig. 7.10 Incidence relations between two circles A,B in space: (1) knotted, (2) OD planar 
tangent at point x, (3) 2D planar separated, (4) OD planar intersecting at points x,y, (5) 1D 
planar tangent at point x, (6) 1D planar separated, (4’) OD spherical intersecting at points x, y, 
(5’) 1D spherical tangent at point x, (6’) 1D spherical separated. 


In A(R*"), let Agj = 1A 2/3 and B3 = 1’ A 2’ A3’ be two circles each passing 
through three points. Their total meet product which is defined by (2.4.17), is 


A3VB3= 1'@A3A2'A3/—2’ @AZA1'A3' +3’ @ AZ A1'A2' 
+1’ A2'@ A3A3'—1'A3/ @ A3 A 2’ 4+ 2'A3'@A3A1'+B3@ Ag. 
(7.4.63) 
From (7.4.63) we get the (& — 2)D extensions E;, for k = 5,4,3, and (J — 2)D 
intersections S; for 1 = 1,2,3, as follows: 


Es = [1']A3 A 2’ A 3! — [2)]A3 A1'A 3! + [3)JA3 A 1A 2’, 
S, = [1232'3/]1! — [1231'3’]2’ + [1231/2']3’, 
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E4 = (1'2'JA3 A 3! — [1'3']A3 A 2! + [2/3]A3 Al’, 
So = [1233/]1' A 2’ — [1232']1’ A 3’ + [1231']2’ A 3’, 
E3 = [B3]A3, S83 = [A3]B3. 


(i) The two circles are either knotted, or 0D planar tangent, or 2D planar separated, 
if and only if S, is either negative, or null, or positive. 


(ii) When S; = 0, the two circles are coplanar or cospherical. They are coplanar 
and cospherical simultaneously if and only if they are identical, or equivalently, 
if and only if S; = Sg = 0. When they are identical, the two circles are 1D 
spherical intersecting. 


(iii) Assume that S; = 0 but Sg 4 0. Then Minkowski blade Ey represents the 
common supporting plane or sphere of the two circles, depending on whether 
or not e € Ey. 


The two circles are either 0D intersecting, or 1D tangent, or 1D separated, if 
and only if blade S2 is either Minkowski, or degenerate, or Euclidean. 


Example 7.52. In the homogeneous model of 2D geometry, the foot of perpendic- 
ular drawn from point 1 to line 23 is 
2 3 e 


a= §2(e123) | e-3(e132)  2(e-1ye-2)(e-3) a 


(7.4.64) can be derived as follows: the foot a is the intersection of line 23 and 
the line passing through point 1 and following the normal direction (e A 2 A 3)~ of 
line 23: 


eA\a=(e€A2A3)V(EALA (€A2A3)*). 


Expanding the meet product by separating the first blade, we get 


eA\a=eA ([el3(e A 2 A 3)~]2 — [e12(e A 2 A 3)~]3). (7.4.65) 
In CL(R3"), 
[e13(e A 2A 3)~] = —(EA1A3)-(€A2A3) 
0 e-2 e:3 
=|fe-1 1-2 1-3 
e-3 2:3 0 
=e-3{(e-1)(2-3)+(e-2)(1-3) — (e-3)(1-2)} 
=e-3 (e132) 
Similarly, [e12(e A 2 A 3)~] = —e- 2 (e123). Substituting them into (7.4.65), we 
get 
eA\a=eA {(e: 3) (e132) 2 + (e- 2) (e123) 3}. (7.4.66) 
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To obtain a null vector representation of a from its affine representation (7.4.66), 
we need the method of indeterminate coefficients. Let a = Ae + x, where X is an 
indeterminate. By a? = 0, we get \ = —x?/(2e-x). In (7.4.66), 

x = (e-3) (e132) 2 + (e- 2) (e123) 3, 
x? =2(e-2)(e-3)(2-3)(e123) (e132), 
e-x = (e- 2)(e- 3)((e123) + (e132)) 

= 2(e-1)(e- 2)(e- 3)(2- 3), 


(7.4.67) 


then (7.4.64) follows. 

We need to explain the geometric meaning of the angular brackets in (7.4.64). In 
the conformal model of R?, let e9 = 2, let 1 = f(x) and 3 = f(y), where x,y € R?. 
Then 


(e123) = (exeoy) = —(eeoxy) = —(e-e0)(x-y) = x+y = |x|ly| cos Z(x, y). 
So 
(e123) = dy2d13 cos Z(21, 23), (7.4.68) 
where 23 denotes the vector in R? from point 2 to point 3. 


As another example, we use expression (7.4.64) to prove the following theorem, 
which is an extension of the classical Simson’s Theorem [201]. 


Example 7.53. [Simson’s Triangle Theorem] Let 1,2,3,4 be four points in the 
plane. Draw perpendiculars from 4 to the three sides 12, 23, 31 of triangle 123, 
and denote the three feet by 3’, 1’, 2’ respectively. Triangle 1'2’3’ is called a Simson 
triangle. Prove that in the conformal model, 
[1234] 

2p? ” 
where p is the radius of the circumcircle of triangle 123. 


[e1’2'3'] = (7.4.69) 


As a special case of the above theorem, if 1, 2,3, 4 are cocircular, then [1234] = 

0, and by (7.4.69), feet 1’,2,3’ are collinear, which is just the classical Simson’s 
theorem. 
Proof. By (7.4.64), the three feet have the following affine representations in the 
homogeneous model: 

eA 1' =e ((e- 3) (e432) 2 + (e- 2) (e423)) 3, 

e/ 2' =e ((e- 3) (e431) 1 + (e- 1) (e413)) 3, 

e/ 3’ =e ((e- 1) (e412) 2 +4 (e- 2) (e421)) 1. 


So 
[e1/2'3’] 
= le {(e- 3) (e432) 2 + (e- 2)(e423) 3} {(e- 3) (e431) 1 + (e- 1) (e413) 3} 
{(e- 1) (e412) 2 + (e- 2) (e421) 1}] 
=(e-1)(e- 2)(e- 3)[e123] { (e412) (e423) (e431) + (e421) (e432) (e413) }. 
(7.4.70) 
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Fig. 7.11 Simson triangle (left); Simson’s Theorem (right). 


In the conformal model, [e1'2’3’] needs to be divided by —(e- 1')(e- 2’)(e- 3’). 
By the last equality in (7.4.67), 


e- 1’ = 2(e- 2)(e- 3)(e- 4)(2- 3), 
e- 2’ = 2(e-1)(e- 3)(e- 4)(1- 3), 
e- 3’ =2(e-1)(e: 2)(e- 4)(1- 2), 
so 
[e1/2'3’] [e123]{ (e412) (e423) (e431) + (e421) (e432) (e413)} 


—(e-1V)(e-2)(e-3) B(e-1)(e- 2)(e-3)(e- 4)5(1-2)(1-3)(2-3) 


By (7.4.5), when [1234] is divided by (e-1)(e- 2)(e- 3)(e- 4), the right side of 
(7.4.69) becomes 


[1234] [e123]? 
4(e-1)(e-2)(e-3)(e-4)(1-2)(2-3)(1- 3) 


So (7.4.69) is changed into the following homogeneous equality: 
(e412) (e423) (e431) + (e421) (e432) (e413) = 2 (e- 4)?[1234][e123]. (7.4.71) 


The proof of identity (7.4.71) is very easy. First, expand the left side by angular 
bracket expansion, and expand the right side by bracket Laplace expansion. Second, 
now that both sides of (7.4.71) become polynomials of the inner products of five 
vectors e,1,2,3,4 € R*", the only syzygy relation among the inner products is the 
inner-product Laplace expansion (5.1.68), i.e., 


0 e-l e-2 e 
e-l1 0 1-2 1- 
(eA1A2A3A4)?=|/e-2 1-2 0 2 
es 1:3 263 4 
e-4 1:4 2-4 3-4 0 


wWwnNnr O 


By polynomial division, (7.4.71) in expanded form is reduced to 0 = 0 by (7.4.72). 
However, for automated geometric reasoning, the task is not to verify an identity, 
but to deduce the right side of an identity from the left side, without knowing a priori 
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the right side. In the current situation, the right side of (7.4.71) is a monomial of 
basic invariants in Clifford bracket algebra, while the left side is a binomial of 
advanced invariants. The aim of automated deduction is to factorize the left side 
in the framework of Clifford bracket algebra. 

Below we do the factorization in the algebra of basic invariants: inner-product 
bracket algebra. Expanding the angular brackets on the left side of (7.4.71) by 
(5.4.3), we get 


(e412) (e423) (e431) + (e421) (e432) (e413) 
= —2(e-4){(e-1)? 


o) 
wo 


o) 
= 
YS UY XK WH 


o) 
= 


+ ( 
+ ( 
+ ( 
+(e-2 

(7.4.73) 
Denote the polynomial factor in (7.4.73) by X. Dividing (7.4.72) by polynomial 


A, we get that (7.4.72) is just 


—2\—(e- 4) =0, (7.4.74) 
where 
w= 2%e-4)(1-2)(1-8)(2-3) 
+(e-1)(2-3)((1- 4)(2-3) — (2-4)(1- 3) — (3 -4)(1 - 2) 
+(e-2)(1-8)((2-4)(1-3) — (1-4)(2-8) — (3 -4)(1-2)) 
+(e-3)(1-2)((3-4)(1- 2) — (1- 4)(2- 3) — (2 4)(1- 3). 


Polynomial p is linear in e, 4 and quadratic in 1,2,3. The only syzygy relation 
involving inner products of vectors and having the same degrees as p in its vector 
variables is the following bracket Laplace expansion: 


e-l 0 1-2 1:3 
e-2 1-2 0 2°3 
[e123][1234]=-|" eg 9.3 9 |= 
e-4 1:4 2-4 3-4 
So A = (e- 4)[e123][1234], and the right side of (7.4.71) is deduced. L] 


Corollary 7.54. For any null vectors 0,1,2,3,4 € R*!, 
(0412) (0423) (0431) + (0421) (0432) (0413) = 2 (0 - 4)?(0123][1234]. (7.4.75) 


Remark: Example 7.53 shows that algebraic simplifications in inner-product 
bracket algebra based on basic syzygies of inner products of vectors and brackets 
are not easy, because a lot of terms are involved. The situation will be changed 
dramatically when the advanced invariant algebra of Euclidean geometry — null 
bracket algebra, is put to use [125]. 
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7.5 The Lie model of oriented spheres and hyperplanes 


A hyperplane has two orientations. Let x,,...,X, be n affinely independent points 
in R”. They generate an affine hyperplane in R", and Jp_1 = O(x1 A--: A Xn) 
defined by (7.1.19) determines an orientation of the hyperplane. Alternatively, the 
vector n = J~_, is normal to the hyperplane, and satisfies [nJn—1] > 0. It is called 
the left-handed normal direction of the oriented hyperplane, and can be used to 
indicate the same orientation. 

More generally, if A, #4 0, then in the moment-direction representation 
(A,, 0(A,)) of a (r —1)D oriented affine plane, the left-handed normal direction of 
the direction 0(A,-) with respect to the moment A, is 


n=0(A,): Az". (751) 


A sphere also has two orientations. Let x1,...,Xn41 be n+1 affinely independent 
points in R”. Then J, = 0(x1 A---AXn41) determines an orientation of the sphere. 
If [J] > 0, the sphere is said to have positive orientation; otherwise, it is said to 
have negative orientation. 

Let x be a point on the sphere, and o be the center of the sphere, then blade 
Jn—-1 = (x — 0)-J,, determines an orientation of the hyperplane tangent to the 
sphere at x, called the induced orientation of the tangent hyperplane. It satisfies 
[(x — 0)Jn—1] = p?[J»], where p is the radius of the sphere. 

The normal direction of the tangent hyperplane with the induced orientation is 
called the normal direction of the sphere at x: 


n= (J,](x—o). (7.5.2) 


n is in the direction of x — o if and only if the sphere has positive orientation. The 
two normal directions: inward and outward ones, correspond to the two orientations 
of the sphere: negative and positive ones, respectively. 

In Section 7.2, we have seen that in the conformal model, a sphere or hyperplane 
can be represented by a positive vector s € R”*+!, and two such vectors represent 
the same sphere or hyperplane if and only if they differ by a nonzero scale. We can 
use s and —s to represent the same sphere or hyperplane with opposite orientations, 
so that two positive vectors represent the same oriented sphere or hyperplane if and 
only if they differ by a positive scale. In symbolic computation, however, it is 
difficult to judge whether or not an expression is positive (or negative) definite, and 
such an inequality representation is awkward. 

A better representation is provided by Lie (1872), where an oriented sphere or 
hyperplane is represented by a null vector, and two null vectors represent the same 
oriented sphere or hyperplane if and only if they differ by a nonzero scale. 

Lie’s construction can be described as follows. Minkowski space R"+!! is em- 
bedded into R"*+1! as a hyperspace. Let e,e9,€1,...,@n be a Witt basis of R°+!, 
where (e, eo) is a Witt pair. It extends to a Witt basis of R"t!? by attaching a unit 
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negative vector e_. Null vectors in R"*++ are also null vectors in R"*!?. They are 
the set 
No = {a € R"*!7la 4 0, a? = 0, a-e_ = O}. (7.5.3) 
A vector in No represents a point or the conformal point at infinity of R”. 
In R”+!!, a sphere or hyperplane is represented by a positive vector s. The 
mapping g: R"+!1 —; R"+!? defined by 


g(s) :=s-+ |sle_, (7.5.4) 
maps all such vectors into the following set: 
N, = {a € R"*!\a? =0,a-e_ £0}. (7.5.5) 


The mapping g is injective. In particular, if s € R"*'! is not null, then +s are 
mapped to two null vectors that are different even modulo scale. The inverse map 
of g is P+. The preimage of a null vector in R"+!? under g is either a null vector 
or a positive vector in R"+!, g is called the formalization map of the Lie model. 


positive 
unit 
vectors 


n+1,2 
null 
vectors 


Fig. 7.12  Lie’s construction. 


Definition 7.55. A Lie sphere in E” refers to one of the following geometric objects: 
(1) an oriented sphere, (2) an oriented hyperplane, (3) a point, (4) the conformal 
point at infinity. A pencil of Lie spheres is called a Lie pencil. 


Let E3 be a Minkowski 3-blade in CL(R"*!?). Let e,e9,e_ be a Witt basis of 
E3, where (e, eo) is a Witt pair. Then any null vector s in R"*!? represents a Lie 
sphere in the sense that a point represented by a null vector a € R"+!? is on the 
Lie sphere if and only if a-s = 0. Two null vectors represent the same Lie sphere if 


and only if they differ by a nonzero scale. Null vector s € R"+!? represents in E”: 


the conformal point at infinity, ifs-e=0, s-e_ =0; 
a point, ifs-e#0, s-e_ =0; 
an oriented hyperplane, ifs-e=0, s-e_ £0; 
an oriented sphere, ifs-e#0, s-e_ £0. 
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This algebraic representation of Lie spheres in E” is called the Lie model. 


Definition 7.56. Two oriented hyperplanes or spheres are said to be in oriented 
contact, or simply, in contact, if they are tangent to each other, and at the point of 
tangency they have the same normal direction. 

A point or the conformal point at infinity is said to be in contact with a Lie 
sphere, if it is on the Lie sphere. 


O OG © 


Fig. 7.13 Oriented contact. 


7.5.1 Inner product of Lie spheres 


The following are standard representations of Lie spheres in E 


U 


e The conformal point at infinity is represented by e. 

e Point c (null vector in Ve C R"*!*) is still represented by c. 

e The hyperplane with unit normal n € R” and distance 6 from the origin along 
direction n has two orientations. The oriented hyperplane with normal n is rep- 
resented by n+ de+e_; the oriented hyperplane with normal —n is represented 
by n+ de—e_ = —(—n—de+e_). 

e The sphere with center ¢ (null vector in VV.) and radius p > 0 has two orienta- 
tions. The sphere with outward orientation is represented by c — p?e/2 — pe_; 
the sphere with inward orientation is represented by c — p?e/2 + pe_. 


The last item needs proof. Let c = eo be the origin, let o = 1, and let n € R” 
be a unit vector. The unit sphere with outward orientation is in contact with the 
oriented hyperplane with unit normal n and signed distance 6 = 1 from the origin. 
By formula (7.5.5) below, the null vector representations of the sphere and the 
hyperplane have zero inner product if and only if they have opposite signs in their 
e_ components. 


Let s1,S2 be null vectors in R"*++?, and let €,¢1,€2 € {+1}. The following 
formulas on the inner product s; - sz can be easily verified. 
(i) If s; =c1, S2 = C2, where c; € Ne, then 
d2 


8,°So.= a (7.5.1) 
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(ii) Ifsy =c, so =n+de+e_, then 


$1°Sg=c-n—6d. (7.5.2) 
(iii) If s1 = ¢1, S2 = cy — p?e/2+ epe_, then 
2 d2 
$1°S2,= es, (7.5.3) 


(iv) If for i= 1,2, s; =n; + 6;e+ e_, then 
$]°So=ny-no—-l. (7.5.4) 
(v) Ifs; =n+de+e_, so =c — p’e/2 + epe_, then 
S1°Sg=c-:n—d-—e€. (7.5.5) 
(vi) If for i = 1,2, s; =c; — p?e/2 + e;pie_, then 


(p1 — €1€292)? — a2, 


5 (7.5.6) 


81°S2= 


Definition 7.57. The contact distance between two Lie spheres represented by null 
vectors S;,S2 in the above standard form, is 


|sy _ S9| = VJ 2\s1 3 So|. (7.5.7) 
As a direct corollary of the formulas (7.5.1) to (7.5.6), we have 


Proposition 7.58. Two Lie spheres are in contact if and only if their contact 
distance is zero, or equivalently, if and only if the two null vectors representing 
them have zero inner product. 


Below we compute the explicit form of the contact distance between Lie spheres 
$1,S2 in standard form, using formulas (7.5.1) to (7.5.6). 

(1) When s;,s2 are both points, |s; —s2| equals the Euclidean distance between 
them. 

(2) When one is a point and the other is a hyperplane, |s; —s2| equals /2 times 
the Euclidean distance between them. 

(3) When one is a point and the other is a sphere, let dmax and dmin be respec- 
tively the maximal distance and minimal distance between the point and points on 
the sphere, then |s; — s2| = Vdmaxdmin- 

(4) When both are hyperplanes, |s; — s2| equals 2 sin(@/2), where @ is the angle 
between their normal directions. 

(5) When s; =n+de+e_ and sy =c — p’e/2+ epe_, let d=c-n—6. Then 
|d| is the distance between the hyperplane and the center c of the sphere. Let diax 
and dmin be respectively the maximal distance and minimal distance between the 
hyperplane and points on the sphere. There are three cases (Figure 7.14): 


e When d=0, then |s; — s2| = /2p. 
e When ed < 0, then |s; — s2| = V2dmax- 
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d=0 |n d>0 |n d<O |n 
0 0 0) 


Fig. 7.14 Contact distance between a sphere and a hyperplane. 


e When ed > 0, then |s1 — s2| = V2dmin. 


Definition 7.59. For two spheres A,B in E”, if there is a hyperplane C that is 
tangent to both of them, then when spheres A,B are on the same side of C, the 
distance d° between the two tangent points is invariant when C is replaced by any 
other common tangent hyperplane C’ of spheres A,B such that A,B are on the 
same side of C’. d° is called the outer tangential distance between spheres A, B. 

Similarly, if there is a common tangent hyperplane C of spheres A, B such that 
A,B are on different sides of C, the distance d' between the two tangent points is 
invariant when C is replaced by any other tangent hyperplane separating A,B. d! 
is called the inner tangential distance between spheres A, B. 


Fig. 7.15 Inner tangential distance d‘ and outer tangential distance d®° (left); two inner tangent 
spheres (middle); two outer tangent spheres (right). 


di 


Definition 7.60. Two spheres are said to be inner tangent (or outer tangent), if 
their outer tangential distance (or inner tangential distance) exists and equals zero. 


Definition 7.61. For two oriented spheres A, B in E”, if they have a common tan- 
gent hyperplane C on which they induce the same orientation, then the tangential 
distance d‘ between spheres A,B refers to the distance between the two tangent 
points on hyperplane C. 


The following properties are easy to verify: 


Proposition 7.62. If spheres A,B have the same orientation, then d’ = d®; if they 
have opposite orientations, then d’ = d’. 
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(6) Assume that both s;,s2 are oriented spheres in standard form. 


e If they have the same orientation and are not inclusive, then |s1 — s2| equals 
the outer tangential distance between them. In particular, |s; — s2| = 0 if and 
only if the two spheres are inner tangent to each other. 


The outer tangential distance exists if and only if (e-s1)(e-s2)(si -s2) <0. 


e If they have different orientations and are exclusive from each other, then 
|S1 — S2| equals the inner tangential distance between them. In particular, the 
two spheres are outer tangent to each other if and only if |s; — s2| = 0. 


Proposition 7.63. Let s; = c; — pre/2 + e,pje— fori = 1,2. Then 
ds, so =v —2 $1 °So. (7.5.8) 


exists if and only if s1 -s2g < 0. 


t 
$182 


In particular, d 


Fig. 7.16 Tangential distance between two oriented spheres. 


Proof. Denote d = de,c.. If e1€2 = 1, then d§,,, = d2,,,- By (7.5.6) and Figure 
7.16 (left), —2s1-s2 = d? — (pi — p2)? = (d8,,,)?. If e1e2 = —1, the proof is similar. 


O 


A contact transformation is a diffeomorphism in the space of Lie spheres preserv- 
ing the contact of Lie spheres. Contact geometry, also called Lie sphere geometry, 
studies the properties of the space of Lie spheres that are invariant under contact 
transformations. Any orthogonal transformation in R"*!? induces a contact trans- 
formation via the Lie model. The converse is also true, and is a classical result. 

Historically, since Lie’s seminal work on contact geometry (1872), the subject 
had been actively pursued through the early part of the twentieth century. After 
this, the subject fell out of favor until in the 1980s, when differential geometers used 
it to study submanifolds in Euclidean space [35]. 

Each contact transformation is the composition of a Laguerre transformation 
and an oriented conformal transformation. Laguerre transformations are contact 
transformations keeping the set of hyperplanes invariant. Laguerre geometry is the 
geometry of Laguerre transformations. An oriented conformal transformation is a 
conformal transformation that either preserves or reverses the orientations of all 
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the oriented spheres and hyperplanes simultaneously. Oriented similarity transfor- 
mations are the only kind of contact transformations that are both Laguerre and 
conformal. 

In the next subsection, it is to be shown that a general contact transformation 
maps almost all points to spheres, and a contact transformation mapping almost 
all points to points is either an orientation-preserving or an orientation-reversing 
conformal transformation. In classical geometry, it is required that a transformation 
should map almost all points to points. From this aspect, Lie sphere geometry is 
not a classical geometry. 


7.5.2 Lie pencils, positive vectors and negative vectors* 


Topologically, all Lie spheres in E” form an (n+1)D “torus” RP” x S', where RP” 
denotes the nD real projective space. The proof is as follows. 

When attaching the conformal point at infinity to E”, the result is an nD sphere 
S”. The set of Lie spheres in E” is the same as the set of Lie spheres in S”, so we 
use the latter as the framework of Lie spheres. For any pair of antipodal points x, y 
on sphere S”, there is a unique great sphere of S” orthogonal to line xy in R"*!. 
Fix an orientation of the great sphere, and call it the initial orientation. 

For any point z inside line segment xy, when z moves from x to y, there is a 
unique oriented sphere on S” centering at z and whose orientation is the same as the 
initial orientation when z passes through the midpoint of xy (the origin of R"*'). 
At z =x or y, the sphere degenerates to point x or y. After z arrives at y, it goes 
in the reverse direction back to x, and the orientation of the sphere centering at z 
is reversed during the return of z from y to x. All Lie spheres in S” are generated 
in this way, and for different pairs of antipodal points, the Lie spheres generated 
are different. So in the bundle of base RP” and fibre S!, the fibres do not intersect. 
This finishes the proof. 

Let s be a null vector in R"t!?. Blade s~ has signature (n,1,1). It represents 
the (n+2)D pencil of Lie spheres that are in contact with Lie sphere s, in the sense 
that a Lie sphere t is in contact with s if and only if t As~ = 0. Such a pencil 
is called an (n+ 2)D contact Lie pencil. When null vector s varies in R"*1?, the 
topology of s~ is the same. 

Topologically, all Lie spheres in s~, where s is a null vector in R"+!?, form a 
closed nD disk. 

The proof is as follows. When s is an oriented sphere, at each point of the 
sphere there is a 1-parameter family of Lie spheres in contact with s. The space 
of parameters is S!, as the contact Lie spheres include the point of contact taken 
as a sphere of radius zero, and the tangent hyperplane taken as a sphere of infinite 
radius. The space of all the contact Lie spheres of s is obtained from the torus 
S"-! x S! by first selecting one point from each fibre S', and then pinching all such 
points into a single point. This is because sphere s is in contact with itself at every 
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point on the sphere, so it is the common point of every fibre. 

Cutting the space S"~! x S! by cutting each fibre at a point on the fibre, and 
then appending an nD disk to one of the two boundaries of the cutting result, we 
get a space homeomorphic to a closed nD disk. This finishes the proof. 

Below we analyze the geometric meaning of positive vectors and negative vectors 
in R”+1!? in terms of pencils of Lie spheres. 

Let s be a positive vector. Then s = s’ + e\e_, where s’ € R™+!! and \ > 0. 
Since s? = s/* — \2 > 0, s’ is positive. When s’ = n+ de, then 0 < A < 1. When 
s’ = c — p’e/2, we can set s = s’ + €\pe_, so that 0 < A < 1 is still valid. Set 
= cos6, where 0 < 6 < 7/2. When 6 = 7/2, then vector s loses its e_ part, i.e., 
s-e_=0. 

The following is a list of inner products between a positive vector s and a null 
vector t. In the list, the n; are unit vectors in R”, and the c; € Ne are points in 
the conformal model. 


(i) Ifs =n+0de+cosde_, t =c, then 
s-t=c-n—o. (7.5.9) 
So s-t = 0 if and only if point c is on hyperplane g(P (s)). 
(ii) Ifs =n; + d,e + cosde_, t = no + dge+ e_, then 
s-t =n, -n2—cos0. (7.5.10) 


So s-t = 0 if and only if the two oriented hyperplanes g(P3 (s)) and t intersect at 
angle 6, or equivalently, their normal directions form an angle 0. 


Fig. 7.17 Orthogonality of positive vector s (sphere) and null vector t (hyperplane). 
(iii) If s =n+de+cosbe_, t=c— p?e/2+ epe_, then 
s-t=c-n—d—epcos6. (7.5.11) 


So s-t = 0 if and only if oriented sphere g(P3 (s)) and oriented hyperplane t 
intersect at angle 6 (Figure 7.17), or more explicitly, the angle formed by the normal 
directions of g(P} (s)) and t at any point of their intersection is 0. 
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(iv) If s= 1 — p?e/2 + epcosbe_, t = Ce, then 
2 d2 
s-t= is, (7.5.12) 
So s-t = 0 if and only if point cz is on sphere g(P+ (s)). 
(v) If s=c— p?e/2+ epcosfe_, t =n+de+e_, the result of s-t is identical 
to (7.5.11). 


(vi) If s = c1 — pze/2 + €1p1 cos be_, t = cz — pze/2 + egp2e_, then 


P1 + £2 — dere, (p1 — €1€202 cos 9)? + (p2 sin)” — dec, 
s-‘t= nn ar = €1€2(1/P2 Cos 6 = [To os. os 

(7.5.13) 
So s-t = 0 if and only if the two oriented spheres g(P+ (s)) and g(P+ (t)) intersect 
at angle 6 (Figure 7.18): let x be a point at their intersection, then if €,€2 > 0, 


ZC, XC is acute; if €;é2 <0, Ze ,xC2 is obtuse. 


Fig. 7.18 Orthogonality of positive vector s (sphere) and null vector t (sphere). 


From the above analysis, for a positive vector s in R"+!, its dual s~ represents 
the set of Lie spheres intersecting Lie sphere g(P+ (s)) at a particular angle 6, where 
0 <6 < 7/2, together with all the points (possibly including the conformal point 
at infinity) on Lie sphere g(P3 (s)). Such a pencil is called an (n+ 2)D intersecting 
Lie pencil of angle 0. When @ = 7/2, the pencil is also called an (n+2)D orthogonal 
Lie pencil, and is composed of the spheres and hyperplanes perpendicular to s and 
with both orientations added. 

Topologically, all Lie spheres ins~, where s is a positive vector in R"+!, form 
a “cylinder” RP"! x [0,1]. 

The proof is as follows. When s = c — p?e/2 + epcose_, then for every pair 
of antipodal points x,y on sphere c — p?e/2, for every point z inside line segment 
xy, there is a unique (n — 2)D sphere A on sphere c — p’e/2, centering at z and 
perpendicular to line xy. There is a unique oriented (n — 1)D sphere s’ intersecting 
sphere c — p?e/2 at A with angle 6. The center of sphere s’ always lies on line xy. 

When z = x or y, sphere s’ degenerates to point x or y. At some point z = u 
inside line segment xy, the center of sphere s’ is at infinity, and the sphere becomes 
a hyperplane. Since s \ s~ #4 0, sphere s’ cannot be identical to sphere s, so the 
(0, 1] fibres in RP"~1 x [0,1] do not intersect. This finishes the proof. 
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Negative vectors are much more complicated in classification. First of all, eY 
represents all points in E” together with the conformal point at infinity, which form 
an nD sphere topologically. eY is called the (n+ 2)D punctual Lie pencil. 

For all other negative vectors s, Lie pencil s~ has the same topology as e~. 
Topologically, all Lie spheres in s~, where s is a negative vector in R"*1?, form an 


nD sphere. 

For any negative vector s linearly independent of e_, the signature of vector 
P+ (s) is either (1) positive, or (2) null, or (3) negative, and correspondingly in the 
conformal model, P} (s) represents either (1) a sphere or hyperplane, or (2) a point 
or the conformal point at infinity, or (3) all great spheres of a sphere. 

The simplest case is s = e+ Ae_, where \ 4 0. For a null vector t, s-t = 0 if 
and only if t is either e up to scale, or an oriented sphere c — p?e/2 + epe— such 
that e9 = —A~1. Lie pencil s~ contains e and all the spheres in E” having the same 
radius |\~!| and the same orientation, which is positive if \ < 0, and negative if 
A > 0. Such a pencil is called an (n + 2)D spherical Lie pencil. 

The next simplest case is s = c+Ae_, where c is a point (null vector) and A 4 0. 
Obviously c € s~. By 


(c+ Ae_)- (n+ de+e_)=c-n—d-), (7.5.14) 


we get that a hyperplane is in s~ if and only if the signed distance from the hyper- 
plane to point c is A. By 


? (p 7 ed)? Zz Gees _ ? 


(c+ Ae_)- (e’ — Fe + epe_) = 5 : (7.5.15) 


which equals zero if and only if p = eA + \/d?.,, + A, we get that when c # c’, for 
any point c’ there are two spheres centering at c’ and belonging to s~, and point c 
is in the region sandwiched by the two spheres. Among such spheres, all the spheres 
surrounding point c have the same orientation, and all the spheres not surrounding 
c have the same opposite orientation. When c = c’, one sphere degenerates to 
point c, the other has radius 2|A|, the smallest among all spheres in s~ surrounding 


c properly. Such a pencil is called an (n+ 2)D sandwiching Lie pencil (Figure 7.19). 


L409 


Fig. 7.19 Sandwiching Lie pencil. 
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The third case is s = n+ de+4+ Ae_, where n is a unit vector in R", and A 4 0. 
Then s~ contains e and all the points on hyperplane n+ de. Since s? = 1— d? < 0, 
we may assume A = cosht, where t > 0. By 


(n + de + coshte_)-(n’+6’e+e_) =n-n’ —cosht, (7.5.16) 


we get that s~ does not contain any hyperplane. By 


2 
(n + de + coshte_) - (c — Fe + epe_) =n-c—06-—epcosht, (7.5.17) 


we get that s~ contains all the oriented spheres c — p?e/2 + epe_ separated from 
hyperplane n + de in such a way that the signed distance d, from the hyperplane 
to the center c of the sphere satisfies de = epcosht. 

As shown in Figure 7.20(a), each sphere in s~ has positive orientation if d. < 0, 
has negative orientation if d. > 0, and has distance d > 0 from the hyperplane, 


where 


d t 
ae 2 sinh? me (7.5.18) 


QO" 
er CS) 
E (b) 


(a) 


Fig. 7.20 Separating Lie pencil. 


The fourth case is s = c — p?e/2 + epcoshte_. Lie pencil s~ contains all the 
points on sphere c — p?e/2. By 


2 
(c— Pet epcoshte_)- (n+ de+e_) =c:-n—6-—epcosht, (7.5.19) 


we get that s~ contains all the oriented hyperplanes separated from sphere c— p?e/2 
in such a way that they satisfy (7.5.18) and ed, > 0, where d, is the signed distance 
from the hyperplane to the center c of the sphere. 


Definition 7.64. Let A,B be two oriented spheres in E”. For any point x (or y) 
on sphere A (or B), denote by nx (or ny) the radial direction of the oriented sphere 
at the point. Then the maximal (or minimal) oriented distance between A,B, 


denoted by dmax (or dmin), refers to the maximum (or minimum) of the following 
set of nonnegative values: 


{dxy |x € A, y © B, nx, =ny}. 
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dmi 


dmax dmin dmax 


Fig. 7.21 Maximal and minimal oriented distances between two oriented spheres. 


Proposition 7.65. If spheres (c,p) and (c’,p’) are inclusive and have the same 
orientation, then 


dmiax = |p — p | + deel; dmin = |p = p'| = dee! - (7.5.20) 

If the two spheres are exclusive and have opposite orientations, then 
dmax = dee! + p + p’, dmin _ dee! = p= p’. (7.5.21) 
Proof. Direct from Figure 7.21. L 


For s = c — p’e/2 + epcoshte_, by 


12 ! I 2 12 312 2 
— sht)? — p’* sinh“ t — d2., 
s-(c'-Le+ep'e-)= ee (7.5.22) 
we get that (7.5.22) equals zero if and only if 
a gel Al)? d2 , t 
Me SEH) ee pie (7.5.23) 
2e€’ pp 2 


As shown in Figure 7.20(b), s~ contains all the spheres (c’, p’) separated from 
sphere (c, p) in such a way that the following conditions are satisfied: 


e if the two spheres (c,p) and (c’,p’) are inclusive, then they have the same 
orientation; 

e if the two spheres are exclusive, then they have different orientations; 

e the maximal and minimal oriented distances between the two spheres satisfy 


maxdmin . t 
dmaxdmin _ 9 sinh? © (7.5.24) 
200 2 


/ 

The third and fourth cases show that for a positive vector s’ € R"+!, if s = 
s’+ Ae_ is negative for some \ € R, then s~ is composed of all the points (possibly 
including the conformal point at infinity) on the sphere or hyperplane s’, together 
with all the oriented spheres or hyperplanes separated from s’ so as to have a fixed 
ratio 2sinh?(t/2) of either distance to ratio or distances to radii, in the sense of 
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either (7.5.18) or (7.5.24). Such a pencil is called an (n+ 2)D separating Lie pencil 
of separating ratio 2 sinh?(t/2). 
The last case is s = c+p?e/2+Ape_, where 2 is arbitrary. Lie pencil s~ contains 
no points, nor the conformal point at infinity. Let \ = etan0, where 0 < 0 < 7/2. 
By 
2 
(c+ Fe + eptande_)-(n+de+e_)=c-n—d-eptand, (7.5.25) 


we get that s~ contains all the oriented hyperplanes whose signed distance d to 
point c satisfies ed/p = tan. As shown in Figure 7.22(a), if x is the foot drawn 
from point ¢ to hyperplane n+6e, and y is any point on sphere c— p”e/2 satisfying 
cy | cx, then 0 = Zxyc, and d has the same sign as e. 
By 
; e (p' — ee'ptan 0)? — p* sec? 0 — d? 


cc! 


(c+ Fe+ eptan @e_) - (ce! — Tet ép'e_) = — | 
(7.5.26) 
which equals zero if and only if p’ = \/p? sec? 6 + d2,, +ee’ptan 0, we get that when 


c#c, 


e if 6 =0, by setting p’ = \/p? + d2.,, then the two identical spheres (c’, p’) but 
with opposite orientations are both in s%; 

e if 9 #0, then there are two spheres in s~ centering at c’, the bigger one has 
the same positive or negative orientation as the sign of €, while the smaller one 
has the opposite orientation, see Figure 7.22(a). 


When c = Cc’, then p’ = p(sec 6 + ee’ tan 8), 


e if 0 = 0, then the two identical spheres (c,p) but with opposite orientations 
are both in s™; 

e if 9 #0, then there are two spheres in s~ that are concentric with and sandwich 
sphere c — p”e/2, see Figure 7.22(b). 


No matter whether c = c’ or not, when # approximates 90°, the radius of the smaller 
sphere tends to zero, while the radius of the bigger sphere tends to infinity. Pencil 
c+ p’e/2+ eptan e_ is called an (n+ 2)D stretching Lie pencil of stretching angle 
0. 

Summing up, when s is negative, pencil s~ is (n + 2)D algebraically, but nD 
geometrically, and has five different types: 


(1) punctual Lie pencil e%; 

(2) spherical Lie pencil (e + Ae_)~; 

(3) sandwiching Lie pencil (c + Xe_)~; 

(4) separating Lie pencils (n + de + coshte_)~ and (c — p*e/2 + epcoshte_)~; 
(5) stretching Lie pencil (c + p?e/2 + eptan@e_)~. 
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Fig. 7.22 Stretching Lie pencil: (a) c 4c’; (b): c=c’. 


Any negative unit vector in R”*+!:? can be obtained from vector e_ by an orthog- 
onal transformation. Since each contact transformation is induced by an orthogonal 
transformation of R"*+!?, the images of e_ under orthogonal transformations can 


be used to classify contact transformations. Under an orthogonal transformation T 
of R'+12; 


i) If 1D subspace e_ is invariant, so is the vector space R"+!1 = ev, then T 
9) 2) , 


induces a conformal transformation in E”. 


(ii) If vector e_ is changed into —e_, then T induces the pure orientation reversing 
transformation in E”: it fixes every point, sphere and hyperplane in E”; it only 


reverses the orientation of every sphere and hyperplane. 


(iii) If e_ and \~'e + e_ are interchanged, while all the vectors in (e_ A e)~ are 
fixed, then since vector e is only rescaled, all points in E” are changed into 


spheres having the same radius and orientation with each other. 


(iv) If e_ and \~'c + e_ are interchanged, where c € Ne, then all points but c in 
’” are changed into spheres and hyperplanes. 


(v) If e_ and n+ de + coshte_ are interchanged (up to scale), only points on 
hyperplane n + de remain to be points. 

(vi) If e_ and c+ p?e/2 + eptan #e_ are interchanged (up to scale), every point in 

“” is changed into a sphere or hyperplane. 


From the above classification, we see that the classical geometric part of con- 


tact geometry is oriented conformal geometry: the set of contact transformations 
n 


changing almost all points in E” to points in is the set of oriented conformal 


transformations. Contact geometry is not a classical geometry. 
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7.6 Apollonian contact problem 


The Lie model is very efficient in handling contact problems in oriented Euclidean 
geometry. The classical Apollonian contact problem is to construct a circle tangent 
to three given objects, each of which may be a line, a point, or a circle. In the 
Lie model, the finding and classification of the solutions to this problem and its 
generalization to E” are very easy. 


7.6.1 1D contact problem 


1D contact geometry is intuitive and almost classical, because its lines and spheres 
are each composed of one or two points. In R!: 


e A OD oriented line is a triplet (A,e,€), where \ € R denotes a point on the 
line, e is the conformal point at infinity, and « € {+1} indicates the positive or 
negative direction (orientation). 


For example, (,e, 1) is a 0D line composed of point A, the conformal point at 
infinity, and the positive direction. 


e A OD oriented sphere is an ordered pair of distinct points (Ai, A2), whose ori- 
entation is the sign of Az — A1, where A; € R. 


For example, (A, A+1) is a positive sphere, while (A, \— 1) is a negative sphere. 


In the Lie model R*? of E?, let e; be the unit vector of Rt = (e Aeg Ae_)~ in 
the positive direction. Then line (A, e, €) is represented by null vector 


t=e, +Ae+ ee_. (7.6.1) 
Sphere (1, Az) has center (Az + Az)/2 and radius |Ay — A2|/2, and is represented by 


AA A2 — A 
gene ee a a (7.6.2) 
2 2 2 
The inner product of line t and sphere c is 
Ai(1 + €) + A2(1 a €) 
 . 


— x. (7.6.3) 
The inner product of two lines is 
(ey +A,;e+ €|e_) . (ey + Age + €2e_) =1—- €e. (7.6.4) 


The inner product of two null vectors c;,c2 representing two spheres (Aj, A2) and 
(11, M2) is 


Cy, °Cg = a, (7.6.5) 


For two Lie spheres s; and sz, s;-S2 =0 if and only if they are in contact: 


e Two lines (\1,e,€1) and (Az, e, €2) are in contact if and only if €; = eg. 
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e Line (A,e,¢) and sphere (Aj, A2) are in contact if and only if when « = 1 then 
A = 1, when ¢ = —1 then A = Ao. 

e Spheres (Ai, Az) and (f1, 42) are in contact if and only if either Ay = fj or 
AQ = p2.- 


Based on the above classification, the 1D Apollonian contact problem of con- 
structing a OD sphere in contact with two points at designated directions is trivial. 


7.6.2 2D contact problem 


In R*?, let e_,e,e9,€1,€2 be a Witt basis, where (e, eo) is a Witt pair, and e1,e2 
are positive unit vectors. The Euclidean plane Iz = e; A e2 is denoted by R?. The 
orientation of R*:? is determined by the unit pseudoscalar I; = e_ Ae Aeg Ale, and 
I5' =I =Is. 

Let s be a null vector in R*?. Then (s-e)(s-e_) <0 if and only if s represents 
an outward circle, and (s-e)(s-e_) > 0 if and only if s represents an inward circle. 


Proposition 7.66. In the following statements, all points in E? are identified with 
their null vector representations in Ne: 


p2 


The oriented circle passing 
through them with the orientation from c; to C2 to c3, is 


(1) Let c1,¢2,c3 be three noncollinear points in 


s= (ce; Aco Ac3 Ae_)~ + |e; Ace Acgle_. (7.6.6) 
(2) The outward circle with center c and passing through point a is 
a-(eAc)+ a: (eAc)le_. (7.6.7) 


(3) Let c be a point, and let a be a vector in R?. The directed line passing through 
point c in direction a is 


(eAcAaAe_)~+leAcAale_. (7.6.8) 


(4) Let c1,c2 be two points. The directed line passing through them in the direction 
from c,; to Cg, is 


(eAcy Ace A\e_)~ + le Ac, A cole_. (7.6.9) 


Proof. (1) The positive vector representing the unoriented circle is (cy \c2 \c3 A 
e_)~. The magnitude of this vector is |cy A cz A c3|. Let c; = f(x;) for ¢ = 1,2,3. 
Vector s defined by (7.6.6) satisfies 


e-s = [e_ec)c2¢3] = [e_ee90(x1 A X2 A x3)| = O(x1 A x2 A x3) - Ty! 


Since (s - e)(s- e_) has the same sign with —O(x, A x2 \ x3) -I5', circle s has the 
orientation 0(x1 A x2 \ x3) of plane R?. 

(2) The unoriented circle is a: (e Ac). Since e- (a: (eA c)) = (e-a)(e-c) > 0, 
sphere (7.6.7) is positive. 
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(3) The left-handed normal direction of the line is n = a-I5* € R?, because 
n/a has the positive orientation I, of the plane. Since 
=| 


n:-(eAcAadAe_)~ = [ecae_n| = a*[e_ecl2] > 0, 


vectors n and (e\cAa/Ae_)~ have the same direction. 
(4) Direct from (3). L] 


For two different Lie spheres s1,s2, blade (s; A s2)~ represents the set of Lie 
spheres in contact with both s;,s2. It has two possible signatures: (1,0,2) and 
(2,1,0). 

If sj -Sg = 0, then s; and sp are in contact. Blade (sj A s2)~ has signature 
(1,0,2), and topologically its null vectors form a 1D circle of contact Lie spheres, 
such that if point x (possibly being the conformal point at infinity) is where sj, so 
contact each other, then it is also where any two Lie spheres in the 1D circle are in 
contact. 2-blade s1 A sg and 3-blade (s; A s2)~ have the same set of null vectors. 

More generally, in R"*!?, any rD subspace of signature (r — 2,0,2) has the 
property that all its null vectors form a 2D subspace, which is also the set of null 
vectors in the orthogonal complement of the rD subspace. The set of null vectors in 
a 2D null subspace of R"+!? is called a parabolic pencil of Lie spheres. Topologically 
it is a circle. 


S2 


S2 


Fig. 7.23 1D parabolic pencils. 


We return to the case n = 2, which is assumed throughout this subsection. 


e If s; =e, and sz is a line, then e As is all the lines parallel to and in the same 
direction with sg. 

e If s; is a point on line sg, then s; A s2 is composed of point s1, line so, and all 
the oriented circles in contact with line sg at point sj. 


In fact, the above are the only two kinds of parabolic pencils. 

If s; -So #0, then s; A sg is Minkowski, so is (s1 As2)~. The set of common 
contact Lie spheres of s;, Sz is topologically a circle. 2-blade s; \s2 represents a OD 
circle of Lie spheres, while 3-blade (s; A s2)~ represents a 1D circle of Lie spheres. 
S1 \S2 represents two identical circles or lines but with opposite orientations if and 
only if e_ As; Aso = 0. 

For example, if s is an oriented circle, then blade (e_ As)~ represents all points 
on the circle. If s is a line, then e_ As represents the line with its two orientations, 
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and (e_ A. s)~ represents all points on the line, including the conformal point at 
infinity. 

The following list, together with Figure 7.24, is the classification of all 1D circles 
of Lie spheres in the plane, in the form of (si \s2)~ where sj, S2 are two null vectors 
whose inner product is nonzero. 


eK 


Ss; =e, and sq is point a; 


i) 


Ss; =e, and sq is a circle; 


w 


S1,S2 are points a, b respectively; 

S$; is point a, and sz is a line; 

S$; is point a, and sz is a circle; 

S1,S2 are the same line with opposite directions; 
S1,S2 are intersecting lines; 

S1,S2 are parallel lines with opposite directions; 
S1,S2 are the same circle with opposite orientations; 


aS 


Oo OND Oo 
Sans Ri Re Re Na Gea Re Be ee ee 


oO 


S1,S2 are inclusive circles; 
S1,S2 are intersecting circles; 
S1,S2 are exclusive circles. 


Let s1,S2,83 be three different Lie spheres in the plane. Then s; A sz A s3 = 0 
if and only if s1,S2,s3 belong to a parabolic pencil. Assume that s; A s2As3 4 
0. Then s; A sz A s3 has three possible signatures: (2,1,0),(1,1,1), or (1, 2,0). 
Correspondingly, (s1 A sz A\s3)? > 0, = 0, or < 0 respectively, and s; A sz A 83 
is called a 3D Minkowski, degenerate, or Euclidean Lie pencil, respectively. The 
names come from the fact that blade (s; \.s2 As3)~ has three possible signatures: 
(1, 1,0), (1,0, 1), (2, 0,0). 

The solutions of the Apollonian contact problem of Lie spheres s1, 82,83 are just 
the Lie spheres corresponding to the 1D null subspaces of (s1 A s2 A.s3)~. When 
S1 \ Sz \s3 is a Minkowski, degenerate, or Euclidean Lie pencil, the number of 1D 
null subspaces of (s; A s2 A s3)~ is 2, 1, or 0 respectively, which is also the number 
of solutions of the Apollonian contact problem. 


Example 7.67. Ifs;,s2,s3 are three points in the plane, then there is either a circle 
or a line passing through them, and the circle or line has two possible orientations. 
Blade s; A s2 A 83 represents a circle or line with two orientations. In comparison, 
in the conformal model, the blade represents exactly the same circle or line but 
without any orientation. 


Example 7.68. If s),s2,s3 are pairwise intersecting lines, then besides the confor- 
mal point at infinity, there exists another common contact Lie sphere t, which is 
either the inscribed circle or an escribed circle of the triangle formed by the three 
lines, depending on the orientations of the lines. 

In particular, if the three lines concur, then t is the point where they meet; if 
S1,S2 are the same line with opposite directions, then t is the point where lines 
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<o Cc 


Fig. 7.24 Classification of 3D Minkowski Lie pencils. 


S1 
82 
82 
83 33 


Fig. 7.25 Common contact circle of three oriented lines. 


S1,S3 meet. 


Example 7.69. If s;,s2 are the same circle or line with opposite orientations, then 
for any circle s3 not intersecting s;, the three Lie spheres have no common contact 
Lie sphere. If s3 is in contact with s;, then the point of contact is the only common 
contact Lie sphere of s;, 82,83. 
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If s1 A S2 A s3 has signature (2,1,0) or (1,2,0), it represents a 1D circle of Lie 
spheres; if it has signature (1, 1,1), it represents a pair of parabolic pencils sharing 
a common Lie sphere, and topologically it is an “8”-shaped curve: the union of two 
circles by identifying two points, one from each circle. 

For example, let a be a point on line n+ de, then (aA (n+ de))~ has signature 
(1,1,1). It represents all the lines and circles perpendicular to line n + de at point 
a, each with two orientations, together with point a, which is the Lie sphere shared 
by the two 1D circles of Lie spheres. 

As another example, let n;,n2 be two orthogonal unit vectors in R?, then (ni A 
n2)~ is a 3D Euclidean Lie pencil, and topologically it is a circle. The Lie pencil 
is composed of all the circles centering at the origin, with radii ranging from 0 
to infinity, and with both orientations included. When the radius is 0, the circle 
degenerates to the origin; when the radius is infinite, the circle degenerates to the 
conformal point at infinity. 


Proposition 7.70. In the plane, let s;,s2,s3 be three Lie spheres having exactly 
two common contact Lie spheres sy,s5. Let T3 = s1; \S2/s3. 
(a) If $1, $2,83 are all circles, let s; = f(c;) — p?e/2+ eipie_ for i = 1,2,3, where 
c; € R*. Then s4,s5 are both lines if and only if 
Cc; — C2 €1P1 — €2P2 


=o (7.6.10) 
Ci — C3 €1P1 — €3/P3 


(b) If at least one of s1,S2,83 is a circle or point, then s4,s5 are circles having 
opposite orientations if and only ifeAT3, e-AT3 4 0, but (eAT3)-(e_AT3) = 0. 

(c) If s1,S2,83 are the three sides 12,23, 31 of triangle 123, then the inscribed 
circle of the triangle is T3eT3. By changing the directions of the three sides, the 
three escribed circles can be obtained similarly. 


Fig. 7.26 Common contact circles of three oriented circles in the plane. 


Proof. (a) TS represents two lines if and only ife A T3 = 0. Expanding this 
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equality, we get 


eAeg A O(c, Ac2 Ac3) = 0, 
eAe_A (€1p1€2 A c3 + €2P2C3 Ac, + €3P3C1 A C2) = 0, (7.6.11) 
eAeg Ae_ A {e1p1 (ce = C3) + €2P2(C3 C1) ale €393(C1 a C2) } = 0. 


So if s4,s5 are both lines, then c1,c2,c3 are collinear, and €1p1(c2 — ¢3) + 
€2/2(€3 ae C1) + €303(C1 _ C2) = 0. By this and (cg C3) t (c3 C1) t (cy C2) = 0, 
we get (7.6.10). 

Conversely, if (7.6.10) holds, then c1,c2,c¢3 are collinear, and the equalities in 
(7.6.11) can be easily verified. 

(b) By the hypotheses, (sj \s2/s3)~ has signature (1,1,0), ande ¢ (s;As2/s3)~. 
So s4:s5 #0. Let Bo = s4As5 = (81 \S2/A83)~. Then e-s4, e_ -s4 cannot be both 
zero, and e-s5, e_ -Ss5 cannot be both zero. Blade Be represents two points if and 


only if e_-s4 = e_-ss5 = 0, and represents two lines if and only if e-s4=e-s5 = 0. 
Assume that By represents neither two points nor two lines. Then e_ -s4, e_-S5 
cannot be both zero, and e-s4, e-ss5 cannot be both zero. Furthermore, from 


(eA Ts) - (e_ A Ts) = (e- Bo) - (e- -Bo) 


= —(Sa -s5){(e . s4)(e_ $5) 4 (e . s5)(e_ : nae (7.6.12) 


we get that (7.6.12) equals zero if and only if none of e-s4, e_ -S4, €-S5, €E_ - Ss is 
zero, and (e-s4) : (e_ -s4) = —(e-S5) : (e_- 85). The conditions are equivalent to 
$4,85 being two circles of opposite orientations. 

(c) In a Minkowski blade Bg, one null vector x can be determined by the other 


null vector y up to scale by x = BoyBo. L] 


When Lie spheres s,,s2,S3 in the plane have a unique common contact Lie 
sphere, then 


(s1 A $2 As3)? = —2(s1 - $2)(Si + $3)(S2 +83) = 0. 


So at least one of the s;-s; equals zero, but not all of them are zero. Assume that 
$1 °S9Q x 0. Let 


t= (Si mx So) : (si A S82 /\ $3). (7.6.13) 
Then t is a null vector representing the common contact Lie sphere. 


Corollary 7.71. If Lie spheres s;, s2,s3 in the plane have a unique common contact 
Lie sphere t, then t is a point if and only if for any 1 <i <j <3, 


(e_ As; As;)- (S1 AS2 A83) = 0; (7.6.14) 
it is a line if and only if for any 1 <i <j <8, 


(eAs; As) - (81 AS2 A 83) =0. (7.6.15) 
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If four different Lie spheres s;,S2,83,84 in the plane have a common contact Lie 
sphere, then vector x = (si A sS2 A s3 A 84)~ is either zero or null. In both cases 
x? = 0. Conversely, if x 4 0, it must represent the unique common contact Lie 
sphere. If x = 0, then ifs; \s; As, = 0 for alll <i< jy <k <4, the four Lie 
spheres belong to a parabolic pencil, and have infinitely many common contact Lie 
spheres; if s; A s2 As3 4 0, then any Lie sphere that is in common contact with 
$1, 82,83 must also contact sy. We have proved the following result: 


Proposition 7.72. If three Lie spheres s;,s2,s3 in the plane have a common con- 
tact Lie sphere, then four Lie spheres s;,s2,83,84 have a common contact Lie sphere 
if and only if 


(sj \S2 As3 A 84)? =0. (7.6.16) 


Corollary 7.73. Four lines in the plane have a common contact Lie sphere other 
than e if and only if (1) s1 \s2As3 As4 = 0, (2) if three of the four lines are parallel 
then they have the same direction, (3) if only two of the four lines are parallel then 
they have opposite directions. 


Proof. If the four lines have more than one common contact Lie sphere, then 
either (a) s; \s; As, =0 for some 1 <i<j<k< 4, or (b) the s; As; Asx for all 
1<it<j<k<4 are nonzero and equal to each other up to scale. 

In both cases, s} \ S2 \s3 A s4 = 0. Furthermore, in (a), lines s;,8;,8, are 
parallel to each other and are in the same direction; in (b), blade s; A sz A.s3 must 
be Minkowski, so s;-s; #0 for any 1 <i<j <3. 

This proves the necessity statement. The sufficiency can be proved similarly. 


O 


When the s; are all points, (7.6.16) can be written as 


1 
(si x 82 \ S83 \ s4)° = det (s; - Sj )i,j=1..4 = 7g det (des, )ig=1..4 = 0. 


After factorization, we get 


Corollary 7.74. [Ptolemy’s Theorem] If four points 1, 2,3, 4 are cocircular, then 


di2d34 =e dyad23 SE dy3d24 =0. (7.6.17) 


When the s, are all circles, (7.6.16) can be written as det(s; -s;);j=1.4 = 0. 
After factorization with the aid of (7.5.8), we get 


Corollary 7.75. [Casey’s Theorem] If four oriented circles 1,2,3,4 contact the 
same oriented circle or oriented line or point, then 


di nd’, + di gdiy + dt gdi, =0. (7.6.18) 


FreeEngineeringBooksPdf.com 


Euclidean Geometry and Conformal Grassmann-Cayley Algebra 407 


7.6.3 nD contact problem 


Similar to the case of 2D geometry, in A(R"*1?), an r-blade A, generated by r null 
vectors, where 3 <r <n+1, has three possible signatures: (r—1,1,0), (r—2,1,1), 
or (r—2,2,0), and correspondingly the blade is called an rD Minkowski, degenerate, 


re 


or Euclidean pencil of Lie spheres in 

The dual space A is the solution space of the Apollonian contact problem of 
the r Lie spheres represented by the r constitutive null vectors of A,. Blade AY 
has three possible signatures: (n — r + 2,1,0), (n —r+ 2,0,1), or (n—r 4+ 3,0,0), 
and accordingly the number of solutions of the Apollonian contact problem is the 
cardinality of S°-"*+!, 1, or 0 respectively. 

Topologically, for 3 < r < n+1, an r-blade A, generated by null vectors 
represents an (r—2)D sphere of Lie spheres if it is either Minkowski or Euclidean, and 
represents a one-point union of a pair of (r — 2)D spheres of Lie spheres otherwise. 

When r = 2, A, has two possible signatures: (0,0,2) or (1,1,0). In the former 
case, A, is a parabolic pencil representing a 1D circle of Lie spheres; in the latter 
case, A, represents a OD circle of Lie spheres. 

When r = n+ 2, An+2 has three possible signatures: (n + 1,1,0), (n,1,1), or 
(n, 2,0), and correspondingly, blade AZ, is a negative, null, or positive vector; 
topologically, A,+2 represents an nD sphere, disk, or cylinder of Lie spheres. 

In particular, if A,. represents a (r—2)D sphere of Lie spheres composed of points 
only (possibly including the conformal point at infinity), where 2 <r <n+1, then 
A, € A(e%). In the conformal model, blade A, represents the same (r —2)D sphere 
or plane of points. 

The Grassmann-Cayley algebra A(R"*1?) can be used to represent and compute 
the extension and intersection of rD pencils of Lie spheres. The representations 
and classifications of Lie pencils and the solutions of the corresponding Apollonian 
contact problems in the previous subsection can be naturally extended to dimension 
n > 2, and the results are similar. 

Below we present an example in 3D geometry. 


Example 7.76. A convex polytope is a compact convex polyhedron enclosed by a 
finite set of oriented hyperplanes. Let there be a convex polytope of five faces in 
space. Find the condition for the existence of a sphere inscribed in the polytope. 


Let the unit outward normals of the five faces be nj, n2,ng,n4,N5 respectively. 
Let a be the point of intersection of the three faces with normals nj, ng, n3, and let 
64, 05 be the signed distances from a to the faces with normals ny, ns, respectively. 

Choose a as the origin of R®. The five faces can be represented by the following 
null vectors in R*?: 


8s; =n, 7e_, 


So —nNg27€e_, 
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(1) (2) 


Fig. 7.27 Convex polytope of five faces: (1) 6 vertices; (2) 5 vertices. 


83 —N37€_, 
S4=n4+d4e+e_, (7.6.19) 
Ss; =n; +d65;e+e_. 


Corollary 7.73 is the criterion for the existence of a common contact Lie sphere 
other than e of n+ 2 hyperplanes in E”, where n = 2. Its extension to the case 
n = 3 is the following: 


Proposition 7.77. Five different planes in space represented by null vectors s; € 
R*?, where 1 < i <5, have a common contact Lie sphere other than e if and only 
if (1) s1 Ase As3 AS4A 85 = 0, (2) if the subspace spanned by the five vectors s; is 
rD and r > 2, then the subspace is not degenerate. 


Proof. Let r-blade B,. represent the rD subspace spanned by the five s;. Then 
2<r<5. We only prove the necessity statement. The sufficiency statement can 
be proved similarly. Then r < 4. 


Case 1. r= 2. 

Then s; A sg is degenerate, because it has more than two different null vectors 
up to scale. The five s; are in the same parabolic pencil, and all the Lie spheres in 
the pencil are in contact with the five s; simultaneously. That As = 0 is obvious. 


Case 2. r= 3. 

If s; \s2/As3 = 0, then the three planes are in the same parabolic pencil, and any 
Lie sphere t in common contact with them must also be in the pencil. The parabolic 
pencil can be represented by eA t. Since s4,s5 are both in contact with e and t, 
they must be in the pencil as well. Thus s; \s; \s, = 0 for any 1 <i<j<k<5, 
and r = 2 accordingly. Contradiction. 

So the s; \s; Asx for all 1 <7 <j <k <5 are nonzero and are equal to each 
other up to scale. Let B3 = s; A S2 A 83. Since B3 does not have any 2D null 
subspace, neither does B3. Since each of B3 and Bz has at least two different 
1D null subspaces, Bz and Bz must be both Minkowski. Then 3-blade Bz has 
infinitely many different null vectors up to scale, each representing a Lie sphere in 
contact with the five s; simultaneously. 
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Case 3. r= 4. 
Since B, does not have any 2D null subspace, neither does BZ. Since 2-blade 
B7 has at least two different null vectors up to scale, it must be Minkowski. Then 


B, is Minkowski. Cal 


Corollary 7.78. The five faces represented by (7.6.19) surround a convex polytope 
if and only if As =s; Aso As3 As4/A85 = 0. 


Proof. We only prove the necessity statement. By Proposition 7.77, we need 
only prove the condition (2) there, using the same notation as in the proof of the 
proposition. 

If r = 3, then (si \s2/s3)” = 0 is equivalent to s;-s; = 0 for some 1 <i#j <3. 
Geometrically, s;-s; = 0 if and only if the two planes are parallel and have the 
same normal direction. In a convex polyhedron, no two parallel faces have the same 
outward normal direction. So s;-s; #0 for any 1 <i <j <5, and B3 40. 

If r = 4, by (7.6.19), 

(si \S2 A83 A 84)? = ((n1 + e_) A (mg + e_) A (ng + e_) A (ng + e_))? 

= (e_ AO(m; Anz Ang A n4))? 

= (O(n; A Ng A n3 A n4))?. 
It equals zero if and only if O(n1 A ng Ang A n4) = 0, @e., vectors ni, n2,n3,n4 
are on a circle of the unit sphere S? of R°. Since r = 4, the five vectors n; are on 
the same circle of S?. The vector space spanned by the five normals cannot be of 
dimension two, otherwise the five faces only surround an infinitely long cylinder. 
So the five normals are not on a great circle of S?. 

Since any non-great circle of S? is a section of the sphere by an affine plane not 
passing through the center of the sphere (the origin of R*), the endpoints of the five 
normals must be in the same open half-space bordered by a plane passing through 
the origin. By the classical theorem in topology [171] that two homotopic mappings 
from S? to S? must have the same degree, it is easy to deduce that the five faces 
cannot surround a closed convex region. This proves BZ # 0. 

By Proposition 7.77, the five faces must have a common contact Lie sphere t 
other than e. It remains to prove that t can only be a proper sphere. If t is a point, 
then the five faces can only surround an infinitely long cone. If t is a plane, then 
the five faces must be in the same parabolic pencil e A t; they are parallel to each 
other and have the same normal direction, so they can never surround any finite 
region. L] 

By Corollary 7.78, to solve the problem in Example 7.77, we only need to com- 
pute the explicit form of As = 0. By (7.6.19), 

As =e_AeA (640(14 Ang Ang A Ns) = 650(n1 Ang An3 A n4)). 

So As = 0 if and only if 

64 O(n; A Ng A n3 A n4) 


a eee Re 7.6.20 
65 O(n; Ang An3 Ans)’ ( ) 
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whose geometric meaning is as follows: the ratio of the signed distances from the 
intersection a of the three faces with normals n,,n2,n3, to the two faces with 
normals ny, ns respectively, equals the ratio of the signed volumes of the two tetra- 
hedrons whose vertices are the endpoints of vectors n1;, Nz, n3,n4, and the endpoints 
of vectors n1,N2,n3,n5 respectively, all of which are on the unit sphere of R®. 
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Chapter 8 


Conformal Clifford Algebra and Classical 
Geometries 


In the previous chapter, we have developed the geometric theory of conformal 
Grassmann-Cayley algebra. In this chapter, we develop the geometric theory of 
the geometric products of invertible vectors and Minkowski blades in the conformal 
model, called conformal Clifford algebra. 

Conformal Clifford algebra provides surprisingly simple representations for nD 
conformal transformations. The geometric product of two Minkowski blades repre- 
senting two geometric objects generates twice the conformal transformation chang- 
ing one geometric object to the other. The bivector representation of conformal 
transformations replaces the exponential map from the Lie algebra to the Lie group 
of conformal transformations by low-degree polynomial maps. The Clifford matrix 
representation of conformal transformations extends the classical fractional linear 
form of conformal transformations from 2D to nD. 

The Grassmann-Cayley algebra and Clifford algebra established upon the con- 
formal model are called conformal geometric algebra. This algebra is not only the 
covariant algebra for Euclidean incidence geometry, but provides a unified frame- 
work for all kinds of classical geometries, including projective, affine, Euclidean, 
hyperbolic, spherical, elliptic, and conformal geometries. The dual vector algebra 
of 3D affine objects is also extended to nD by conformal geometric algebra. 


8.1 The geometry of positive monomials 


In G(R"*!), a positive monomial refers to a Clifford monomial whose constituent 
vectors are positive, an invertible monomial refers to a Clifford monomial whose 
constituent vectors are invertible. A positive versor refers to a Clifford monomial 
that is both positive and invertible. 

By Cartan-Dieudonné Theorem, any orthogonal transformation in R’*!! is in- 
duced by the adjoint action of a versor whose vectors are all positive. Since an 


orthogonal transformation in R”*!! induces a conformal transformation in E”, 


positive monomials are generators of conformal transformations, and the geometric 
theory of positive monomials, or more generally, the geometric theory of invertible 
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monomials in G(R"*!'), is then a theory of versor representations of conformal 
transformations. 


8.1.1 Versors for conformal transformations 


In R"*1+, any positive vector s equals either c — p?e/2 or n +e up to scale. As 
a versor, vector s acts on the set N of all null vectors in R"t!+ by graded adjoint 
action (5.3.27). 

For any point a = f(x), where x € R”, let b = Ad,(a) = —sas™!. 


e When s = c — p’e/2, where c = f(o) is the center of the sphere, by direct 
computing, 


So (x — 0)(y — 0) = p”, and x, y are in inversion with respect to sphere s~. 
e When s = n+ 6e, by similar computation, we get 
b=f(y), y=x-—2(x-n—d)n. 
So y is the mirror reflection of x with respect to hyperplane s~. 


Since the group of conformal transformations in R” is generated by inversions 
with respect to spheres and reflections with respect to hyperplanes, it is generated by 
positive versors in G(R"*!+) through the adjoint action on the conformal model. 
In fact, every versor in G(R"t!) can be changed into a positive versor by dual 
operations. There are only two kinds of versors fixing every null 1D subspace of 
R'*11: \ and AIn+e, where I,12 is the unit pseudoscalar in A(R"t!+) denoting 
the orientation of R't1?, 

Every versor in G(R"*+) generates a conformal transformation in R", and con- 


versely, every conformal transformation in R” is generated by a versor in G(R"*1"), 
Two versors realize the same conformal transformation if and only if they are equal 
up to a scalar or pseudoscalar factor. 

It is a classical result [150] that any rotor in G(R”"*1+) can be compressed to a 
rigid rotor of the form a,b, agb2---a,b,, where the a’s and b’s are invertible vectors 
satisfying ajbjajb; = ajb,;a;b; for any « # j. Hence it suffices to classifying all 
rotors generated by two linearly independent unit vectors a,b € R’+!. 

If blade a b is degenerate, let Iz = aA b/(a-b). If aA b is nondegenerate, let 
I, € A?(aA b) be of unit magnitude. Then there exists @ € R such that 


e2 =~ cos +Iosin8, if 3 = —1; 
eh —1410 if 12 =0; 
b= : , Ad 
a e2® —cosh@+Igsinhé, ifIZ=1 and ab? =1; rd) 


Tel?’ =sinh@+Izcoshé, ifIf=1 and a?b? =~—1. 
(1) When I3 = —1, then a,b are positive, and I¥ is Minkowski. 
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If e- In = 0, then a~,b™ are two hyperplanes, and I> is their intersection. 
Vector e is invariant by the adjoint action of versor ab. Furthermore, versor ab 
fixes every point in the (n — 2)D plane I5’, and fixes the 2D direction e A Iz that is 
completely orthogonal to the (n — 2)D plane I. Plane IZ is called the azis of the 
rotation. 


Fig. 8.1 Rotation (left) and translation (right) induced by a rotor of length two. 


At every point x on the axis, there is a unique 2D plane with 2D direction eAI2, 


called a plane of rotation. Any point in E” is on a unique plane of rotation. On 


every plane of rotation B= e/AxA In, where x is the point on the axis, versor ab 
realizes a rotation of angle —26 in the orientation Iz: by setting x = eg, then for 
any y € Ip C(eAeo)™, 

2 2 
Adap(f(y)) = e!?°(eg ty + Tee = ep tel?) 4 e = f(y cos 20—yly sin 26). 


An equivalent description without resorting to the angle of rotation @ is as 
follows: let c,d be the points of intersection of hyperplanes a~,b™ respectively 
with 2D plane B, then versor ab realizes twice the rotation from point d to point 
c centering at point x in the direction In. 

If e-I, # 0, then at least one of a~,b~ is a sphere. Their intersection IZ is 
an (n — 2)D sphere; every point at the intersection is fixed by versor ab. By an 
inversion with respect to some sphere s~ whose center is on (n — 2)D sphere I¥, the 
(n — 2)D sphere is changed into an (n — 2)D plane. So ab = s(s~‘as)(s~'bs)s~+ is 
the composition of two inversions and a rotation. 

(2) When I3 = 0, then a,b are positive. 

If e € Ig, then it is fixed by versor ab. Furthermore, e-a = e-b = 0, so a~, b™ 
are two hyperplanes. Since e/\a = eA b up to scale, the two hyperplanes are 
parallel, and e A a is their common normal direction. 

For every point x on hyperplane b™, line e \ a/ x is perpendicular to hyper- 
plane b~. The line is fixed by versor ab, while point x is changed to its mirror 
reflection with respect to hyperplane a~. The result is a translation that is twice 
from hyperplane b~ to hyperplane a~. 


FreeEngineeringBooksPdf.com 


414 Invariant Algebras and Geometric Reasoning 


An equivalent description based on (8.1.1) is as follows. By setting Iz =e At, 
where t € (eA eo)™, for any y € (eA eo)”, 


Adap(f(y)) = (1 + det)(eo + y + ¥e)(1 — Get) = f(y + 26t). 


So ab realizes the translation by vector 26t. 

If e ¢ Ig, let c be the point represented by the null vector in Iz that is unique up 
to scale. An inversion with respect to some sphere s~ centering at point c makes 
e € I, again. So ab is the composition of two inversions and a translation. 


(3) When I3 = 1, there are three cases: 


(3.a) a,b are both positive. 

If e € I, then e- a and e-b are both nonzero, so a~, b™ are two spheres. Let 
c € Ne be the point in Iz other than e. By rescaling, let IzZ =e Ac. Then for any 
y €(eAc), 
—120 _ e29(eAc) — p—20 


e!2"ee e =e e, 
el29¢ e129 = 62H(eAe)g — 62 ©, (8.1.2) 
y? y2e~49 

e2%(c ty+ wee = eF(c bane 2P a = e) 


So every vector in R” starting from point c is dilated by scale e~?%. Point c is 
fixed by versor ab. It is called the center of dilation. For every point x # c, the line 
x A I, passing through points x,c is fixed by versor ab. Let y,z be the points of 
intersection of spheres a~, b~ respectively with line cx. Then versor ab first dilates 
vector cz to vector cy and then makes the same scaled dilation to vector cy once 
again, so it is twice the dilation from point z to point y centering at point c. 

If e ¢ In, by an inversion with respect to a sphere whose center is on 0D sphere 
Iz, versor ab can be written as the composition of two inversions and a dilation. 


Fig. 8.2 Dilation of positive scale (left), and dilation of negative scale (right). 


(3.b) a is negative, while b is positive. 

If e € In, let c € Ne be the point in Ig other than e. Again by rescaling, let 
Iz, =edc. Since Ipel5' = —e, rotor I, induces the reflection with respect to point 
c: any point x in E” is changed to its symmetric point with respect to point c. 


This transformation is also called the antipodal transformation with center c. 
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By (8.1.1), versor ab is the composition of an antipodal transformation and a 
dilation with respect to the same center, so it realizes a dilation of negative scale 
e729, 

If e ¢ Ig, then ab can be written as the composition of two inversions and a 
dilation. 


1 c Y 2 1 
2 3 


Fig. 8.3 Antipodal transformation (left), and antipodal inversion (right): points i,i’ are inter- 
changed. 


(3.c) a,b are both negative. 

First consider the versor action of only one negative vector. Let a = c/p1+pie/2 
be a negative unit vector, where c € Ne. Let s; = c¢ — pje/2. Then 

a= si(e Ac) _ _(eAc)si (8.1.3) 
pie-c pie-:c 
So Ad, is the inversion with respect to sphere s} succeeded (or just the same, pre- 
ceded) by the reflection with respect to the center of the sphere. This transformation 
is called the antipodal inversion with respect to sphere sf. 

For two negative unit vectors a,b, by (8.1.1), ab is still a dilation of positive 
scale. If e € Ig, then c is still the center of the dilation. If e ¢ Iz, ab can be 
written as the composition of two inversions and a dilation. 

Below we seek to represent ab by a pair of positive vectors. We only consider 
the case e € Ip. Let Ip =e Ac, where c € Ne. Since a,b are both unit negative 
vectors in eA c, they take the form 


Cc pie c p2e 
qa 22 pee 8.1.4 
pi 2 p22 ( ) 
Let s; = c — p?e/2 for i= 1,2. By (8.1.3), 
ab = —210¢ Ae) (eAc)s2 _ _ 8182. (8.1.5) 
ple:c p2e°C P1P2 


As an application, given a Minkowski blade A, = a, A--- Aa, Ax, where x 
is a point (null vector) and the a; are arbitrary vectors in R"*!, all the non-null 
vectors among the a; can be replaced by either null vectors or tangent directions at 
point x, so that A,. is rewritten as the outer product of several points (null vectors) 
and a high dimensional tangent directions at point x. This form has much clearer 
geometric meaning than the original form of A,. 

The rewriting is based on versor action. We use an example to illustrate it. 
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Example 8.1. Let Az; =aAx/Ay € A(R"*1"), where x,y are null vectors repre- 
senting two points in E”, and a is either a positive vector or a negative one. Then 


a can be replaced by either a null vector or a tangent vector at point x, under the 
constraint that the outer product aA x / y is invariant up to scale. 


For any null vector b not orthogonal to a, since blade aA b is Minkowski, there 
is a unique null vector c € aA b other than b up to scale. Denote it by c = c(b). 

First, when a- e 4 0, choose b = e. There are three cases: 

(i) If points c,x,y are collinear, then Az =e Ax y up to scale. 

(ii) If c,x,y are not collinear, and a-x #0, then Ada(x) € Ag is a null vector 
that is not equal to e even up to scale. Ag represents the circle passing through 
three different points x, y, Ada(x). 

(iii) If ¢,x, y are not collinear, and a- x = 0, then in the GC algebra over the 
4D subspace spanned by vectors e,c,x,y, (eA cA x) V (aA xAy) = [ecxyla/ x. 
So x is the point of tangency of line cx and circle Ags, and Ag is the circle passing 
through point y and tangent to line cx at point x. Up to scale, 


A3 =((eAx) 1 - (eACAx))AxAy = —Pa,(c) AxAy. 


Second, when a-e = O, then a™~ represents a hyperplane. Choose point b 
arbitrarily. There are also three cases: 

(iv) If points b,c, x, y are either cocircular or collinear, then A3 represents circle 
or line cxy. 

(v) If the four points are not cocircular, and a: x # 0, then A3 represents the 
circle or line passing through three different points x, y, Ada(x). 

(vi) If the four points are not cocircular, and a: x = 0, then Az is the circle or 
line passing through point y and tangent to circle bex at point x. In the inner- 
product Grassmann algebra over the 4D subspace spanned by vectors b,c, x,y, the 
tangent line of circle bex at point x has positive-vector representation 


d=e:(xA ((bAcAx):-(bBACAxAy))). 
So up to scale, Ag =dAxAy. 


Conversely, from the effect of a conformal transformation we can find a versor 
generating the transformation. The following are some examples. 


Example 8.2. The 2D rotation centering at point c, changing point b to point a 
while fixing every point on the (n—2)D plane passing through point c and completely 
orthogonal to plane abc, is induced by the following rotor in G((e A c)~): 


((e- b) Peje(a) + (€- a) Pére(b)) Pere (b) = ule A € A (aeb)1)(e Ac Ab), 


where yp € R— {0}. In particular, the rotation from vector y € R” = (eA c)~ to 
vector x € R” is induced by rotor (x + y)y. 
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Example 8.3. The translation from point b to point a is induced by the following 
rotor in G(e~): 


(eA ((e-a)b + (e- b)a))(e A b) = (eA (aeb)1)(eA b) = —(2+ eA (a—b)). 


In particular, the translation by vector t € R” is induced by rotor 2+eAt = 
(2t—+ +e)t. 


Example 8.4. The dilation centering at point c and changing point b to point a, 
is induced by a rotor in G(e Ac) of the form Ae-c +eAc, where \ € R is an 


indeterminate that can be computed as follows. 
— — 


Geometrically, the dilation changes vector cb to vector ca in R” = (eAc)~. By 
(8.1.2), in the inner-product Grassmann algebra over the 3D subspace spanned by 
vectors e,c,a, the dilation changes vector e to vector 

e- bleca] 7 
e-alecb] ~ 
Algebraically, the graded adjoint action of the rotor changes e to 
A+1 
Qe-c+teAcje(Ae-cteAc) t= “te. 
So 
[ecble-a+ [ecaje-b _[ebcje-a+ [eacle-b 
r SS SSS SS SS = 
[ecble -a — [ecaJle-b [eabje-c 
and the rotor inducing the dilation is 
[ebcje - a + [eacle - b + [eab]e A c = [e(aeb) ;c] + [eabje A c. (8.1.6) 


In particular, the reflection with respect to point c is induced by rotor eA c. 


Example 8.5. A transversion in E” is defined as the composition of an inversion 
with respect to a sphere s~ = (c— p?e/2)~, a translation by vector t € (eAc)~, and 


once again the inversion with respect to s~. A rotor generating the transversion is 


s(1+ os = X(1+e¢(p°t)), (8.1.7) 


where A € R— {0}. Point c is invariant under the transversion, and is called the 
center of transversion. p~t is called the vector of transversion. 


By a classical theorem of Liouville [130], all orientation-preserving conformal 
transformations are generated by rotations, translations, dilations of positive scale, 
and transversions. 


Definition 8.6. A similarity transformation in E” refers to a composition of Eu- 


clidean transformations and dilations. A rigid body motion refers to an orientation- 
preserving Euclidean transformation. 
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For example, all rotations, translations, and dilations of positive scale in E”, are 


orientation-preserving similarity transformations. The reflection with respect to a 


point is orientation-preserving if and only if n is even. The antipodal inversion with 
respect to a sphere, on the contrary, is orientation-preserving if and only if n is odd. 

In E”, a Euclidean transformation is generated by reflections with respect to 
hyperplanes, a rigid body motion is generated by rotations and translations. In 
the conformal model, a conformal transformation is a similarity transformation, 
or a Euclidean transformation, or a rigid body motion, if and only if it fixes the 
1D subspace e, or vector e, or both vector e and the orientation I,42 of R°+'!, 
respectively. 

Having classified all versor generators of length one and two of the conformal 
group, we are ready to explore the global relationship between the versor group of 
G(R"*1") and the conformal group of R”. 

The set NV of all null vectors in R”+!! has two connected components. In 
particular, null vectors +a are always in different connected components, as 0 is not 
a null vector. An orthogonal transformation in R"+!! keeping each component of 
N invariant is called a positive orthogonal transformation. All such transformations 
form a subgroup O(n+1, 1) of O(n+1, 1), called the positive orthogonal group. The 
orientation-preserving orthogonal transformations of R"++ form another subgroup 
SO(n+1,1) of O(n +1, 1), called the special orthogonal group. The intersection of 
the two subgroups, denoted by SO(n + 1,1), is called the Lorentz group, and its 
elements are called Lorentz transformations. Lorentz transformations are the linear 
isometries of R"*+!! connected with the identity transformation. 

The negative vectors in R"*+!! also form two connected components, and each 
component asymptates a connected component of NV. Two negative vectors a,b are 
in the same connected component if and only if a-b < 0. The reason is that because 
b-b <0 and the inner product is continuous, when a is close to b, a- b is always 
negative. 

For each null vector c, the 1D half-space {Ac|\ > 0} can be approached by a 
sequence of negative vectors. For two null vectors of the same component, the two 
sequences of negative vectors each approaching a 1D half-space generated by one of 
the two null vectors, belong to the same connected component of negative vectors. 
By the continuity of the inner product, we have 


Proposition 8.7. Any two null vectors a,b € R”*!! are in the same connected 
component if and only if a-b <0. 


Definition 8.8. A versor in G(R"*!") is said to be Lorentz if it is a Clifford mono- 
mial where the number of negative vectors is even. 


By (8.1.5) and commutations within a versor, any Lorentz versor is equal to a 


positive versor. They differ only by the representative vectors. Any positive versor 
induces a positive orthogonal transformation in R"*!'+!. To see this we only need 
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to check the graded adjoint action of a positive unit vector s on a null vector a. By 
Ad,(a) -a = —(sasa) = —2(a-s) < 0, 
Ads preserves every component of the null vectors. 


Proposition 8.9. Any positive rotor induces a unique Lorentz transformation in 
R”"*+1!, Conversely, any Lorentz transformation in R"*+! is induced by a positive 
rotor unique up to scale. 


In the conformal model of E”, any versor V and its dual V~ induce the same con- 
formal transformation. Since I,,,2 contains a negative vector, it always interchanges 
the two connected components of null vectors. So any conformal transformation in 


“” is induced by a positive versor that is unique up to scale. 


Any reflection with respect to a hyperplane reverses the orientation of E”, so does 


any inversion with respect to a sphere. A conformal transformation is orientation- 
preserving (or orientation-reversing) if and only if it can be induced by a positive 
rotor (or positive odd versor). 


8.1.2 Geometric product of Minkowski blades 


In the conformal model, the dual of a Minkowski blade is a Euclidean blade, and 
the latter is the geometric product of pairwise orthogonal positive vectors. Since a 
Minkowski blade and its dual induce the same conformal transformation, a geomet- 
ric product of Minkowski blades has the geometric interpretation of being a versor 
generator of a conformation transformation. 

Below we categorize the geometric products of up to two Minkowski blades in 
3D Euclidean geometry. We assume that the generating vectors of any Minkowski 
blade are null, so that they represent either points or the conformal point at infinity. 
In this subsection, vectors a,b,c, a’, b’,c’ are always assumed to be null vectors in 
Nz representing points in E?. 

First we consider the case of only one Minkowski blade. 


Definition 8.10. For 0 < r < n—1, a reflection with respect to an rD plane in 
i” refers to the Euclidean transformation induced by the Minkowski blade repre- 
sentation of the rD plane as a versor. An inversion with respect to an rD sphere 
in E”, refers to the conformal transformation induced by the Minkowski blade rep- 
resentation of the rD sphere as a versor. When r = n — 1, they are called regular 
reflection and regular inversion respectively, or simply called reflection and inversion 
by default. 


For s > r, the reflection with respect to an rD plane fixes every sD plane 
containing the rD plane. When the reflection is restricted to such an sD plane, it is 
called a reflection on the sD plane. Similarly, the inversion with respect to an rD 
sphere fixes every sD plane or sphere containing the rD plane. When the inversion 
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is restricted to such an sD plane or sphere, it is called an inversion on the sD plane 
or sphere. 


Proposition 8.11. Let A,,B, be respectively (r — 2) and (s — 2)D spheres or 
planes in E”, and let A, V B, be Euclidean. Then sphere or plane (A, V B,)~ is 
invariant under the inversion or mirror reflection with respect to any of A,, Bs. 


Proof. Direct from (A; VB,;)~ = BY AA and the (anti-)commutativity between 
By A A*® and any of AY, BY in their geometric product. L 
We return to the case of 3D geometry. In R*!, a Minkowski blade of grade four 
is either a plane or sphere in space, and induces either an inversion or reflection. 
A Minkowski blade of grade two, when taken as a versor, has two possibilities: 
(1) eAa: it generates the reflection with respect to point a. By definition, this 
is just the reflection with respect to 0D plane e/a. 


(2) aA b: it generates the inversion with respect to 0D sphere (a,b), of which 
the geometric description is as follows (Figure 8.4): 


Fig. 8.4 Inversion with respect to 0D sphere (a,b): points i, i’ are interchanged. 


When restricted to line ab, Ada,p is the regular inversion with respect to circle 
(a,b). It interchanges e and the midpoint map of line segment ab, but fixes a and 
b respectively. 

When restricted to a circle C passing through points a, b: 


e Any line LZ passing through point map and perpendicular to line segment ab is 
invariant. If C and LE are coplanar, then Adg,p interchanges the two points of 
intersection of C' and L. 


e Any line L’ passing through point map is changed to its mirror reflection L” 
with respect to line ab in the plane II supporting lines L’ and ab. If circle 
C lies in plane II, then the perpendicular bisector DL of line segment ab in 
plane II separates the plane into two half-planes, and in each half-plane Adajb 
interchanges D/C and L” NC. 
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A Minkowski blade of grade three as a versor also has two possibilities: 


(3) eAaAb: it generates the mirror reflection with respect to line ab, i.e., the 
180° rotation in space with respect to axis ab. The mirror reflection fixes every 
plane passing through line ab, and on every such a plane it is a regular reflection. 


(4) aAbAc: it generates the inversion with respect to circle abc. The geometric 
description is as follows (Figure 8.5). 


Py 
ye |L 
XK a La 8 II 
x’ b 
P2 


Fig. 8.5 Inversion on a sphere. 


On the supporting plane II of circle abc, Adaaprc is a regular inversion, denoted 
by I. Denote the normal line of plane IT passing through the center of circle abe by 
L. Then LF intersects every sphere S passing through the circle at two points py, po. 
Do stereographic projection P from point p; to plane I]. Then S is projected onto 
ITU {e}. The inversion on sphere S$ is just the composition P~! 0 Io P. 

Since any point can be changed into the conformal point at infinity by an in- 
version, below we consider only the case where any Minkowski blade contains e. 
The geometric product of such blades always induces a Euclidean transformation, 
because vector e is always fixed. 

Let V = AB, where A,B are Minkowski blades containing e and are not equal 
to each other up to scale. Since the inverse of AB equals BA up to scale, without 
loss of generality, we can assume that the grade of A is not bigger than that of B. 
There are all together ten different combinations by grade and by the geometric 
relationship among the constituent null vectors of the two blades. 


(5) Versor 
V =(eAaj(eAb) = (e-a)(e- b) +e A (e: (aA b)) (8.1.8) 
generates twice the translation from point b to point a. 
(6) Versor V = (eA a)(eAaAb) = PL, (b) is in fact a positive vector that 
represents the plane passing through point a and perpendicular to line ab. Ady is 
the reflection with respect to the plane. 


Definition 8.12. (Figure 8.6) In E%, the glide mirror reflection with gliding vector 
t and mirror plane M, where t is in the space of displacements of the mirror plane, 


refers to the transformation that fixes every plane perpendicular to plane M but 
parallel to vector t, changes every plane parallel to M to its mirror reflection with 
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respect to M, and translates by vector t every plane perpendicular to both M and 
t. 


M , 
a 
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Fig. 8.6 Glide mirror reflection: points a’,b’,c’ are changed into points a’, b’’,c”” respectively. 


(7) Let V = (eA a)(e Aa’ Ab’), where point a is not on line a’b’. 

As shown in Figure 8.6, let c’ be the foot drawn from a to line a’b’, and let c” 
be the reflection of c’ with respect to point a. Let II be the plane supporting point 
a and line a’b’, and let M be the plane passing through line c’c” and perpendicular 
to plane H. Then Ady is the glide mirror reflection with gliding vector ce! and 
mirror plane M. 

The glide reflection transforms uniformly on every plane parallel to HI. On 
plane IT, line c’c” is invariant, and every point on the line undergoes a translation 
by vector cle. Line a’b’ is first translated by vector ce! , and then flipped over on 
plane II, with line c’c” as the flipping axis. 

By setting a to be the origin of R°, choosing a’ = c’, setting t = ala and 


— 
n = a’b’ in R?, we can write ea’ Ab’ as (eA a)n—etn. The following is the 
normal form of the versor inducing the glide mirror reflection with gliding vector 


2t and mirror plane through the origin and normal to vector n: 
V =n(1+et) = (1+ et)n. (8.1.9) 


(8) Versor V = (eA a)\(eAadAb’ Ac’) is a 2-blade in A(R*') dual to the 
Minkowski 3-blade representing the line passing through point a and normal to 
plane abc. Ady is the mirror reflection with respect to the line. 


Definition 8.13. The screw motion, also called spiral displacement, refers to the 
composition of a rotation and a translation along the axis of the rotation. 

When the rotation angle is 180°, the screw motion is called a glide axial reflec- 
tion, where the gliding vector is the translational vector, and where the azis is the 
axis of rotation in the screw motion. 


(9) Let V = (eA a)(eAa’ Ab’ Ac’), where point a is not on plane a’b’c’. 
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Q”’ 


Fig. 8.7 Glide axial reflection: points a’,b’,c’,d’,x’ are changed into points a’, b’’,c’’,d’’,x” 


respectively. 


As shown in Figure 8.7, let d’ be the foot drawn from a to the plane, and let d” 
be the reflection of d’ with respect to point a. Then Ady is the glide axial reflection 
with gliding vector d’d” and axis d‘d”. It translates by vector d’d’ every plane 
that is parallel to plane a’b’c’, at the same time makes a 180° rotation on such a 
plane. 

—> — 

By setting a to be the origin of R%, choosing a’ = d’ and a’b’ 1 a’c’, and 
setting t = a’a, 1, =a’b’, lp =a’c’, leg = Iz in A(R), so thateAa’ Ab’ Ac’ = 
(e A a)llg — ethle, we get the following normal form of the versor inducing the 
glide axial reflection with gliding vector 2t and axis through the origin: 

V =L(1+et) =(1+et)Iy. (8.1.10) 

(10) Let V = (eAaAb)(eAa’ Ab’), where lines ab, a’b’ are coplanar. 

If the two lines intersect, let c be the point of intersection, and let L be the line 
perpendicular to both lines and passing through point c, then Ady is the rotation 
with axis L and twice the angle of rotation from line a’b’ to line ab. If the two 
lines are parallel, let t € R® be the translational vector from line a’b’ to line ab, 
then Ady is the translation by vector 2t. 


(11) Let V = (eAaAb)(eAa’ Ab’), where lines ab, a’b’ are noncoplanar. 
Let L be the common perpendicular of the two lines, and let c,c’ be the in- 


tersections of L with the two lines respectively. Then Ady is the screw motion 
with translational vector 2 c’c and twice the rotation from vector a’b’ to vector ab 
having L as the axis. 

By setting c to be the origin of R°, choosing a’ = c’, and setting t = ala a, h= 
ab, l, = a’b’, we get the following normal form of the versor inducing the screw 
motion: 

V =hh(l+et) = (1+ et)lil. (8.1.11) 

The common perpendicular of the two lines is the intersection of two planes 
eA\aAbAtandeAa’ Ab’ At. Let I3 = (eA e9)~ in A(R*!). Then t can be 
expressed up to scale as 


t = {((eAaAb) VIs) A ((eAa’ Ab’) VIs) Hs. (8.1.12) 
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Fig. 8.8 Screw motion. 


(8.1.12) requires the use of the origin e9. We can change it into an origin-free 
expression as follows. Since Az = (eAaAb)~ is the 2D normal direction of line ab, 
and A4 = (eAa’Ab’)~ is the 2D normal direction of line a’b’, their 1D intersection 
should be t up to scale. In the affine GC algebra A(e~) = A(e A R**), up to scale, 


eAt=(eA Ag) V (eA AS). (8.1.13) 
(12) Let line ab be on plane a’b’c’. Let V = (eAaAb)(eAaAbaAc’). Then V is 


a positive vector representing the plane passing through line ab and perpendicular 
to plane abc’. Ady is the mirror reflection with respect to the plane. 


Definition 8.14. In E®, an antipodal rotation, also called reflexive rotation, is the 


composition of a rotation and a reflection with respect to a point on the axis of the 
rotation, see Figure 8.9. 


n 
He 


x iN ‘ 
IN 
/ aX | | 
/ Ps x’ 
7 / & 
b’ 


x” °’ 


Fig. 8.9 Antipodal rotation: point x is changed into point x’ by reflection with respect to center 
a, and then changed into point x” by rotation with axis N. 


(13) Let line ab intersect plane a’b’c’ at point a, and let point b be outside the 
plane. Let V = (eAaAb)\(eAadb’ Ac’). 

As shown in Figure 8.9, let L be the line passing through point a and perpen- 
dicular to plane ab’c’. Let the tangent directions of lines ab, ab’, ac’ at point a be 
t,t1,t2 € (eAa)~ respectively. Denote I3 = (eAa)~. Then n = (t; At2)I3" is the 
normal direction of plane ab’c’, and 

V= (e A a)t(e A a)(ti A to) = t(ti A to) = tnI3. (8.1.14) 
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Let N be the line in plane ab’c’ passing through point a and perpendicular to 
line ab. Then Ady is an antipodal rotation: it is the composition of twice the 
rotation from line L to line ab with axis N, and the reflection centered at point a. 

(14) Let V = (eAaAb)(eAa’ Ab’ Ac’), where line ab is parallel to plane a’b’c’. 

As shown in Figure 8.10, let d’ be the foot drawn from a to plane a’b’c’. Then 
Ady is the glide mirror reflection with gliding vector 2 da and mirror plane abd’. 


Fig. 8.10 Glide mirror reflection induced by a parallel pair of line and plane: points a’, b’,c’, d’, x’ 


" 


are changed into points a”, b”,c”,d”,x” respectively. 


— 
By setting a to be the origin of R®, choosing a’ = d’, and setting t = a’a, m = 


ab = a/b’, n=b’c’ in R®, so that m is a unit vector, we get the same normal form 
of the versor inducing the glide mirror reflection as (8.1.9): 


V =(eAa)m{(e A a)mn — etmn} = n(1 + et) = (1+ et)n. (8.1.15) 


8.2 Cayley transform and exterior exponential 


In this section, we investigate rotors in the conformal model by their Lie algebra 
generators. 

Recall that for a nondegenerate inner-product space V”, the group of rotors 
differs from Spin(V”) by a factor K — {0}. Since the Lie algebra of the spin group 
is all bivectors in A(V”), any rotor nearby the identity can be expressed up to scale 
as the exponential e®? of a bivector By € A?(V"). By a classical theorem of Riesz 
[150], if V” is (anti-)Euclidean or (anti-)Minkowski, then any linear isometry of V” 
connected with the identity is induced by a rotor of the exponential form. 

As a corollary of Riesz Theorem, any positive rotor in G(R"**) is in the range 
of the exponential map, and all orientation-preserving conformal transformations 
are induced by rotors of the exponential form. 


Definition 8.15. In A?(V"), where V” is an inner-product space, if 


Bo =A,+Ao+---+A,, (8.2.1) 
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where 2r is the rank of Bz, the A; are 2-blades such that for any i 4 j, A; and 
A, are completely orthogonal to each other, then (8.2.1) is called a completely (or 
totally) orthogonal decomposition of bivector Bo. 


It is a classical result in the eigenvalue (or spectral) theory of orthogonal transfor- 
mations [150], that if V” is (anti-)Euclidean or (anti-) Minkowski, then any bivector 
in A(V”) has a completely orthogonal decomposition. The decomposition (8.2.1) is 
unique if and only if for any i 4 j, Aj # Aj. For any other nondegenerate real 
inner-product space, the conclusion is incorrect. 

In the current setting of the conformal model of E”, any bivector Bz € A(R"*') 
has a completely orthogonal decomposition as follows: 


Bo = A, + Ag+---A, = Aya, by + Azagb2 +---+ A;a,;b,, (8.2.2) 


where A; 4 0, blades Aj,...,A,— 1 are Euclidean, and blade A, is either Euclidean, 
or degenerate, or Minkowski. Correspondingly, for the vectors a; and b,, 


(1) a;-b; =0 for any i,j, 


(2) a;-a; =0 and b;-b; = 0 for any iF J, 
(3) a? = 1 for any i, 

(4) b? = 1 for any i #r, 

(5) b? =1, or 0, or -1. 


With respect to the decomposition (8.2.2), the exponential map has the following 
(hyperbolic) trigonometric function form: 


eB2 = e“1 ef2 eu .eAr 
= (8.2.3) 
= (cos A; + a,b; sin \;)--- (cos A;—1 + ap_1b,_1 sin A,-—1) 1, 


where 
cos A, + a,-b, sin A,, if b? = 1, 
w= 41+ drarbr, if b2 =0, (8.2.4) 
sinh, +a,b,coshA,, if b2 =—1. 


Example 8.16. The Lie algebra representation of 3D rigid body motions. 


Any rigid body motion in space can be decomposed into a rotation followed by a 
translation. It can also be decomposed into a translation followed by a rotation. The 
decomposition is not unique without fixing the axis of rotation. However, there is a 
unique decomposition, in which the axis of rotation follows exactly the direction of 
translation. This is the screw motion. So any rigid body motion is a screw motion, 
and the unique decomposition theorem is known as Chasles’ Theorem [77]. 

In the Lie algebra A?(e~) of the spin group of rigid body motions, where the 
dual operator is in A(R*"), the unique decomposition of a rigid body motion cor- 
responds to the unique completely orthogonal decomposition of the bivector Bz 
whose exponential map generates the rigid body motion. The uniqueness is be- 
cause if By = C; + C2 is such a decomposition, then C? < 0 = C2. Below we 
compute C, and C2 explicitly. 
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Let e1,€2,e3 be an orthonormal basis of R?. Then A?(e~) has an orthonormal 
basis e1e2, e2€3, €1e€3, €€1, €€2,ee3. Any nonzero bivector in A?(e~) can be written 
as 

_ I,0 + et 


B, =, (8.2.5) 


where 2-blade Iz € A(R?) is of unit magnitude, 6 € R, and t € R®. 
If 6 = 0, then eP? induces the translation by vector t. If 6 4 0, then 
1,6+ePr,(t) _ 1-e(t-1n)e*, eP;; (t) 
_ _ : _ 


¢, = SSN a = SBE, 


; ; (8.2.6) 


_ eo e(t-I2)/ (28) 6120/2 ,e(t-I2)/ (26) ,ePy, (t)/2 
0 gd 1 gd 1 gd 1 0 
= COS 5 +I, sin 5 + gehts (t) sin 3 + 5ePin (t) COS 5 + 5ePiz (t)I2 sin 5 
e®? induces a screw motion with the vector of translation Py (t), the axis of rotation 
passing through point —t -I2/0 € R®, and the angle of rotation —0. 


In application, rational polynomial functions are much simpler than exponentials 
or trigonometric functions. For the special orthogonal group SO(p,q), whose Lie 
algebra so(p,q) is the set of antisymmetric linear transformations g in R??, i.e., 
g(x)-y = x- g(y) for all x,y € R?%, besides the exponential map, there is also 
a classical rational polynomial map from the Lie algebra to the Lie group, called 
Cayley transform [130]. 


Definition 8.17. The mapping 


so(p,q) —> SO(p, q) 


a (8.2.7) 
g +> (Ip. + 9)(Ipe.2 — 9)~', where Ige.2 — g is invertible, 


is called the Cayley transform from so(p,q) to SO(p,q). The mapping is injective 
but generally not surjective. 


In the conformal model of E®, any orientation-preserving conformal transforma- 
tion is induced by a Lorentz transformation in R*!, which in turn is induced by 


a positive rotor of exponential form in G(R*1). A natural idea is to consider sim- 
plifying the exponential map by a fractional linear map in the setting of CL(R*'), 
similar to the matrix transformation (8.2.7). 
Definition 8.18. [130] The following mapping C: 

M2 R*1 —4 G R*1 
( ) ( ) a : (8.2.8) 
B2 += (1+By2)(1—Bz)~', where 1 — Bg is invertible, 


is called the Cayley transform from Lie algebra A?(R*!) to the group of rotors in 
G(R*1). 
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Proposition 8.19. (1) If Bz is a blade, then 1 — Bz is not invertible if and only if 
Bz is Minkowski and of unit magnitude. 1 — Bg is invertible if and only if 1 + Bz 
is invertible. When 1 — Bz is invertible, 
a 1 + Bo 
(1 _ Bz) _— 1_ B2 ’ 
and in the notation of (8.2.2), C(Bz) is the Lorentz rotor (ai(a; + A1b1))?. 
(2) If Bo is not a blade, then in the notation of (8.2.2), 1—Bz is always invertible, 


(8.2.9) 


and C(Bz2) is the positive rotor a1(#a; + bj )ag(yag + bz), where 
c= ama y= aa if b3 =1; 
= Xt. y= 1x, if b2 = 0; (8.2.11) 
_ ey fe manny if b3 = -1. 


Proof. (1) If B23 #1, then (8.2.9) is obvious. If B3 = 1, then 1—Bz = a;(ai—b). 
Since a; — by, is null, 1 — Bg is not invertible. 
(2) The discriminant for the invertibility of 1 — Bg is 


Ap, = (1+ Ai + Ag)(1+ Ai — Ag)(1 — Ay + Ag)(1 — Ay — Ag). (8.2.12) 
1 — Bz is invertible if and only if Ap, #0. In the notation of (8.2.2), 
Ap, =1+ A{+ A$ — 2A? — 2A3 — 2A7A2 
(1+ (Ai — A2)?)(1 + (Ar + A2)?), if b? =1 
= (ineoa if b3 =0 (8.2.13) 
(At + (1+ A2)?)AT + (L—A2)?), if b3=—1 
> 0, 


so 1 — Bg is invertible. From 
(1+ A; + Ao)(1+ Ai —Ag)(1 — Ai + Ag)(1 + Ai + Ad) 
= (1+ Aj —A3+2A1)(1+ AZ — Aj +2Ad), 


we get (8.2.11). That the vector yaz + bz is positive is easy to verify. L 


Theorem 8.20. The domain of definition of Cayley transform C is all bivectors 
except the Minkowski blades of unit magnitude, and is a set R'° — V°, where V® 
is a 5D algebraic variety in R!°. The image space of C modulo scale is all positive 
rotors except those of the form a;agag3a4, where the a; are pairwise orthogonal pos- 
itive vectors. Geometrically, the image space modulo scale is composed of positive 
rotors generating all orientation-preserving conformal transformations except the 
antipodal inversions; topologically, it is the remainder of the Lorentz group of R*!, 
which is a 10D connected Lie group, after removal of a 4D open disk. 
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Proof. All bivectors in R*! form a 10D real vector space. The Minkowski 2-blades 
in A(R*') form a Grassmann variety O(4,1)/(O(1,1) x O(3)), whose dimension is 
10 —1—3=6. The unit Minkowski 2-blades form a 5D algebraic variety. 

For the image space of C, when Bz € A?(R*") is a nonzero blade, it is easy to 
see that the set {C(\Bz2) | \ € R, A?B3 4 1} modulo scale is composed of all rotors 
in G(B2) of the form eB2°. 

When Bz is not a blade, by (8.2.11), Ariz + Aoy = 1. If b3 = 1, by (8.2.11), x 
can take any value in R by varying the two \’s. When x ¥ 0 is fixed, then 

—l-dAw 142? 4+2/14+274+3 
y= ‘a —— ee , 
so y can take any value in R by varying Ag. When x = 0, then y can take any value 
in R—{0}. If a,b, +2 is rotor e911, then x = ctan 41; if agb2+y is rotor e9222b2, 
then y = ctan 6. So all rotors of the form e®!41e%242 up to scale, where e4' F 1, 
are in the image space of Cayley transform, except for A; Ag. 

If b3 = 0, by similar argument we get that all rotors of the form e?!41e942 up 
to scale, where e?'4i #1, are in the image space of Cayley transform. 

If b3 = —1, by (8.2.11), y can take any value in R — [1,1]. When y > 1 is 


fixed, then 
l-ytyV/y2-1-r 
Le 
Ay 
so z can take any value in R by varying » € [—./y? — 1, \/y? — 1]. Similarly, when 
y < —1 is fixed, x can take any value in R. If ayb; + 2 is rotor e®™>1, then 
x = ctan6,; if agb2 + y is rotor e%@2b2 then y = ctanh@2 > 1 or < —1. So all 
rotors of the form e9!41e%42 up to scale, where e%4i 4 1, are in the image space 


of Cayley transform. LJ 


73 


Corollary 8.21. All orientation-preserving similarity transformations in can 
be induced by bivectors in A(R*!) through Cayley transform and graded adjoint 
action. 


Given a bivector Bz that is neither a blade nor in the form of a completely 
orthogonal decomposition, the inverse of 1 — By can be determined as follows: 


(1+ Bo)(1 — Bg) = 1 — (B3) — (B3)a, 
(1 + Ba)(1 — Bz)(1 — (B3) + (B3)4) = 1 — 2(B3) + (B3)? — (B3)z = Ap,. 

By (8.2.13), Ag, #0, so 1 — Bg is invertible, with inverse 

(1 — B2)"* = A71(1+ Ba) (1 — (B3) + (B3),). (8.2.14) 
In fact, (8.2.14) is valid for all bivectors in the domain of definition of C. 
Proposition 8.22. For any Bz € A?(R**) such that B3 4 1, the following equality 
holds up to scale: 

C(B2) = (1+ B2)?(1 — By - Bz + Bz A Bz). (8.2.15) 
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(8.2.15) can be used as an alternative definition of Cayley transform. From this 
aspect, Cayley transform is just a polynomial of degree 4 in Bog, with values in the 
group of positive rotors of G(R*"). 

In the following, we compute the “inverse” of Cayley transform by finding all 
the preimages of a rotor in its range. Given a positive rotor A such that A 4 1 up 
to scale, let Bz be a bivector whose Cayley transform equals A up to scale. From 
(1+ Bg)(1 — Bz)7! = AA, we get 

(QA -DQA+1)7) =0, 
(AA —1)(AA +1)71)4 =0, (8.2.16) 
(AA —1)(AA 4+ 1)71)o = Bo. 

If (A)4 = 0, then the discriminant for the invertibility of AA + 1, denoted by 

A, is 


A = (AA +1)(1+ (A) — MA)2) 
aia ) + A?((A)? — (A)3) 


= =( NA)(1 + AAT). 


It equals zero if and only if AA + 1 is not invertible. 
There are at most two values of A such that A = 0. When A 40, 


(AA + 1)7* = A71(1 + A(A) — A(A)o). 
From the first equation of (8.2.16) we get \7 = (AA‘)~1, so A = 2(1+ A(A)). 
If (A) = 0, then A = 2. If (A) £0, then A = 0 if and only if (A)? = 0 and 
\ = —(A)~!. So for (A)4 = 0, if (A)2 is degenerate, then (8.2.16) has a unique 
solution \ = (A)~?; else, (8.2.16) has two solutions \ = +,/(AA?‘)~-!. From the 
last equation of (8.2.16), we get 


A-At 
a if (A)2 =0 
Bye a) i (8.2.18) 
oe tle KERN A-At — 
——____., otherwise. 
A+Ai+2VAAT 


Notice that if By has two solutions B’,B”, then B” = B’~'. 

If (A), 4 0 but (A) = 0, for A to be within the range of Cayley transform, 
(A)2 must be a nonzero blade. The discriminant A for the invertibility of \A +1 
is 


A = (1+ AA)(1 + A(A)2 — MA)a)(L — A(A)2 + A(A)a)(L — A(A)2 — A(A)a) 
= 1+*((A)3 — (A)Z)? — 2d? ((A)3 + (A)3) 
1+.4(AAt)? — \?(A? + AT”). 

There are at most four values of A such that A = 0. When A ¥ 0, 
(1+ AA)~* = A~*(1+ MA)2 — A(A)a)(1 — A(A)2 + A(A)a)(1 — A(A)2 — A(A)a).- 
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Substituting it into (8.2.16), we get A? = (AAT)—!, so A = —4)?(A)3. 
When 2-blade (A). is degenerate, then A = 0. Furthermore, (A)7 > 0 because 
rotor A is positive. So blade (A)4 must be Euclidean. However, no Euclidean space 


allows a degenerate subspace. This contradiction shows that (A) is nondegenerate. 


So A #0, and 
Bz = —4A~*\(A)2(A(A) 4 — 1) 


((A)a —A7*)((A)2) “7 (8.2.19) 
A-At 


sy OUEST TG 
If both (A)4 and (A) are nonzero, by (6.3.41), (A)2 is not a blade, and 
2(A) (A)a = (A)3 — ((A)3). (8.2.20) 

Using AAT = (A)? + (A)Z — ((A)3), we get the discriminant A for the invertibility 
of AA + 1 by the following steps: 

D:=(QA41)(14 (A) + A(A)4 = A(A)2) 

=1+7(A)? + A\?7(A)F + 2A) — A72((A)2) + 2A) sy 

1+ d7AAT +4 2X(A) + 2MA)a, 


A =D(1+)?AAT 4+ 2X(A) — 20(A)a) 
= (1+ 7AAT 4+ 2X(A))? — 4)? (A)? 
= \4(A AT)? + 43 (A)AAT 4+ 2)2(A AT 4 2(A)? — 2(A)2) + 4N(A) +1. 
When A 4 0, 
QOA+ 1)? = A*(1 + A((A) + (A)4 — (A)2))(1 + 7A AT + 2X((A) — (A)y)). 


Substituting it into (8.2.16), we get A? = (AAT)—!, so A = 4{(1+A(A))?—A2(A)FI. 
If A = 0, then 


(A)? = (A7! + (A))? > 0, (8.2.21) 
so (A)4 is Euclidean. By \~? = AAT = (A)? + (A)¥ — ((A)3), (8.2.21) can be 


written as 


he ~ — (A). (8.2.22) 
Substituting it into (8.2.21), we get 
((A)2)* = 4 (A)?(A)3. (8.2.23) 
Substituting (A)4 = (A)2 A (A)2/(2(A)) into (8.2.23), we get 
((A)2 - (A)2)” = ((A)2 A (A)2)?. (8.2.24) 


The following argument gives an interpretation of condition (8.2.24). By com- 
pletely orthogonal decomposition, (A)z = C; + C2 where C,,C2 are Euclidean 
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2-blades in A((A)4). So (A)o- (A)g = C7 + C} < 0, and (A)2 A (A)2 = 2C1Co. 
Substituting them into (8.2.24), we get (C? + C3)? — 4C?C2 = (C? — C2)? =0 
i.e, C? = C3. When this happens, the completely orthogonal decomposition is not 
unique. 


Definition 8.23. A bivector is said to be entangled, or coherent, if in its completely 
orthogonal decomposition there are two components having equal square. 


(8.2.24) is the criterion for bivector (A)2 € A?(IR**) to be entangled. If (A)2 is 


not entangled, then A 4 0 for both \ = +,/(AAT)~!, and 
Bz = 4A~*A(A)2(1 + A((A) — (A)a)) 
= MA)2 
~ 14+ A((A) + (A)a) (8.2.25) 
A—Ai 


A+At+2VAAT 

If (A) is entangled, then (8.2.23) holds. So ((A)3) = —2|(A) (A),4| because it 
is negative. Then |A| = V AA? = |(A)| +|(A)a4|. In order to have A # 0, the only 
choice of \, by (8.2.22), is 


71 = (A) -— oo = (A) + A. (8.2.26) 
So 
Bo sata = (A)2 (8.2.27) 


~ A+At+2VAAT(A)/|(A)|  (A)a +2(A) + [(A)(A)al/(A) | 


Theorem 8.24. A positive rotor A in the range of Cayley transform has exactly 
one bivector preimage if and only if either it is in A(C2) where C2 is a 2-blade 
of degenerate signature, or its bivector part is entangled. The unique solution is 
(A)o/((A)4 + 2(A) + |(A)(A)4|/(A)). Any other positive rotor A in the range of 
Cayley transform has two bivector preimages, and they are inverse to each other: 
(A)o/((A)a + (A) + |AD). 


In particular, any orientation-preserving similarity transformation which is not 
a translation is induced by the Cayley transform of exactly two bivectors. A trans- 
lation is induced by a unique bivector. 


Example 8.25. In CL(R*"), let A = e222, where Ip € A(e™) is a Euclidean 2- 
blade of unit magnitude such that IZ is the axis of rotation, and —@ is the angle of 
rotation. By (8.2.18), 


7] a] 
el2F = e123 


0 0 
Bo = =Iytan-, By’ =-Ie/tan me (8.2.28) 


ele 4+ e-h$ 42 4 
both generate A by Cayley transform. 
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While the bivector representation of a rotation via the exponential map is a 
half-angle representation, the bivector representation via the Cayley transform is 
a quarter-angle representation. The former is exponential while the latter is both 
fractional linear and quartic. Furthermore, the exponential map has infinitely many 
bivector preimages I2(6/2 + k7) for all k € Z, while the Cayley transform has only 
two preimages: I, tan(0/4) and its inverse. 


Example 8.26. In CL(R*"), let A = 1+ et/2 where t € e~ is a positive vector. 

Then A generates the translation along direction eAt with distance |t|. By (8.2.18), 
t 

B, = = (8.2.29) 


generates A by Cayley transform. 


Cayley transform provides a quarter-distance bivector representation of the 
translation, while the exponential map provides a half-distance bivector represen- 
tation. 


Example 8.27. Let A = e2°, where 0 € R anda € Ne represents a point. Rotor 
A generates the dilation centering at a and with scale e~°. Denote Iz =e Aa. By 
(8.2.18), 


@ Q 
eb$ — e-b$ 


0 
B= = Ip tanh 7, Bz! =I./ tanh . (8.2.30) 


ett + e-ht 42 
both generate A by Cayley transform. 


Cayley transform provides a quarter-scale bivector representation of the dilation, 
while the exponential map provides a half-scale bivector representation. 


Cayley transform (8.2.15) is quartic with respect to the bivectors in its domain of 
definition. There is another classical transform in CL(R*') from bivectors to rotors. 
It is quadratic with respect to the bivectors within its domain, and is equivalent 
to the Cayley transform (8.2.7) from antisymmetric matrices to special orthogonal 
matrices, but not equivalent to the Cayley transform (8.2.8) from bivectors to rotors. 
This is the exterior exponential established by Lipschitz in 1880-1886. 


Definition 8.28. Let VY” be a vector space over K. The exterior exponential, or 
outer exponential, is the following map from A?(V") to A(V”): 
Tr 
—o: enn 
B2zAB B2AB2A-:-AB 
ee Ag ade 
2! r! 
where 2r is the rank of bivector Bg. 


e\B2 14+ Bo + (8.2.31) 


The exterior exponential has two obvious properties: first, the scalar part of 
e/\B2 is 1; second, the mapping is injective because the bivector part of eB? is Bo. 
If Bg is in the form (8.2.2) of completely orthogonal decomposition, then 


eBz — (14+ Ai)(1+ Ao)---(14+A,). 
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So eB? is invertible if and only if each A; is not a Minkowski blade of unit mag- 
nitude. If eB? is invertible, then it is a rotor, because each 1 + A; is a rotor; 
furthermore, 


e\(-B2) 


e/\B2e\(-Ba) . 


(eB2)-1 _ 


Theorem 8.29. [130] [Lipschitz Theorem] When V” is (anti-)Euclidean or (anti-) 
Minkowski, any antisymmetric linear transformation f of V” and its Cayley trans- 
form g = (Iyn + f)(Lyn — f)~+ can be represented respectively by a bivector 
By € A?(V") and its exterior exponential e®? as follows: 


f(x) = Bz -x, 


g(x) = Ad, ns. (x), Vx € Vv". (8.2.32) 


Below we assume that Bg is in the form of (8.2.2) and e®? is invertible, and 
analyze the range of the exterior exponential by restricting it to the conformal model 
setting R*1 of 3D geometry. 

If Bz is a nonzero blade, then eB2 = 1 + \ya;b,. When 4 varies, the range 
of e*B2 modulo scale contains all rotors in A(a; A b;) whose 0-graded part and 
2-graded part are both nonzero. 

If Bo is not a blade, then 


e\B2 = (1+djaib1)(1+Azagb2) = 1+ Aa bi + Azagb2 + A; Aza byazbe, (8.2.33) 


whose 0-graded part and 4-graded part are both nonzero. By (6.3.41), that the 
2-graded part is not a blade is a direct consequence. The range of eB? modulo 
scale is all rotors whose 0-graded part and 4-graded part are both nonzero. 


Proposition 8.30. When the range of the exterior exponential is restricted to 
rotors in G(IR*"), the domain of definition is all bivectors in A(R*") satisfying 


(Bz \ Bg)? 44 (Be - Be — 1), (8.2.34) 


and is a set R!° — V°, where V® is a 9D algebraic variety in R!°. The image 
space modulo scale is all rotors whose scalar part is nonzero; topologically, it is the 
remainder of the special orthogonal group SO(4,1), which is a 10D Lie group with 
two connected components, after removal of a 9D closed subset. 


Proof. By 
B2AB 
eB2 14 Bo+ = (8.2.35) 
we get e’B2e\(-B2) — 1 — By - Bo + (Bz A Bz)?/4, and (8.2.34) follows. L] 


Similar to the exponential map, the exterior exponential provides half-scaled 
bivector representations for rotations, translations and dilations. 
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Given a rotor A in the image space of the exterior exponential, let Bz be a 
bivector whose exterior exponential equals A up to scale. Then 
BoA Bo A 


1+ Bo+ 5 = Tay’ 


(8.2.36) 
so Bo = (A)o/(A). 


Example 8.31. Let e223 be a rotation with axis Iy and angle —0 4 7 mod 2r. 
Then up to scale, 


ela — ¢Mletan($), (8.2.37) 
Let e2¢ = 1+ et/2 be a translation by vector t. Then 
ert = eh2et, (8.2.38) 


Let e222 be a dilation of scale e~® centering at point I, (affine representation). 
Then up to scale, 


eh — pk tanh($)_ (8.2.39) 
Let Ine22 be a dilation of scale —e~® 4 —1. Then up to scale, 
nel? = ele ctanh ($)_ (8.2.40) 


The image space of the exterior exponential contains both Lorentz and non- 
Lorentz rotors, the map is injective and quadratic. Algebraically, exterior exponen- 
tial is much simpler than Cayley transform. 

However, exterior exponential has two severe drawbacks: first, the domain of 
definition is decomposed into several disconnected regions, which blocks the con- 
struction of large-scope bivector parameters in the design of continuous conformal 
transformations; second, the image space is also decomposed into several discon- 
nected regions, making it impossible to represent rotors of large-scale continuous 
conformal transformations. 


8.3. Twisted Vahlen matrices and Vahlen matrices 


In this section, we introduce the classical work of Vahlen (1902) on representing 
elements of CL(R"*1+) by 2 x 2 matrices whose components are in CL(R”). This 
work has great impact on the development of Clifford analysis [5], [6], because it 
leads to the nD extension of fractional linear transformations as representations of 


n 


Mobius transformations in E”. 

Fix the Witt pair (e,e9) in the conformal model of R”. By eepe = —2e and 
epeen = —2e0, any Clifford monomial M = (a; + A1e+ [41e0) «+: (ar + Are t+ peo), 
where a; € R” and X;,; € R, after multilinear expansion, is changed into the 


following form: 


B D 
M = —~—eeo ze t Ceo 5 208; (8.3.1) 
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where A,B,C,D € CL(R"). By linearity, any element M € CL(R"*) has the 
unique decomposition (8.3.1). 
The orthogonal decomposition of vector space 
R"*!1 = R" @ (eA eo) (8.3.2) 
induces a natural isomorphism of Clifford algebras: CL(R"*1) ~ CL(R”) @CL(eA 
€o). Since e A eo is Minkowski, by Theorem 5.53, C£L(e A eg) is isomorphic to 
Mp2x2(R). The following correspondence of bases provides such an isomorphism: 


0 1)’ 0 0 /}’ 1 OO} 
eo = (> 7 eve = (j 0 ) ener= (4 i) 
0 O}’ 0 -2)’ 0 1 


Definition 8.32. The 2 x 2 twisted Clifford matrix algebra over R”, denoted by 
My2(CL(R")), is the linear space of 2 x 2 matrices whose components are in 
CL(R"), equipped with the twisted multiplication defined as follows: for any matri- 
ces M,,Mz € Moyo(CL(R")), 


A B\ /(A’ B’ AA'+BC’ AB’+BD’ 
MMO & 7 ce = = Ge +DC’ CB’+ S eS) 


(8.3.3) 


In each component on the right side of (8.3.4), the overhat (grade involution) is 
always added to the element of the second matrix that is not in the same row with 
the corresponding element of the first matrix multiplied with it. For example, in the 
first component AA’ + BC’, A,A’ are each in the first row of the corresponding 
matrix, while B,C’ are in different rows, so the overhat is added to C’. 

The isomorphism of Clifford algebras CL(R"+!!) ~ Mzy2(CL(R")) is a combi- 
nation of (8.3.1) and (8.3.3): 

M =~ee9 - Fe + Coy - Seve = é — : (8.3.5) 
Moy2(CL(R”)) is a representation of CL(R"*!) induced by the orthogonal decom- 
position (8.3.2). 

Let I, be the unit pseudoscalar representing the orientation of R”. The following 

formulas can be easily derived from (8.3.5): 


jee 7 i) ee 

— KT t ’ = _C¢ a ’ 

ae ce aa (8.3.6) 
A B\ /( D-Bi A B)\~ (Aly! BIy! 
cp) \-ct a)’ \evo) ~\-cre pr) 

By Proposition 2.87, any r-blade in A(R"*1) is of the form 


A, + D,_2 B,-1 
C,_1 A, _ D,_2 , 
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where A,, B,—1, C;—1, Dp_2 € A(R”) are blades of grade r,r—1,r—1, r—2 respec- 
tively. In particular, any vector a € R"*"! corresponds to the following matrix: 


x a 
, (8.3.7) 
3 x) 
where x = PL 


eAeg (a), @ = 2a-e9, B = —a-e. Null vector f(x), positive vectors 
n+ de and f(x) — p?e/2, and negative vector f(x) + p?e/2, correspond respectively 
to the following matrices: 


x —x? n —2 x —x?+ p? x —x?— 9? 
@ ar & ae G x : 1 x , Geo) 


Of particular interest are the matrices corresponding to versors in CL(R"t1"), 
We first take a look at some examples. Let Ip € A?(R”) and t € R”. 


O12 /2 0 
e The rotor of rotation e®!2/2 corresponds to (< 0 ebls/2 ). 


-0/2 
e The rotor of dilation e®°°°/? corresponds to (< 0 - ). 
e 


_ 6/2 
e The rotor of dilation (e A e9)e°°o/? corresponds to ( : 7 /2 ). 


e The rotor of translation 1+ et/2 corresponds to (( 4 ‘ 


1 0 
e The rotor of transversion 1 — ept corresponds to ¢ 1 ) : 


AB 


Definition 8.33. A 2 x 2 matrix M = & D 


) over CL(IR”) is called a twisted 
Vahlen matria, if 

(1) A,B,C,D are either versors or zero; 

(2) AB', BDt, DC’, CAi are vectors; 

(3) A= AD*t +BCt is a nonzero scalar. 

In the above definition, condition (1) guarantees BtA = A~!(AB')A € R” if 
AB' €R”. So in condition (2), AB? can be replaced by any of BAT, B'A, ATB, 
and so for the other three elements in condition (2). Furthermore, by conditions 
(1) and (2), 


A B\/AB)\'_ /(ADt+BCi AB+BA 
& 5) & ) =( CD+DC ao) 
_ (ADt+BCi 0 
-( 0 ee 


so condition (3) is equivalent to MM being a nonzero scalar. 


(8.3.9) 


Proposition 8.34. In twisted Vahlen matrix M, each of ADi, BC’, ATD, BIC is 
a rotor that can be compressed to within length two. 
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Proof. If C £0, then ADt = (C'C)~!(AC')(CD‘) becomes a rotor of length 
two. If C = 0, then AD? = A is a nonzero scalar. L) 
In twisted Vahlen matrix M, (i) if A 4 0 and B ¥ 0, by denoting 
A'B=b, A'C=c, B'D=d, A'TA=X!, BIB=,71, 
the matrix can be written as 
@ a) eee & ca 


where d satisfies 


d=)7'y7!Ab7! — du! beb™. (8.3.10) 
By (8.3.10), Awbd = A — \2cb, so matrix M can be written as 
AB 1 Ab 
= P 3.11 
& =) Ao(x na) eet 
(ii) If A 4 0 but B = 0, matrix M can be written as 
AB 1 0 
& 5) -4e(\, wee (8.3.12) 
(iii) If A = 0, then B 4 0, and matrix M can be written as 
AB 0 il 
(C 5) =Be (A a (8.3.13) 


Theorem 8.35. Any twisted Vahlen matrix corresponds via (8.3.5) to the geo- 
metric product of a versor in G(R”) and another rotor of length at most two in 
G(R™*11), 


Proof. The matrix part of the tensor product on the right side of (8.3.11), when 
multiplied by 2, corresponds to 
ee) — Abe + 2Aceyg + (A2cb — A)eoe. (8.3.14) 


When c = vb for some v € R, then (8.3.14) is in A(b Ae A eg). Since MMT is a 
nonzero scalar, (8.3.14) is a rotor of length two. When c, b are linearly independent, 
let 


G = (A —1—?bc)(—eep — Abe + 2Aceg + (A?cb — A)eve). 


It is easy to verify that (G)4 = 0, (G)z £4 0 and (G)2 A (G)2 = 0. So the maximal 
graded part of G is a nonzero 2-blade. Since MM is a nonzero scalar, so is GG. 
Thus, G must be a rotor of length two, and (8.3.14) up to scale is the geometric 
product of rotor A — 1 — \?be € CL(R") and rotor G. 

In (8.3.12), the matrix part on the right side corresponds to 


I a“ ¥ (aS — e+ Ac) Neo. (8.3.15) 
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Since MMT is a nonzero scalar, (8.3.15) is invertible, and is a rotor of length at 
most two. 
In (8.3.13), the matrix part on the right side corresponds to 


y= Gunes ape) piney 
(uAeo — 5)(1 — 5 -(HAeo — 5) eve) = (uAeo — 5)(1— 5) (8.3.16) 
_— a eo 
= —d(uAeo — 5)(d* — 55): 


which is the geometric product of a vector in R” and a rotor in CL(R"*!), 


Theorem 8.36. Any versor in CL(R"t!') corresponds via (8.3.5) to a twisted 
Vahlen matrix. 


Proof. Let M be a versor. When M is a vector, then it is of the form (8.3.7), 
and is a twisted Vahlen matrix if and only if it is neither zero nor null. To prove 
the theorem by induction, we need only prove that for any versor M and invertible 
vector M’, 


, (AB xa\ | Ax+6B aA—-—Bx 
is & ) (; ) 7 €3 oo 68:17) 


is a twisted Vahlen matrix. 
By (8.3.11) to (8.3.13), we only need to consider three cases: 


ey as> i a Me & a) er ee: na) 


The corresponding matrices MM’ are respectively 


(1) x+ Ab a — Abx 
AB —Ac(x+ABb) Ax + Ac(a — Abx) /’ 


2) x a 
MAB -—cx) AAx+ac) /’ 
Oueerra a 
y(bd — Ax) (Ae +dx) }’ 
which can be easily verified to be twisted Vahlen matrices. L] 


Theorem 8.37. [Twisted version of Vahlen’s Theorem] Any twisted Vahlen matrix 
M generates the following conformal transformation in R”: 


xt M(x) = (Ax+B)(Cx+D)"!, VxeR”. (8.3.18) 


Conversely, any conformal transformation in R” has such a twisted fractional linear 
representation. 
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Proof. Vector f(x) corresponds to the first matrix in (8.3.8). The graded adjoint 
action of versor M on f(x) is 


AB x —x? AB 

eicesa 
= AxDi + BDi + x?AC+ BxC AxB? — BBt — x?AAt — BxAtT 
- CS eee CxB — DB — x*CA + DxA ) 


: (Ax+B)(Dt+xC) —(Ax+B)(Bi+xA?t) 
a J ee (Cx — D)(B— xA) ) 


So M changes vector x to vector 


(Ax + B)(Di + xC) _ et 7 
“(Gx D)(D—xGN) = —(Ax + B)(Di + ne +xC) (Cx-—D) 


= —(Ax + B)(Cx — D) 
= (Ax+B)(Cx+D)"1. 


XO 


Corollary 8.38. Any versor in G(R"*!), when multiplied by a suitable rotor of 
length within two using the geometric product, can be changed into a versor in 
G(R”). Equivalently, any conformal transformation in R”, when composed with a 
suitable orthogonal transformation in R”, becomes either a translation, or a dilation, 
or a transversion. 


The twisted multiplication (8.3.4) is just the geometric product in CL(R"*1*) 
under the decomposition (8.3.1) with respect to the partial Witt basis e,e9 of 
R"t1!. When CL(R") is represented by a matrix algebra, the twisted matrix mul- 
tiplication is very inconvenient, and needs to be revised to usual matrix multiplica- 
tion. The work was done by Vahlen in 1902. 


Definition 8.39. The algebra of 2 x 2 Clifford matrices over CL(R”), denoted by 
Mp2 x2(CL(R”)), is the linear space of matrices of the form M = & ), where 


CD 
A,B,C,D € CL(R"), equipped with the usual matrix multiplication 
AB A’ B’\_ /(AA’+BC’ AB’ + BD’ (8.3.19) 
CD Cc’ D’/) \CA'+DC' CB’ + DD’ /" a 


Let €1,€2,...,€, be an orthonormal basis of R". By (5.3.25), CL(R™t) ~ 
M2x2(C£L(R”)) under the correspondence between the Witt basis e, eo, e1,€2,.--, en 
of R"*!! and the following basis of Clifford matrices: 


Q0 —-2 0 O e, 0 €2 0 en 0 
0 O0/’ \1 O/7’ 0 -e, )’ 0 -eg)/’?°’ 0 -e, )° 
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Under the above correspondence, A € CL(R”) corresponds to diag(A, A), and 
any twisted Clifford matrix corresponds to a unique Clifford matrix as follows: 


A B 


twisted Clifford matrix e a <— Clifford matrix (2 5) : (8.3.20) 


CD 
Example 8.40. By CL(R?) © Mox2(IR) and CL(R°) & M2x2(C), CL(R**) and 
CL(R*') are isomorphic to the algebra of 4 x 4 real matrices and the real algebra 
of 4 x 4 complex matrices respectively. 


All the previous results presented in the form of twisted Clifford matrices can 
be translated easily into Clifford matrices. 


A B 


Definiti 8.41. A 2x2 ix M = 
efinition x 2 matrix ( CD 


) over CL(R") is called a Vahlen 


matrix, if 


(1) A,B,C,D are either versors or zero; 
(2) AB', BD, DC',CAi are vectors; 
(3) A = AD? — BCt is a nonzero scalar. 


Theorem 8.42. [Vahlen’s Theorem] Any Vahlen matrix M generates the following 
conformal transformation in R”: 


xt M(x) = (Ax+B)(Cx+D)"', VxeR"; (8.3.21) 
and any conformal transformation has such a fractional linear representation. 
Vahlen’s Theorem has been extended to R?*?, where p,q 4 0 [44], [64], [132]. 


AB 


Definiti 8.43. A2x2 trix M = 
efinition 3 x 2 matrix & D 


) over CL(R?:%), where both p,q 


are nonzero, is called a Vahlen matrix if 


(1) A,B,C,D are either Clifford monomials or zero; 
(2) A'B, BD',D'C, CAI are vectors; 
(3) A = AD? — BCt is a nonzero scalar. 


Theorem 8.44. [145] When both p,q are nonzero, the Vahlen matrices are 
the group of versors in CL(R?*14*') under the isomorphism M2y2(CL(R?%)) ~ 
CL(R?t14+') from (5.3.20). Any Vahlen matrix M generates the following confor- 
mal transformation in R?’?: 


x M(x) = (Ax+B)(Cx+D)"1, Vx eR?%; (8.3.22) 


and any conformal transformation has such a fractional linear representation. 
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8.4 Affine geometry with dual Clifford algebra 


By Definition 7.38, we have obtained from the conformal model of E” the homoge- 
neous coordinates representation of its affine structure, by the perspective projection 
f(x) H eA f(x). 

The affine space e A NV is composed of affine planes of dimension ranging from 
0 to n. A OD plane is an affine point x € R” in its affine representation e A f(x) = 
eAeo +eAx. By (7.4.14), an rD plane determined by r + 1 affinely independent 
points x1,...,X,41 € R” is represented by the (r + 2)-blade 


e(x1 A+++ A Xp41) + (€A €0)O(K1 A+++ A Xr41), 


which is just the moment-direction representation. 
By a second perspective projection with center eg, we obtain the Cartesian 


model of E”: 


f(x) —>+eAeg A f(x) =x(eAe9) CeAe9 AR”, Vx ER”. (8.4.1) 


As in Definition 7.38, vector space eA A(R"*11) = (eA A(R"))@(eAep AA(R”)) 
equipped with the outer product “A,” and the meet product in A(R"t1) is a GC 
algebra. However, this vector space is not closed under the geometric product. The 
following dual mapping can change the vector space into one that is closed under the 
geometric product, hence closed under all the products induced from the geometric 
product. 


Definition 8.45. Let (e,e9) be a Witt pair in R"t!+. The dual mapping with re- 
spect to e\ep in CL(R"*"), refers to the following linear involution in CL(R"*"): 


E: At>A(eAeo), VA €CL(R"t"). (8.4.2) 


Notice that the dual mapping is neither an isomorphism nor an anti-isomorphism 
in Clifford algebra C£(R"*! +). Under the dual mapping, vector space eA A(R"*1+) 
is mapped onto the space 


A(e ®R”) = (eA A(R”) @ A(R”). (8.4.3) 
The latter is obviously closed under the geometric product in CL(R"*"'). 
Similarly, vector space e A eg A A(R”) is a Grassmann space, but is not closed 


under the geometric product in A(R"*+!). The dual mapping changes vector space 
eA eo A A(R”) to A(R”), and the latter is obviously a Clifford algebra. 


Definition 8.46. Vector space A(e © R”) equipped with the geometric product of 
CL(R”) which is further extended linearly by 
e? = 0 
N 4.4 
eA = Ae, VA €CL(R”), ee) 


is called the dual Clifford algebra over R”. Its elements are called dual multivectors, 
or dual Clifford numbers. 
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Definition 8.47. The dual involution in A(e @ R”), denoted by the overhead tilde 
symbol, is defined as the following linear involution: 


e€=-—e, 
A= A, VA€ A(R”), (8.4.5) 
eA = —eA. 


Proposition 8.48. Let E be the dual mapping (8.4.2). Then for any A € A(e®R”), 
A = (eA e9)B(A) = Adene,(A)- (8.4.6) 
Proof. Direct from the fact that e \e9 commutes with everything in A(R"), but 
anticommutes with e. L] 
The following result discloses the influence of the dual mapping upon the geo- 
metric product in CL(R"*1). 
Corollary 8.49. Let E be the dual mapping (8.4.2). For any A,B € eAA(R"*1?), 
E(A)E(B) = AB. (8.4.7) 


Notations. 


e In A(e@ R”), the dual operator with respect to the unit pseudoscalar I, of 
CL(R”) is denoted by “+”: for any dual multivector A, 


At := AT7}. (8.4.8) 
e The dual operator with respect to an orthonormal basis of e@ R” of the form 
€,e€1,€2,...,@n, where the e; for all 1 <i <n are in R”, is independent of the 


selected orthonormal basis of R”, and denoted by “x” as usual. 
e The dual operator in A(R"*!") is still denoted by “~”. 


Corollary 8.50. The dual involution commutes with the geometric product, the 
graded involution, the reversion, the inversion, the conjugate (5.2.8), various grading 
operators, the dual mapping (8.4.2), and the above three kinds of dual operators. 


The advantage of the dual multivector representation of affine planes is that 
there is only one null vector involved, which reduces the dimension of the base 
vector space by one. Dual multivectors are generalizations of dual quaternions, and 
dual Clifford algebra extends dual vector algebra to n dimensions. 

We first take a look at the classical dual quaternions. Let e1,e2,e3 be an or- 
thonormal basis of R?. Then 1, e,e2, e2€3, e1e3 generate the quaternions. Obviously 
e commutes with the generators. Denote 

e=eAIs. (8.4.9) 
Then € also commutes with the generators. The algebra of dual quaternions is 
isomorphic to the even subalgebra of CL(e). 

A vector a = re, + ye2 + ze3 € R® corresponds to a quaternion at = reze3 + 
ye3e; + zeje2. The correspondence between the dual multivector representation 
and the dual quaternion representation of affine subspaces is as follows: 


AL 
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e point a € R® is represented by 
(eA f(a))(eAeo) =1+eAa=1+ ea"; (8.4.10) 


e the line with direction 1 € R° and through point a € R® is represented by 


(eA f(a) Al)\(eAeo)I3*’ = —eaAl =F + at, 14); (8.4.11) 


e the plane normal to vector n € R® and through point a € R? is represented by 


—(f(a)-(eAn))~(eAeo) = (n+ (n-aje)Ig'=n'4+e(n*-at). (8.4.12) 


In the dual vector algebra over R3, there is a classical result (5.3.13) on the 
geometric relationship between two spatial lines, one of which passes through point 
a in direction 1,, and the other passes through point b in direction ly. In dual 
Clifford algebra, the result becomes, by (8.4.11), 


(la + lav, 1z))(, + €[b~, I]) 
= (eA f(a) Ala)(e A eo) Iz (eA f(b) Aly)(e A eo 5" 
= (eA f(a) Ala)(e A e0)Ig ‘(eA e013 (eA f(b) A ly) 
= —{(eA f(a) Ala)(e A ep) }{(e A ep)(e A £(b) A 1y)} (8.4.13) 
= —{l, +e(aA1,)}{l, — e(b A1,)} 
=—-{lL-ht+e((a—b)ALAhb)+hAL 
+(1, -1,)e(a — b) — e((a-1,)l, — (b-1.)1,)}. 

In the nD extension A(e®R”) of dual quaternions, the rD plane passing through 
point a € R” with rD direction B, € A’(R”) is represented by (1+ ea) \B,. Point 
a is represented by 1 + ea, and the origin is represented by 1. This representation 
highly depends on the choice of the origin in E”. 


The extension of (8.4.13) to R” is as follows. Let A,,B, be respectively an 
r-blade and an s-blade in A(R”). Then in the conformal model, 


(eA f(a) \A,)(e A f(b) A Bs) 
= {(eA f(a) AA, )(e A eo)} {(e A eo)(e A £(b) A Bs)} 
= {A, +e(a\ A,) }{B, +e(bAB,)} (8.4.14) 
= {A, +e(a\ A,) }{B, —e(bAB,)} 
= A,B, —eA,(bAB,)+e(aA A,)Bs. 


By Lemma 8.49, the dual mapping changes the geometric product of CL(R"*!) 
into the following nonassociative product in dual Clifford algebra A(e @ R”), which 
truly reflects the Euclidean geometric relationship between two affine objects rep- 
resented by dual multivectors. 


Definition 8.51. For any two dual multivectors A, B, their nonassociative product 
is AB. 


FreeEngineeringBooksPdf.com 


Conformal Clifford Algebra and Classical Geometries 445 


Definition 8.52. The dual_adjoint action of a versor V € A(e @ R”) on a dual 
multivector A, denoted by Ady(A), is defined by 


Ady(A) := VAV~!. (8.4.15) 


Let V = A+eB be a versor in A(e@ R”), where A,B € A(R”). As in (6.3.44), 
by versor compression there exist invertible vectors a; € R” such that up to scale, 


V = (ait+e)(agt+e)--- (a, + e)a-41a;42°'' Arts, (8.4.16) 


where r,s > 0, and where the r + s constituent vectors in e @ R” are linearly 
independent. Then 


A= (ai AagA--: A a,)app1ar+2°'* Arts; 
B = O(a1 Aag A--++ Aa, )apy1ar42°* Arts: 


When each e in (8.4.16) is replaced by —e, then V is changed into Vv, which is 
still a versor: 


v= (a; — e)(ag —e)--- (a, — e)a,41a,-42°°: apy, = A— eB. 


The dual adjoint action is neither a Grassmann algebraic homomorphism nor a 
Clifford algebraic homomorphism in A(e @ R”). It is related to the adjoint action 
in A(e @ R”) as follows: 


Proposition 8.53. For any versor V € A(e@R”) and any dual multivectors A, B, 


V(AB)V~! = Ady(A) Ady(B). (8.4.17) 


Proof. By (8.4.6), the left side of (8.4.17) equals VA(e A e9)B(e A e9) V+. Sim- 
ilarly, the right side of (8.4.17) equals 


VAV~!(e Ae) VBV~!(e A ep) = VA(e A e9)V~!VB(e A e9)V~ 
= VA(e A €9)B(e A e9) Vt. 


O 


The orthogonal transformations in e @ R” are the similarity transformations in 
R”. They keep the unique 1D null subspace e invariant. However, dual Clifford 
algebra contains only the versors inducing Euclidean transformations. The versors 
act upon affine objects represented by dual multivectors by the dual adjoint action. 


(1) The versor inducing the reflection with respect to hyperplane (n + de)+ = 
(1 + e(dn)) A (nI;"), where n is a unit vector in R", is V = n+ 6e. For 
example, for any x € R”, 


Ady(1 + ex) = (n + 6e)(1 + ex)(n — de) 
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(2) The rotor inducing the rotation from vector b € R" to vector a € R” centering 
at the origin of R”, is V = (a+ b)b. It satisfies Ady = Ady. 
(3) The rotor inducing the translation by vector t is V = 1+ et/2. For example, 
for the origin of R” represented by scalar 1, 
_ et et 
Ady (1) = (1+ sl a) =1+et. 

Contrary to the nonassociative product in Definition 8.51, the geometric product 
in the dual geometric algebra, although associative, reflects the Euclidean geometric 
relationship of affine objects very “noisily”, because of the interference of the origin. 

Consider the geometric product of two planes (1 + ea) A A, and (1+ eb) AB: 


((1+ea) \ A,)((1+ eb) \B,) = A,B, +eA,(b A B,) +e(aA A,)Bs. (8.4.18) 


It is composed of two parts: the real part A,B, which is the relationship between 
the directions of the two planes, and the dual part which is the sum of two relation- 
ships: the relationship between the direction A, and the moment b A B,, and the 
relationship between the moment a /A A,. and the direction B,. 
More generally, the geometric product of k planes (1+ea;)A Ay,...,(1+eax)A 
Ax is 
((1 + ea,) A Ay)((1 + eag) A Ag)-+-((1 + eax) A Ax) 


=> A,A> sei Ar + e(a, A Ai)Ao sre Ar + eAj (a2 A A2)A3 sce Ax +--+: (8.4.19) 
+eA, tee An—i(ar A Ax). 


Below we investigate the influence of the origin in E” upon the geometric inter- 
pretations of the outer product, the inner product and the meet product in dual 
Clifford algebra. 


(1) The outer product between rD plane (1 +ea) \ A, and sD (1+eb) AB, is 
((1+ ea) A A,) A ((1+eb) ABs) = (1+e(a+b))A A, ABs. (8.4.20) 
It is the (r + s)D affine plane passing through point a+ b with (r + s)D direction 
A, ABs. 
(2) The dual of rD plane (1+ ea) A A, is 
((1+ea) A A,)+ =(1+e(aA A,)+(At)71)At = (1+ ePq (a))- AP. (8.4.21) 
It no longer represents any affine plane. Instead, it is composed of the foot Pe. (a) 


drawn from the origin to the plane, and the direction A+ which is the orthogonal 
complement of the rD direction of the plane. 


(3) Planes (1 + ea) \ A, and sD (1+ eb) AB, are perpendicular if and only if 
A,-B, = 0. When they are not perpendicular, their inner product is 


((1-+ ea) \A,)- ((1 + eb) ABs) 


= {1+e(A,-(bAB,)+(aAA,):Bs)(A;-B,)~!} (A, + Bs). (8.4.22) 
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If r = s, the result represents a point. If r < s, the result is composed of an (s — r)- 
graded real part, an (s — r+ 1)-graded dual part, and an (s — r — 1)-graded dual 
part. By writing (8.4.22) as 


(1+e(A,-(bAB,))(A,-Bs)7!) A (A,- Bs) +e((aA A,): Bs), (8.4.23) 
we get that the sum of the (s — r)-graded part and the (s — r + 1)-graded part 
represents an (s — r)D plane with direction A,-B,. When the (s — r — 1)-graded 
part is nonzero, the dual “+” of the sum of the (s—r)-graded part and the (s—r—1)- 
graded part is 

(Ar -Bs)~ +e((aA A,)- Bs) = (1+ ePp, (a,)(Pp. (a)))(Ar Bs)”, 
which represents an (n — s+ r)D plane with direction (A,-B,)+. If r > s, the 
geometric interpretation is similar. 

(4) The meet product of two planes (1+ea)\A, and (1+eb)AB, in A(e®R”), 
where r+s >n-—1,and0<7r,5 <n, is 
((1+ ea) A A,) V (1+ eb) AB;) = (eAaAA,) V Bs, +A, V (EA DAB,) 
+(-1)""ste A ((aA A,) V (EA BAB,)). 
(8.4.24) 
For example, when n = 3, r= s = 1, then 


(la te(aAlq)) V (ly te(bAl,)) = [e(b— a)lal] + e([ealaly]b — [eal b]l,). (8.4.25) 


When the two lines are not coplanar, their meet product is a point on the line of 
intersection of the two planes each spanned by the origin and one of the two lines. 


(5) The dual meet product of two planes (1+ ea) \ A, and (1+eb)/ABs,, where 
r+s>n-—2,and0<r,s <n, is defined to be ((1 + eb) AB,)+ - ((1+ ea) AA,). 
By (e(bA B,)+)- A, =0 and B? : (e(aA A,)) = (—1)""%e(Bt - (aA A,)), we 
get 
((1+eb) AB,)*- ((1+ea) A A,) = BL- A, +(-1)""%e(B} - (aN A,)). (8.4.26) 


For example, when n = 3, r = 1 and s = 2, the dual meet product of a line 
t +e(a/At) anda plane (n+ de)+ that are not parallel to each other, is 
—“t)). (8.4.27) 
It represents a point x = a—t(n-a)/(n-t) on the line. This point satisfies x-n = 0, 
so it is the intersection of line t + e(a At) and the plane passing through the origin 
and parallel to plane (n + de)+. 


—(n+de)-(t+e(aAt)) =—(n-t)(1+e(a— " 


The geometric interpretations in dual Clifford algebra are rather poor, because 
the representations strongly depend on the origin. The homogeneous model, on the 
contrary, is origin-free, whose algebraic representations are so good that a single 
algebraic identity can be interpreted in any of Euclidean, spherical and hyperbolic 
geometries as interrelated geometric theorems. The rest of this chapter is devoted 
to the unified representation aspect of the homogeneous model. 
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8.5 Spherical geometry and its conformal model 


Spherical geometry is another frequently encountered classical geometry. It can 
be taken as the geometry of unit directions in a Euclidean space. Trigonometric 
functions are the most often used algebraic language to describe spherical geometric 
properties. In this section, we establish the conformal model of spherical geometry 
in a way that is similar to the homogeneous coordinates representation of affine 
geometry. 


8.5.1 The classical model of spherical geometry 


The symbol S” denotes the unit sphere of R"+!. Any point on S” is represented by 
a unique unit vector in R"+!. For two points a,b € S”, their spherical distance dap 
is defined as a number in the range [0,7] such that 


cos dap = a:b. (8.5.1) 
This is the classical model of nD spherical geometry. 


Definition 8.54. Two distance functions d,, dz defined on the same distance space 
are said to be conjugate, if for any two pairs of points a;, bi and ag, be, di (ai, bi) = 
dy (ag, bo) if and only if dz(ay, b,) = d2(ao, bg). 


Fig. 8.11 Some conjugate distances in S”. 


The spherical distance has several important conjugate distance functions, as 
shown in Figure 8.11. The following distance, called chord distance, measures the 
length of the chord between points a,b € S”: 


do, := |a—bl. (8.5.2) 


The following distance, called normal distance, measures the distance between point 
a and the foot b’ drawn from point b to the line in R"+! connecting the origin and 
point a: 


mi :=l—a-b. (8.5.3) 
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The following distance, called stereographic distance, measures the distance between 
the origin and point a’, where a’ is the intersection of line (—a)b and the hyperplane 
in R"*! passing through the origin and perpendicular to line (—a)a: 


laA bl 
—— : 8.5.4 
ab 1 + a- b ( ) 
Some relations among these distances are 
dab 
do, = 2sin — 
ab sin 5) 5 
dt, = 1—-—cosdab, (8.5.5) 
dab 


dey = tan 5 * 


We prefer the normal distance d?,, because it is a polynomial function of the 
Cartesian coordinates of vectors a,b in R"+!. The maximal value of the normal 
distance in S” is 2. Two points have normal distance 2 if and only if they are 
antipodal. 

Let 0 < p< 2. A sphere of S” with center c € S” and normal radius p, is the set 
of points on S” having normal distance p with c. Let x be a point on the sphere. 
Then x-c = 1—p. So the sphere is the intersection of S” with the affine hyperplane 
{x|x-c=1-p} in R"*!. Similarly, for 0 < r <n-—1, an rD sphere of S” is the 
intersection of S” with an (r + 1)D affine plane in R"*?. 

An rD great sphere is also called an rD plane of S". It is a sphere with normal 
radius 1. Any plane is composed of pairs of antipodal points. In Grassmann space 
A(R"*+), the rD plane determined by r linearly independent points x1,...,X, € 
S” is represented by x; A--- A x,; the rD sphere determined by r + 1 linearly 
independent points x),...,X;41 € S”, has the moment-direction representation 
(x1 Ars: A Xp41, O(X1 Aree A Xp41)). 

If the normal radius of a sphere is required to be less than 1, then the center of 
the sphere can be uniquely determined, otherwise it always has two centers. The 
interior of a sphere is the open region of S” bordered by the sphere and containing 
the center. For a sphere on S” with center c and normal radius p < 1, its interior 
is {x|x-c >1-—p}. 


Proposition 8.55. The center of rD sphere (A,41,0(A,r+1)) i 
the normal radius is 1 — |A,|/|O(A,)|. 


5 A, A (O(A,))~4 
|A,| |O(Ar)|-E 


Proof. Let b be the foot drawn from the origin of R"+! to the rD plane with 
moment-direction (A,+1,0(A;,41)). Let a1,...,a-41 be r+ 1 linearly independent 
points on the given rD sphere. Then a; = b+ c;, where c; € O(A,+41). We have 


Ary = (b+ c1) A (b+c2)A-:-A (b+ ¢,41) = bdO(c, Ace A-++ A cp41). 
So O(Ay41) = O(e1 Acg A+++ A c,41), and b = A,11(O(A,41))~+. The center of 
the rD sphere is in the direction of b, and the normal radius is 1 — |b]. L] 
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Definition 8.56. The rD stereo angle formed by a sequence of r linearly inde- 
pendent points a;,a2,...,a, on S", denoted by Z(aj,a9,...,a,;), is a value in 
[—12/2, 7/2] such that 


sin Z(aj,a2,...,a,-) = [a1ag---a,], (8.5.6) 


where the bracket is in the Grassmann algebra A(a; Aap A---Aa,). 


Example 8.57. Let a,b,c be three points on S?. Z(a,b,c) is usually called a solid 
angle. 


e Z(a,b,c) = 0 if and only if the three points are collinear. 

e Z(a,b,c) = 7/2 if and only if the three vectors form a positive oriented or- 
thonormal basis of R?. 

e Z(a,b,c) = —7/2 if and only if the three vectors form a negative oriented 
orthonormal basis of R°. 

e Z(a,b,c) is antisymmetric with respect to a,b,c. 


The nD real projective space RP” is S” with pairs of antipodal points identified. 
The distance between two points a,b € RP” is jaA b|. RP” equipped with this 
distance function is called an nD elliptic space, and the corresponding geometry 
is called elliptic geometry. This geometry can also be described and studied with 
Grassmann-Cayley algebra and Clifford algebra. 


8.5.2 The conformal model of spherical geometry 


Since spheres on S” have the same representations as affine planes of R”+! in Grass- 
mann algebra A(R"**), it is natural to think of extending the dimension of the 
surrounding space R”*+! by one, so that any sphere can be represented by a blade. 
This idea leads to the conformal model of spherical geometry. 


Definition 8.58. The conformal model of nD spherical geometry is the set 
No:={x eR |x-x=0, x-p=-—1}, (8.5.7) 


where p is a fixed negative unit vector in R"*+!!, called the spherical center of the 
model, together with the following isometry: 

Denote the orthogonal complement of vector p in R"*+!! by R™*!, and denote 
the unit sphere of R"*+! by S". Then 


s(x) :=p+x, VxeS"” (8.5.8) 


is an isometry from S” onto Np, called the formalization map of the conformal 
model of S”. Its inverse is sae 


In the conformal model, for two points x,y € S”, 


s(x) -s(y) =x-y—1=—dy,. (8.5.9) 
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A sphere with center c € S” and normal radius p is represented by (s(c) — 
pp)~; a hyperplane with normal direction n is represented by n~. Both blades are 
Minkowski. Conversely, any Minkowski r-blade A, where 1 < r < n+ 2, represents 
an (r — 2)D sphere of S” in the sense that a point x € S” is on the (r — 2)D sphere 
if and only if s(x) € A,. A, represents an (r — 2)D plane of S” if and only if the 
spherical center p € A,. 

The rD plane determined by r+ 1 points x1,...,xX,;+1 of S” is represented by 
pAs(xi)A--:As(x;41). The rD sphere determined by r + 2 points x1,...,X;+2 
of S” is represented by 


s(X1) Ars A s(X;+2) =x 1/A:::A Xr+2 + p \ O(x1 AN X42). (8.5.10) 


As expected, (8.5.10) provides for the rD sphere the moment-direction representa- 
tion of its supporting plane in R™*!. 

The homogeneous model of nD spherical geometry is a pair (V,p), where VV 
is the set of null vectors in R"*!!, called projective null cone, and p € R"+! is 
a negative unit vector representing the spherical center. A vector a € N always 
satisfies a: p # 0, so it always represents a spherical point. Two vectors in NV 
represent the same spherical point if and only if they differ by scale. 

All the results on points, planes and spheres in the conformal Grassmann-Cayley 
algebra and conformal Clifford algebra of Euclidean geometry can be transferred to 
spherical geometry. The unification is based on the identification of the homoge- 
neous model (N,p) of spherical geometry with the homogeneous model (Ve) of 
Euclidean geometry. 

In fact, the stereographic projection from S” to R” when represented in the ho- 
mogeneous model, is the identity transformation in the projective null cone N. 


Definition 8.59. Let a be a fixed point on S”, called the north pole, and let 
R” be the orthogonal complement of vector a in R"*!, called the equator plane. 
The stereographic projection from S” to R” is the mapping that changes a to the 
conformal point at infinity of R”, changes —a to the origin of R”, and changes any 
other point x € S” to the intersection x’ of line ax with the equator plane. 


R™! 


Sst 


Fig. 8.12 Stereographic projection from S” to R”. 
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In R"*!, the stereographic projection has a very nice expression: 
xH>x’=-a+2(x—a)', VxeES". (8.5.11) 


The inverse map has the same expression as (8.5.11). 

Since (x’ — a)(x — a) = 2, the stereographic projection is in fact the inversion 
with respect to the sphere (a, V2) in R"*+!, whose domain of definition is restricted 
to the unit sphere of R”+?. 

In R"+!!, points in R” and S” are all represented by null vectors, so they have 
a natural correspondence. For the spherical center p and the north pole a, let 


e=pta, eo = 2. (8.5.12) 
On one hand, they represent points ta on S”; on the other hand, they also represent 
the conformal point at infinity and the origin of R”. Let c € N but c ¢ eAep. Then 
c represents both point x = P>(—c/c-p) € S” and point x’ = P3,,,(—¢/c-e) € R”. 
The relation (8.5.11) between x,x’ is easy to verify. 

In the conformal model of R”, blade p~ = (eo + e/2)~ is Euclidean, whose 
vectors are positive-vector representations of the set S of spheres and hyperplanes 
in R” whose intersections with the unit sphere are great spheres of the unit sphere. 
In the conformal model of S”, blade p~ corresponds to all hyperplanes of S” via 
their positive-vector representations. The stereographic projection (8.5.11) changes 
the set of hyperplanes of S” to the set S; it gives a much clearer (spherical) geometric 
interpretation of a negative vector in the conformal model setting. 

As the stereographic projection is the identity transformation in N, any homo- 
geneous identity on vectors of V can be explained either as a geometric theorem in 
spherical geometry, or as a variety of corresponding theorems in Euclidean geometry 
through different stereographic projections. 


8.6 Hyperbolic geometry and its conformal model* 


Hyperbolic geometry was discovered by Gauss, Bolyai and Lobachevsky at the be- 
ginning of the 19th century. At the end of that century the existence of hyperbolic 
geometry was proved by Beltrami, Klein and Poincaré by establishing in Euclidean 
space and Minkowski space various isometric models of this geometry. Poincaré 
established three models: the hyperboloid model, the disk model and the half-space 
model. The latter two models are the most often used ones in modern geometry 
and analysis, because they are established on regions of a Euclidean space. 

The hyperboloid model, in fact, has superb algebraic properties because it is 
isotropic: at every point of the model, the metric of the tangent space is the same. 
As a direct result, a plane in hyperbolic geometry corresponds to a projective plane 
in a Minkowski space, and a sphere in hyperbolic geometry corresponds to an affine 
plane in the same Minkowski space. 
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Since the correspondence of planes and spheres in hyperbolic geometry with 
planes in Minkowski space is the same as the correspondence of planes and spheres 
in spherical geometry with planes in Euclidean space, there is a natural similarity 
between the hyperboloid model of hyperbolic geometry and the classical model of 
spherical geometry, leading to the conformal model of hyperbolic geometry. 


8.6.1 Poincaré’s hyperboloid model of hyperbolic geometry 


Definition 8.60. The set 

D*={(eR™ |x? = 1} (8.6.1) 
has two branches, and they are antipodal to each other, denoted by H” and —H” 
respectively. The branch H” equipped with the Riemannian metric induced from 
R”!, is called the hyperboloid model of nD hyperbolic geometry, or simply called 
the nD hyperbolic space. D” is called the nD double-hyperbolic space. 

A hyperbolic point refers to a vector in H” in the case of hyperbolic geometry, 
and refers to a vector in D” in the case of double-hyperbolic geometry. An rD 
hyperbolic plane is the intersection of a (r + 1)D vector subspace of R”:! with H” 
in the case of hyperbolic geometry, and with D” in the case of double-hyperbolic 
geometry. A 1D plane is also called a line. 


Let p,q be two points in H” (or —H”). Since p? = —1, by the continuity of 
the inner product and the fact that p,q are on the same branch, we get p-q < 0. 
Since p Aq is Minkowski, (p Aq)? = (p-q)? —1 >0, so p-q < —1. There exists a 
unique scalar dpg > 0 such that 

cosh dpg = —p-q, (8.6.2) 
and dpq = 0 if and only if p = q. dpgq is called the hyperbolic distance between 
points p,q. 


Fig. 8.13 Some conjugate distances in H”. 


Similar to the spherical distance in spherical geometry, the hyperbolic distance 
also has several important conjugate distance functions. 
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First, as shown in Figure 8.13, let p’ = Pq(p) be the foot drawn from point p to 
the 1D space spanned by vector q. As the 1D space is anti-Euclidean, its distance 
function is Euclidean. The Euclidean distance between p’,q is called the normal 
distance between points p, q: 


deq ‘= |a— Pa(p)| = lal +p-q)|=-1-p-a. (8.6.3) 


Second, vector p — p’ is orthogonal to vector q in R™!, so it is Euclidean. The 
Euclidean distance between p,p’ is called the tangential distance between points 
Pp, @: 


dog = IP — Pa(p)| = |Pa (P)| = IP Aal- (8.6.4) 


The term “tangential” comes from the fact that, if letting t be the unit tangent 
vector of H” at point p such that t-p = 0 and q = p+At, where A > 0, then 
A= dds The nD Euclidean space p™ is called the tangent space of the hyperboloid 
model at point p, and any vector in it is called a tangent vector at base point p. 


Third, the following distance is directly induced from R™!, called the horo- 
distance between points p, q: 


dt :=|p—4l. (8.6.5) 
Fourth, the following distance is called the stereographic distance between points 
p,@: 
ds, = tanh dpa 8.6.6 
pq: an. ie ( .O. ) 
Some relations among the distances are 
dpq = coshdpq — 1, 
dpq = sinh dpa, (8.6.7) 


d 
h _9@ pq 
dod = 2sinh 3° 


In R™!, negative vectors represent points in D”. For null vectors, by the ar- 
gument before Proposition 8.7, there are two branches of null vectors, where each 
branch can be asymptated by exactly one branch of D". Let Mg» be the branch 
asymptated by H”. The other branch is denoted by —Ngn. We say vectors in Ngn 
and H” are of the same branch, and vectors in —Ngn and —H” are also of the same 
branch. 

A 1D null half-space asymptated by H” (or —H”) is called a point at infinity of 
H” (or —H"). The null-vector representation of a point at infinity is unique up to 
a positive scale. A null vector u is of the same branch with a point p € D” if and 
only ifu-p <0. 

Sometimes there is no need to distinguish between null vectors of different 
branches, and a 1D null subspace of R™! is called an isotropic point at infinity 
of D”. In classical literature, an isotropic point at infinity is called an end. The 
set of ends is topologically a sphere, called the isotropic sphere at infinity. When 
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restricted to H”, then “end” is a synonym of “point at infinity”, and the isotropic 
sphere at infinity is simply called the sphere at infinity of H”. 

An rD hyperbolic plane in D” determined by r+ 1 points py,...,p;r+1 € D”, is 
the intersection of D” with the (r+1)D vector subspace spanned by the r+ 1 vectors 
in R"'. It can be represented by the Minkowski (r+1)-blade A,41 = p1A---Apr41, 
in the sense that a point x € D” is on the plane if and only if x € A,44. 

An rD plane in D” has two branches. The branch in H” (or —H”) is called an 
rD plane in H” (or —H”). For rD plane A,.41, the intersection of the (r + 1)D 
subspace A,+1 of R"+ with the sphere at infinity of D" (or H”, or —H”), is called 
the sphere at infinity of the rD plane. For example, the sphere at infinity of a line 


is composed of two ends. 

It must be pointed out that a line in hyperbolic geometry is never affine, and 
any line has two different ends. In contrast, any line in affine geometry has a unique 
point at infinity, and different lines have different points at infinity. In the conformal 
model of Euclidean geometry, there is only one point at infinity in the whole model, 
and all lines share the same point at infinity. 

In hyperbolic geometry, the absolute distance between a point and a point at 
infinity is always infinite. However, the “relative distance” between a point and a 
point at infinity is meaningful, because the ratio of the two relative distances be- 
tween a point at infinity and two hyperbolic points collinear with it, is independent 
of the scaling of the representative null vector of the point at infinity. For a null 
vector u, the relative distance between u and a point p € D” is defined by 


dup ‘= |u- pl. (8.6.8) 


It depends on the scale of u, therefore is said to be relative. 


Se ee a 
i 


Pp 
0 
a Ze 


Fig. 8.14 Geometric meaning of dj. Left: p’ is between u, p; right: p is between u, p’. 


The geometric meaning of dj, can be obtained as follows. Let u,p be of the 
same branch of D”, say H”. Let p’ € H” be a point on line u A p such that 
u:-p’ =—1. Then 


! (up)? —1 1 
i 8.6.9 
p au p)? oar (8.6.9) 
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From this we get (u- p)? — 2(p- p’)(u- p) +1 =0, so 


u-p=p-p'+ \/(p-p’)? —1= —coshdpp +sinhdpp = —e*4r’, (8.6.10) 


As shown in Figure 8.14, if p’ is between u and p, then 1 = apt < Gigs 80 
dap = eer’: if p is between u and p’, then dip = ede’, 

The distance between a point p and an rD plane A,+, in D” is defined as 
the distance between p and the foot drawn from p to the rD plane that is on 
the same branch of D" with p. The foot is Pa,,,(p)/|Pa,,,(p)|, because p = 
Pa,,,(P) + Px.,,(P) is negative, Px,,,(P) = (pA Ay+i1)A;y1 is positive, and 
Pe Pas (p) = (Pac (p))? <0. 

A positive vector a € R” has the property that a corresponds to a Minkowski 
n-blade, whose intersection as an nD vector subspace of R™! with D” is a hyperbolic 
hyperplane. a is called a normal direction of the hyperplane. +a™~ represent the 
same hyperplane with opposite orientations. The 1D half-space {Aa| \ > 0} is called 
an imaginary point of D”. It can be represented by vector a, and the representation 
is unique up to a positive scale. The 1D space spanned by vector a is called an 
isotropic imaginary point, or ideal point in classical literature. An ideal point is said 
to be on an rD plane, if as a 1D linear space it is in the (r+ 1)D linear subspace of 
R”! supporting the rD plane. 

Let a be an ideal point and p be a point. The distance between a and p is 
defined as the distance between point p and hyperplane a~. Blade a / p is always 
Minkowski, so (a \ p)? = (a- p)? +1 > 1, and |aA p|—1> 0. The equality holds 
if and only if a- p = 0, 7.e., point p is on hyperplane a~. 

The following identities are easy to verify: 


cosh dap = |a A pj, 


(8.6.11) 
dap = la P P|, 
— S ap 
dap = 2sinh 


For positive unit vector a € R™!, the half space {p € D"|a- p > 0} is called the 
positive side of oriented hyperplane a~. It is composed of two connected compo- 
nents, one on each branch of D”, as shown in Figure 8.15. The geometric meaning 
of a-p > 0 can be derived as follows. Let q be the foot drawn from p to hyperplane 
a™, which is on the same branch of D” with p. Let t be the unit tangent vector of 
” at point q such that p= q-+At, where \ > 0. Then t =aifandonlya-p>0. 

In hyperbolic geometry, a sphere is a set of points having the same distance with 
the center of the sphere, and the center can be either a hyperbolic point, or a point 
at infinity, or an imaginary point, so there are three kinds of spheres. A sphere can 
be denoted by a pair (c, p), where c is the center and p > 0 is the radius. 


Case 1. When c* = —1, i.e., c is a point, then if c ¢ H”, the set {p € H”|d2, = 
p} is the hyperbolic sphere in H” with center c and normal radius p; if ¢ is in —H”, 
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Fig. 8.15 Positive side of oriented hyperplane a™~. 


the set {p € —H"|d5. = p} is a hyperbolic sphere in —H”. A hyperbolic sphere in 
D” refers to a sphere in either H” or —H”. Thus, a sphere in D” with center c and 
normal radius p is the set 


{p€D"|p-c=-—(1+ p)}. (8.6.12) 


Case 2. When c? = 0, i.e., c is a point at infinity, then if c is of the same branch 
with HI”, the set {p € H"|d. = p} is the horosphere in H” with center ¢ and 
relative radius p; if c is of the same branch with —H”, the set {p € —H"|d,, = p} 
is a horosphere in —H”. A horosphere in D” refers to a horosphere in either H” or 
—H”. A horosphere in D” with center c and relative radius p is the set 


{p € D"|p-c=-—p}. (8.6.13) 
Case 3. When c? = 1, i.e., c is an imaginary point, then 
{p €¢ D"|p-c = —p} (8.6.14) 


is the hypersphere in D” with center c and tangential radius p; its intersection with 
H” (or —H”) is called a hypersphere in H” (or —H”). The hyperplane c™ is called 
the azis of the hypersphere. 

A hypersphere in D” has two branches, each in a branch of D”. They are both on 
the negative side of the oriented axis. A hyperplane can be taken as a hypersphere 
with zero radius. 

The set {p € D"|d,.. = p} is called the double-sphere in D” with center c and 
tangential radius p; its intersection with H” (or —H”) is called a double-sphere in 
H” (or —H”). The hyperplane c~ is called the axis of the double-sphere. A double- 
sphere is composed of two hyperspheres symmetric with respect to the axis. A 
double-sphere in D” has four connected components, while a double-sphere in H” 
or —H” has two. 

A sphere in D” has default dimension n — 1. By (8.6.12) to (8.6.14), a sphere 
is the intersection of D” with an affine hyperplane in R”+. In A(R"*), a sphere 
can be represented by the moment-direction representation (An+1,0(An4+1)) of the 
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sphere at infinity 


Fig. 8.16 Spheres in hyperbolic geometry. 


supporting affine hyperplane, in the sense that a point p € D” is on the sphere if 
and only if p A 0(An41) = An4i- 

In the general case, an rD sphere is the intersection of D” with an (r + 1)D 
affine plane in R"!. Let x1,...,X; 2 € H” be linearly independent in R™!, then 
they determine a unique rD sphere in H”. The rD sphere has the moment-direction 
representation (A,+2,0(A,;+2)), where A,42 = x1 A-:-AX,42. While blade A,+2 
is always Minkowski, blade 0(A,+2) has three possible signatures: 


(1) If O(A,+42) is Euclidean, then vector b = A,+2(0(A,+2))~! is negative. 
(A,+2,0(A,+2)) represents an rD hyperbolic sphere, with center b/|b| and normal 


radius 
Ar+2(O(Ar+2))* 1 Ar+2(O(Arta)hAx1) [Artal 


—_— . X1 — --QQOoOoO_ = ; 
|Ar+2||O(Ar+2)/- |Ar+2| |O(Ar+2)| |A(Ar+2)| 
where x, is any point on the rD sphere. 
(2) If O(A,+2) is degenerate, then b = O(Ar+2) AT 9 is the unique null vector 
in 0(A,+2) up to scale. For any point x; on the sphere, 


x1 b= (x1, AO(Ary2))AT,, = ArpoAli = —|Arsal? <0, 


so (A,;+2,0(A,+2)) represents an rD horosphere with center b and relative radius 
|Ar+2?. 

(3) If 0(A,42) is Minkowski, then b = A,+2(0(A,+2))~/ is a positive vector. Let 
x, be any point on the rD sphere. (A,+42, 0(A,;+2)) represents an rD hypersphere, 
with center —b/|b| and tangential radius 


Ar+2(0(Ar+2))* Ary2(O(Arta)tAx1) [Artal 


xy = 
|Ar42][O(Ars2)I-? |Ar+2| |O(Ar+2)| |O(Ar+2)| 
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8.6.2. The conformal model of double-hyperbolic geometry 


Since rD spheres in D” have the same representations as (r + 1)D affine planes in 
R”+, we can extend the dimension of the embedding space R™! of D” by one, so 
that any rD sphere can be represented by a (r+ 2)-blade, just like the homogeneous 
coordinates representation of affine geometry and the conformal model of spherical 
geometry. This idea leads to the conformal model of double-hyperbolic geometry. 


Definition 8.61. The conformal model of nD double-hyperbolic geometry is the 
set 


Na := {x © R"t1!|x-x=0, x-a=—l}, (8.6.15) 


where a is a fixed positive unit vector in R"*+'!, called the hyperbolic center of the 
model, together with the following isometry: 

Denote the orthogonal complement of vector a in R"+! by R™!, and denote 
the set of unit negative vectors in R"+ by D”. Then 


h(x) :=—a+x, VxeD" (8.6.16) 


is an isometry from D” onto Na, called the formalization map of the conformal 
model. Its inverse is P}. 


In the conformal model, an end or point at infinity is represented by a null vector 
orthogonal to a; an imaginary point or ideal point is represented by a positive vector 
orthogonal to a. The sphere at infinity is represented by a~, the hyperplane normal 
to positive vector n € a™~ is represented by n~. 

For two points x,y in H”, 


h(x) -h(y) =1+x-y =—d%y. (8.6.17) 


A direct corollary is the following unified representation of a sphere with center 
c and radius p, which may be any of the three kinds of spheres from (8.6.12) to 
(8.6.14), and where c € N, when c represents a point. A point p is on the sphere 
if and only if h(p)-c = —p. So sphere (c, p) can be represented by blade (c — pa)™, 
so that a point p € D” is on the sphere if and only if h(p) € (c — pa)~. Since 
(c — pa)? > 0 for all three kinds of spheres, blade (c — pa)~ is Minkowski. 

In the general case, the rD plane determined by r +1 points xj,...,x;+4 1 in 
D” is represented by Minkowski blade a A h(x,) A--- A h(x,;41). The rD sphere 
determined by r+ 2 points x1,...,X;42 € D” is represented by Minkowski blade 


h(x1) A+++ A h(xpy2) = Xi A+++ A Xp —aA O(K1 A+++ A Xpy2). (8.6.18) 


As expected, (8.6.18) provides for the rD sphere the moment-direction representa- 
tion of its supporting plane in R™!. 

Conversely, let A, be a Minkowski r-blade in A(R"*1+), where 2<r<n+1. 
Then A, represents a (r — 2)D sphere at infinity, or plane, or sphere in D". From 
(8.6.18), we can easily derive the following classification: 


FreeEngineeringBooksPdf.com 


460 Invariant Algebras and Geometric Reasoning 


If a- A, =0, then A,. represents a sphere at infinity. 

If a- A, is Euclidean, then A, represents a hyperbolic sphere. 

If a- A, is degenerate, then A,. represents a horosphere. 

If a- A, is Minkowski, but aA A, 4 0, then A, represents a hypersphere. 
If aA A, = 0, then a- A, is Minkowski, and A, represents a plane. 


The homogeneous model of nD double-hyperbolic geometry is a pair (V,a), 
where N is the projective null cone in R"*+!!, and a € R”*!| is a positive unit 
vector representing the hyperbolic center. A vector c € N represents a hyperbolic 
point if and only if c-a 4 0. Two vectors in NV represent the same hyperbolic point 
if and only if they differ by scale. 

All the results on points, planes and spheres in the conformal Grassmann-Cayley 
algebras and conformal Clifford algebras of Euclidean geometry and spherical ge- 
ometry respectively, can be transferred to double-hyperbolic geometry via the iden- 
tification of the three homogeneous models. 


8.6.3 Poincaré’s disk model and half-space model 


Definition 8.62. In the hyperboloid model, let —p be a fixed point in —H”, called 
the north pole, and let R” be the orthogonal complement of vector p in R™!, called 
the equator plane. The stereographic projection from D” to R” is the mapping that 
changes —p to the conformal point at infinity of R”, changes p to the origin of R”, 
and changes any other point x € D” to the intersection x’ of line (—p)x with the 
equator plane. 


Fig. 8.17 Stereographic projection from D” to R”. 


Similar to (8.5.11), in R”+, the stereographic projection has a very nice 
inversion-like expression: 
xr-+x =—-p-2(x+p)', VxeD". (8.6.19) 
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Its inverse has the same expression: 


x/+>x=—-p-2(x'+p)", Vx’ eR"-Ss™?, (8.6.20) 


where S"—! is the unit sphere of R”. 

The stereographic projection maps H” onto the open unit disk of R”, and maps 
—H” — {—p} onto the complement of the closed unit disk in R”. It can be extended 
to the sphere at infinity S. of D” naturally: for any end x € So, its image under 
the stereographic projection is the intersection of line (—p)x with the equator plane: 


xHox’=-p—-——, Vxe Su. (8.6.21) 
x-p 
The stereographic projection maps D" US, onto R” U {e}. 

The image of H” under the stereographic projection, when equipped with the 
Riemannian metric induced by the stereographic projection from R™!, is called 
Poincaré’s disk model. 

Just as in spherical geometry, the stereographic projection from D” to R” when 
represented in the homogeneous model, is the identity transformation in the projec- 
tive null cone N. 

In N, again let e = p+a, eo = (p — a)/2 as in (8.5.12). They represent 
respectively points =p in D”; they also represent the conformal point at infinity 
and the origin of R”. Let c € NV but c ¢ eA eg. Then c represents point x’ = 
Pere, (—¢/€ e) € R"; it also represents point x = P}(—c/c-a) € D” ifc-a £0, 
or end c of D” if c-a=0. The relations (8.6.19) and (8.6.20) are easy to verify. 

In the conformal model of D”, for a positive vector s, blade s~ represents a 
hyperplane if and only if s-a = 0. In the conformal model of R”, a~ 
the unit sphere centering at the origin of R”, because —a = eg — e/2. So in 
Poincaré’s disk model, the hyperplanes in D” are the spheres and hyperplanes in 
R” perpendicular to the unit sphere of R”. 

The metric of Poincaré’s disk model can be easily derived from the rescaling of 
null vectors in NV: let x,y € R” be two points in the open unit disk of R", then 


represents 


x’ tis ee f(x) ), —_ = f(y) ) (8.6.22) 


f~) fy), 
F(x)-a* Fly)-a’**! 
fo) fy) 


"e (8.6.23) 


FreeEngineeringBooksPdf.com 


462 Invariant Algebras and Geometric Reasoning 


Now let y = x + e,dz1 + eodxg + --- + endx,, where {e1,e2,...,e,} is an 
orthonormal basis of R”. By letting dx; tend to zero for all 1 <i <n, we get from 
(8.6.23) the metric of Poincaré’s disk model at point x = (x1, 22,...,%n)": 

A(dx? + da? +---+ dx? 
py ee (8.6.24) 
(l—a2] — 29 —--+-— 2p)? 


In establishing Poincaré’s disk model, we have chosen the hyperbolic center a 
to be a positive vector —ep + e/2 representing a sphere in R". We can certainly 
choose a to be a positive vector in e~ representing a hyperplane in R” instead. This 
alternative leads to Poincaré’s half-space model. 

Choose two ends e, eg of D” such that the two vectors form a Witt pair. Then a € 
(eAeo)~ = R”. The two scalings of null vectors x + —x/(x-a) and x + —x/(x-e) 
for all x € N, induce a correspondence between points in H” and points in a half 
space of R” bordered by hyperplane a~. The sphere at infinity of H” corresponds to 
the boundary of the half space in R”. So hyperplanes in D” correspond to spheres 
and hyperplanes in R” perpendicular to the bordering hyperplane. 


Poincaré’s half-space model refers to the image space of the mapping from H” 
to R” induced by the above two scalings of null vectors in NV, equipped with the 
metric induced by the mapping from H”. 

The derivation of the metric is also easy. Let x, y be two points in the open half 
space of R” bordered by hyperspace a~, where vectors x, y,a € R”, and where x-a 
and y -a are of the same sign. Let x’, y’ be the two points in H” corresponding to 
the two points x,y in R” via the identification of their null-vector representations 
in the homogeneous models. The computing in (8.6.23) is valid till the next to the 
last step, only the final step becomes 


f(x) - f(y) dx. 
Pay Ppe 3 ee (8.6.25) 
(f(x) -a)(f(y)-a) (a: x)(a-y) 

Let y = x+e,dz, +--+: + ep_1dvp_1 + adv,, where {e1,...,@n-1,a} is an 
orthonormal basis of R”. By letting dx; tend to zero for all 1 <i <n, we get from 
(8.6.25) the metric of Poincaré’s half-space model at point x = (%1,22,...,@n)": 

d. 2 d 2 ed d. 2 
ds? = sa oH Ea REEL (8.6.26) 
Th 


8.7 Unified algebraic framework for classical geometries 


The mapping x ++ —x/(x-c) for a fixed nonzero vector c € R"*!+ and for any 
vector x € N, is called the inhomogenization of the projective null cone NV with 
respect to vector c. Its image space is the set 


Ne = {x EN |x-c=-—l}. (8.7.1) 
Vector c has three possible signatures: positive, null, and negative, and correspond- 


ingly the inhomogenization generates three conformal models for double-hyperbolic, 
Euclidean, and spherical geometries respectively. 


FreeEngineeringBooksPdf.com 


Conformal Clifford Algebra and Classical Geometries 463 


Prior to the inhomogenization, different geometries have the same algebraic 
representation: a projective point in the homogeneous model represents a point or 
point at infinity, a Minkowski blade represents a sphere or plane, and an orthogonal 
transformation of vectors in NV induces a conformal transformation of the points 
and points at infinity. 

So there is a unified algebraic framework that is independent of the inhomoge- 
nization. We call this framework the homogeneous model of classical geometries. In 
the homogeneous model, a single algebraic identity can be translated into different 
geometric theorems in different geometries. Even in the same geometry, a single 
algebraic identity can have various geometric explanations. It often occurs that one 
explanation is much simpler than others. 

Consequently, proving one geometric theorem by verifying the representational 
algebraic identity in the homogeneous model, is equivalent to proving all the theo- 
rems in classical geometries having the same algebraic representation. Replacing a 
geometric theorem by an algebraically equivalent but geometrically simpler theorem 
is a novel way of simplifying geometric theorem proving. 


Fig. 8.18 Simson’s Theorem. 


Example 8.63. In the homogeneous model of 2D Euclidean geometry, the classical 
Simson’s Theorem in Example 7.53 has its hypotheses represented by the following 
homogeneous bracket equalities and inequalities: 


e123] 4 0 1,2,3 are not collinear, 
4123] = 0 4,1,2,3 are cocircular, 
41"\e23) = 
Se Z : \ 1’ is the foot drawn from 4 to line 23, 
(e42’|e13) = 0 es : ene) 
2’ is the foot drawn from 4 to line 18, 
e12’3] = 0 
4 12) = 
See ex - : 3’ is the foot drawn from 4 to line 12. 
e123’ 
The conclusion is [e1'2’3’] = 0, i.e., 1’, 2’, 3’ are collinear. 


FreeEngineeringBooksPdf.com 


464 Invariant Algebras and Geometric Reasoning 


In the algebraic representation of the hypotheses, e is just a null vector picked 
out from the initial five vectors e,1,2,3,4. We can certainly explain e as a point 
while explain 4 as the conformal point at infinity. This is equivalent to interchanging 
e, 4 in (8.7.2), and the resulting hypotheses are 


4123] 40 4,1,2,3 are not collinear, 
e123] = 0 1,2,3 are collinear, 
41'|423) = 
(e j ies ae 41’ is the diameter of circle 423, 
41/23] =0 (8.7.3) 
42'|413) = _ 
yee > °} 42’ is the diameter of circle 413, 
43'|412) = 
vee a °} 43’ is the diameter of circle 412. 


The conclusion becomes [41'2’3'] = 0, i.e., 4,1’, 2’, 3’ are cocircular. 

In the geometric configuration described by (8.7.3), point 1’ has the following 
obvious linear construction, i.e., construction by linear equations: it is the inter- 
section of the line passing through point 2 and perpendicular to line 42, with the 
line passing through point 3 and perpendicular to line 43. Points 2’, 3’ have similar 
linear constructions. In this way, (8.7.3) is equivalent to the following sequence of 
linear constructions: 


1’, 2’, 3’ are free points in the plane, 

4 is a semifree point in the plane such that if 
1 is the foot drawn from 4 to line 2’3’, 
2 is the foot drawn from 4 to line 1’3’, (8.7.4) 
3 is the foot drawn from 4 to line 1/2’, 

then 4,1,2,3 are not collinear, 

and 1,2,3 are collinear. 


What is amazing is that when we interchange the triplets 1,2,3 and 1’, 2’, 3’ 
in (8.7.4), we get exactly the geometric configuration of the converse theorem of 
Simson’s Theorem. The converse theorem says that for triangle 123, if the three 
feet 1’, 2’, 3’ drawn from a point 4 to the three sides of the triangle respectively are 
collinear, then 4 is on the circumcircle of the triangle. So Simson’s theorem and its 
converse are algebraically equivalent. 

The benefit of this equivalence is that the geometric configuration of the converse 
theorem is much simpler because no nonlinear object is involved. For automated 
proving, the converse theorem is much easier to prove, because the nonlinearity of 
the geometric problem is moved from the hypotheses to the conclusion. 


We come back to the theme of theoretical exploration of the homogeneous model 
of classical geometries. This model needs to be equipped with a distance function to 
become a distance space. We define the following distance function, called conformal 
distance, in the projective null cone N of R”*!!: for fixed nonzero vector c € 
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Rt! for any x,y EN, 


ee eis es, (8.7.5) 


do = 
ae x-c ye 


(1) When c? = 0, then d° is a Euclidean geometric distance. Only the distance 
between a point and the conformal point at infinity is infinite. 

(2) When c? = —1, then d° is a spherical geometric distance, or more accurately, 
the chord distance. 

(3) When c? = 1, then d° is a hyperbolic geometric distance, or more accurately, 
the horo-distance when restricted to H” or —H”. The distance between a point 
and an end is infinite, so is the distance between any two different ends. 


For any two nonzero vectors c,c’ € R"+!, and any two null vectors x,y, 


ef ew fee yl [eelly-c _ ne [e-clly-el 
wy Vicely- el VR dy dV kelly el Yi elly-eT 


So a rescaling in NV is always a conformal map: if ds?,ds’” are the metrics of Ne 
and N. respectively, then 


el wens (8.7.6) 
(x + ¢/)2’ o a 
or in symmetric form, (x - c’)2ds!* = (x - c)2ds”. 

From the coordinate point of view, the upgrade from the homogeneous coor- 
dinates model R™°:! of nD Euclidean geometry to the conformal model R"*!? is 
the upgrade from homogeneous coordinates to Euclidean conformal coordinates, or 
generalized homogeneous coordinates. 


A Cartesian frame of affine space E” in R™°! is an orthonormal basis 


{e9,e1,€2,...,@n}, where ep is a null vector representing the origin of the frame, 
and e1,€2,...,@n are an orthonormal basis of R”. In the conformal model of R”, 
a Euclidean conformal frame is of the form {e, e0,€1,€2,...,@n}, where (e,e9) isa 


Witt pair representing the conformal point at infinity and the origin respectively. 
A general Euclidean conformal frame in R"*!+ is independent of the choice of 
the conformal point at infinity e. It refers to a Witt basis of R"*!+ of the form 


{a,b 01,09, .2.5¢n}, (8.7.7) 


where (a,b) is a Witt pair. The Huclidean conformal coordinates of a point, or 


sphere, or hyperplane in E”, are the coordinates of their representational vectors in 
R”+11 with respect to the basis. 

In the special case where both a,b stand for two points in E”, then the c; stand 
for pairwise perpendicular spheres or hyperplanes passing through the two points. 


In some applications, Euclidean conformal coordinates in such a coordinate frame 
can lead to substantial simplifications. 

Similarly, in the conformal model of S", a spherical conformal frame is of the 
form {p, eo, €1,€2,---,@n}, where p is the spherical center, and eo is the north pole 
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of S”. In the conformal model of D”, a hyperbolic conformal frame is of the form 
{a, eo, e1,€2,...,@n}, where a is the hyperbolic center, and eo is the south pole of 
D”, i.e., the antipodal point of the north pole in D”, as shown in Figure 8.17. 


Definition 8.64. A general conformal frame in R"*"", also called conformal basis, 
is a basis of the form {b,eo,e1,...,@n}, where b is either a null vector or a unit 
vector, where €g is a null vector satisfying e9 -b = —1, and where ej, e2,...,e,, are 
pairwise orthogonal positive unit vectors in R”+! and are orthogonal to both b 
and &€o. 


For example, a general spherical conformal frame in R"+!! is independent of 
the choice of the spherical center p. It refers to a conformal basis of R"*t!+ where 
the first basis vector is a negative unit vector. A general hyperbolic conformal frame 
in R"+!+! is also independent of the choice of the hyperbolic center a. It refers to a 
conformal basis of R"+!:! where the first basis vector is a positive unit vector. 

The spherical conformal coordinates or hyperbolic conformal coordinates of 
points, spheres and hyperplanes in E”, are the coordinates of their representational 
vectors in R"+!! with respect to the given spherical conformal frame or hyperbolic 


conformal frame. When the geometric space is changed to S” or D”, the Euclidean, 


spherical, and hyperbolic conformal coordinates can be defined similarly. 

So there are two systems in describing a classical geometry. The first system is 
a conformal distance function d° given by (8.7.5), together with the distance space 
defined by d° on NV. This is the defining algebraic system of the geometry by mea- 
surement, where the tool of measurement can be double-hyperbolic, or Euclidean, 
or spherical, depending on the signature of vector c. The second system is a con- 
formal frame of R"*!!, together with the conformal coordinates of the vectors in 
R”++! representing points, spheres and hyperplanes in the geometry defined by d°. 
This is the coordinate descriptive system of the geometry. 

The universal conformal model of classical metric geometries in coordinate form, 
is the triplet 


N, {d°|ceR*™*"'~- {01}, {A|beR** — {0}}, (8.7.8) 


where d° is a conformal distance, and Fp is the set of conformal frames where the 
leading basis vector is b. 

Any conformal frame Fy € Fp determines a coordinate space Xp, the latter being 
the space of coordinates of all vectors in Mp = {x € N'|x-b = —1} with respect 
to the conformal frame. Given a coordinate space 4, and a conformal distance d°, 


e ifb = +c, the geometric space (N, d°) is canonical in that the distance function 
agrees with the metric of the coordinate space induced from R"+!; 

e else if b and c have the same signature, the geometric space is conformal in 
that the distance function differs from the metric of the coordinate space by a 
scale that is irrelevant to tangent directions; 
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Fig. 8.19 Three kinds of conformal frames of R"+1!1 determine three kinds of coordinate spaces. 


e else, the coordinate space is a conformal representation of the geometric space. 
Although the distance and the metric of the coordinate space still have a con- 
formal relation, they define topologically different spaces of points at infinity. 
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Appendix A 


Cayley Expansion Theory for 2D and 3D 
Projective Geometries 


A.1 Cayley expansions of pyr 


Proof of Proposition 2.59. For pz; = (12 V 34V 56)(1'2’ Vv 3’4’ V 5’6’), item 1 
is trivial. First we prove item 3. 


3. By symmetry, we only need to consider the expansion (2.5.17), i.e 
prr = [134][256]1'2’ v 3/4’ v 5/6’ — [234][156]1'2’ v 3'4’ Vv 5’6’. 


Since prr # 0, none of [134], [256] can be equal to [234] or [156]. Assume that 
there are intergroup like terms. Then [134][256] must be in an expansion result 
of 1/2’ V 34’ V 5’6’, and 1’,...,6’ must be a permutation of 1,...,6. Below we 
assume [134][256][234][156] 4 0, otherwise there are no intergroup like terms. 

If {12, 34,56} = {1/2’, 3’4’,5/6’}, we can assume i’ = i for 1 <i <6. After 
combining intergroup like terms, we get three 3-termed expansions of (12 V 34 V 
56)°, which correspond to ({124][356] — [123][456])? and the squares of two other 
expansions of 12 V 34 V 56 respectively. 

Assume that {12, 34,56} 4 {1/2’, 3’4’, 5’6’}. Without loss of generality, assume 
that 134 = 1'3’4’, 256 = 2’5’6’ up to the order of points. By symmetry, there are 
only two possibilities: 

either 1=1',3=3',4=4' and2=5',6=6',5=2’, 


All 
or «= 1=3',4=4',3=1' and2=5',6=6',5 =2’. ( ) 


For the like terms to occur, there are four cases, in which [234][156] is identical 
respectively to 


[2’3'4'][1'5'6" 
[1’2'3'][4’5’6" 
[1’2’5'][3’4'6 
[1/2'6"][3"4’5 


’ 


( 

(2) 
(3) 
(4) 


? 


| 
]; 
‘ 
‘). 


Case (1): By (A.1.1), [2’3’4’][1'5’6’] is identical to either [534][126] or 
[514][326]. Only the latter one can be identical to [234][156], and the additional 
condition 4 = 6 is required. The pattern is (12 V 34 V 54)(35 V 14 V 24). The 
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result after combining like terms is the same as the result by expanding both meet 
products into [234][145] — [134][245]. 

Case (2): By (A.1.1), [1/2'3'][4’5’6’] is identical to [153][426], which is also 
identical to [234][156] if 3 = 6. There are two patterns: (12V34V53)(15V34V 23) 
and (12V34V53)(35V14V 23). The results after canceling like terms are identical 
to those by expanding the two meet products in pz; into bracket monomials. 

Case (3): By (A.1.1), [1'2’5’][3’4’6’] is identical to [152][346] or [352][146]. 
The former cannot be identical to [234][156], while the latter can, if 4 = 5. The 
result after canceling like terms is identical to that by expanding the meet products 
into bracket monomials. 

Case (4): By (A.1.1), [1'2’6’][3’4’5’] is identical to [156][342] or [356][142]. 
The latter cannot be identical to [234][156], while the former has a pattern (12 V 
34 V 56)(15 V 34 V 26), which corresponds to (2.5.19). If (2.5.19) is a monomial 
expansion, then the two meet products of pry both have monomial expansions. 


2. First, assume that {1,...,6,1',...,6’} is aset of generic points, and 3 = 1. If 
prz has a monomial expansion, since the bracket ring is a UFD, the meet product in 
(2.5.18) must have a monomial expansion. Thus, expansion (2.5.18) is the shortest. 

Among the expansions of pr; having no like terms, (2.5.18) is obviously the 
unique shortest expansion. By the proof of item 3, (2.5.18) is the unique short- 
est expansion in Cases (1), (2), (3), together with the case {12,34,56} = 
{1'2',3’4',5’6’}. In Case (4), the expansion of (12 V 14 V 56)(15 V 14 V 26) by 
(2.5.19) gives the same result as (2.5.18). 

Second, let 1,...,6,1’,...,6’ be points in the plane. We prove that if the meet 
product in (2.5.18) has no monomial expansion, then any other expansion of py; 
has at least two terms. The assumption indicates (a) 1,2,4 are not collinear, (b) 
3,5,6 are not collinear, (c) 1',2’ are not on lines 3/4’, 5’6’, (d) 3’,4’ are not on 
lines 1'2’, 5’6’, (e) 5’, 6’ are not on lines 1/2’, 3/4’. 

When an expansion does not generate intergroup like terms, the expansion result 
is obviously longer than the shortest result from (2.5.18). By the proof of item 3, 
in Cases (1), (2), (3), together with the case {12, 34,56} = {1'2’,3’4’,5’6’}, the 
expansion (2.5.18) is the shortest. In case (4), since the second meet product in py; 
has no monomial expansion, neither does (2.5.19). 


4. The proof is already included in those of items 2 and 3. L 


A.2 Cayley expansions of prrr 


For the expression prrr = [1(1'2’ V 3’4/)(1"2” V 3”4”)], there are two initial outer 
product expansions. For example, the outer product expansion by distributing 1/2’ 
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and 3/4’ is 
pry = [13'4!|1"2' v 1"2" v 3"4" = [11'2"I19/4' V 172" vy 8"4". (A.2.1) 


There are also four initial meet product expansions. For example, the meet product 
expansion by separating 1/ and 2’ is 


prior = (1/3'4'}12' V 1"2" v 3/4" — [2/3'4.)11' Vv 1"2" v 374". (A.2.2) 
Proposition A.2.1. p77; has 46 generic expansions into bracket polynomials. 


Proof. Denote initial the meet product expansion result from separating i,j by 
hy. By (A.2.2), hig has 3 x 3 = 9 expansions into bracket polynomials, one of 
which has brackets [1”2"3”] and [1’2”4”], one of which has brackets [1’3”4”] and 
(234), and one of which has brackets [11”2”] and [13”4”]. Similarly, hg-a: has 9 
expansions into bracket polynomials, none of which can be obtained from expanding 
Ayr: . 

hy” has 9 expansions into bracket polynomials, two of which have been ob- 
tained from expanding h4/2 and hg-4’ respectively, one of which has brackets [11'2’] 
and [13’4’]. So there are 7 new expansions. Similarly, h34” brings 7 new results. 

The outer product expansion separating 1'2’, 3’4’ has 9 expansions into bracket 
polynomials, two of which are old ones from hyvg” and hgv4” respectively. So 
there are 7 new expansions. Similarly, the other outer product expansion brings 7 
new results. All together there are 2 x (9 + 7+ 7) = 46 expansions into bracket 


polynomials. L] 


Proof of Theorem 2.60. Item 1 is trivial. We start with item 2. 


2. We only need to prove the unique shortest statement in item 2. Assume 
that the meet product on the right of (2.5.21) has only 2-term expansions. Then 
1,1',1”,2”,3”,4” are generic points, so are 1’,2’,4’. prrr has two outer product 
expansions: 


pry = (11'4'}1/2' Vv 1"2" v 3"4" — [11/2)1'4' V1"2" v 3"4" —(A.2.3) 

= [11"2"}1'2' v 1/4’ v 3"4" — [18"4"]1'2' v 1/4’ Vv 1"2", — (A.2.4) 

By symmetry, prr; has one kind of meet product expansion different from (2.5.21): 
pro = [1"2"3")1'2' v 14’ v 14” — [1"2"4'1'2' v 14’ Vv 13". (A.2.5) 


(A.2.3): If one of the brackets [11’4’], [11/2’] is zero, then 1 = 4’ or 2’, the expan- 
sion is the same with (2.5.21). When both brackets are nonzero, then [11'4’] cannot 
occur in any expansion result of 1/4’ V 1"2” V 3"4”, so (A.2.3) has no intergroup 
like terms. It has a 2-termed expansion if and only if {2’,4’} c {1”,2”,3”,4”}. 
If 2/4’ = 1"2” (or 3”4”), then (2.5.21) is a shortest expansion among the expan- 
sions of (A.2.3). The only case left is 2’ = 1” and 4’ = 3”, and the corresponding 
2-termed expansion is (2.5.22). 
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(A.2.4): There are no intergroup like terms, because [13”4”] does no occur in 
an expansion of 1'2’ V 1'4’ Vv 3”4”. The shortest expansions of (A.2.4) have two 
terms if and only if {2’,4’} c {1”, 2”, 3”, 4”}, in which case the expansions of both 
meet products in (A.2.4) are unique, and the result is identical to an expansion of 
(2.5.21). 

(A.2.5): There are no intergroup like terms, because [1”2’3”] does not occur in 
any expansion of 1'2’V1'4’V13”. The shortest expansions of (A.2.4) have two terms 
if and only if both meet products of it can be expanded into bracket monomials, in 
which case bracket [1'2’4’] occurs as the common factor, and the expansion result 
can also be obtained from (2.5.21). 


3—4. The proofs are similar. (2.5.23) comes from the following identity: 
(12 V 34)(12 v 3'4’) = (12 V 34. 3'4')12. (A.2.6) 


5. If M has two elements, then there are only two cases for prrr: (a) [1(1'2' V 
3/4')(1/2" v 2'4”)], (b) [1(1’2’ V 3'4')(1'2” V 3/4”)]. If M has three elements, then 
there is only one case for pry: (c) [1(1'2’ V 3’4’)(1'3’ V 2’4”)]. If M has four 
elements, the only case for prrz is (d) [1(1'2’ V 3’4’)(1/3’ Vv 2’4’)]. 

For the expression in case (d), by symmetry, the outer product expansion gives 

(1(1'2'V3'4’)(1/3'V2'4’)] = [13/41)1'2'v1'3'v2'4! —[11'2]3/4’v1'3/V2'4', (A.2.7) 
and the meet product expansion gives 
(1/3'4']12’ v 1'3/ v 2’4' — [2'3/4)11' v 1/8’ v 2'4’. (A.2.8) 
The expansions of the two meet products in (A.2.7) are both unique, so the 
initial outer product expansion always produces 
[13/4’][1'2/3'][1'2'4’] — [11/2'][1'3/4'][2’3/4’]. (A.2.9) 
The expansions of the two meet products in (A.2.8) are all listed below: 
11’ V 1/3 V 2'4' = [11/3 '][1'2/4] = [11/2'][1/3'4"] + [11'4][1'2'3", 
12’ v 1/3 Vv 2'4' = [12/4'][1'2/3'] = [12'3'][1/2"4"] — [11'2’][2’3'4’. 
So the results from the initial meet product expansion are either (A.2.9) or 3-termed 
ones. None of the expansions of expression (d) is a factored one. 

Expressions (a) and (b) have the following binomial expansions: 

[1(1/2' V 3/4/)(1'2” V 2'4”)] = [12’4”| [1/2'2”) [1'3/4’] = (11/2”] [12/4] [2'3'4’], 
[1(1/2' V 3/4/)(1'2” V 3/4”)] — [13/4’] [1/2/2”) [13/4] —_ [11/2’] [1/3/2”] [3/4'4”). 

Setting 2” = 3’ in (a), we get (c). Setting 4” = 4 in (c), we get (d). Setting 
2” = 4! and 4” = 2’ in (b), we get (d). Since (d) has no factored expansion, neither 
do (a), (b) and (c). 

In the end, if M has only one element, then the expansions of py;; have either 
three or four terms. If M is empty, the expansions of p;7; are all 4-termed. In both 


cases, prz1 has no factored expansion, because (d) does not have any. L 


Theorem A.2.2. Semifree expansions of prrz = [1(1'2’ V 3’/4/)(1"2” V 3”4”)|: 
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(Trivially zero) If one of the following conditions is satisfied, pr7; is trivially 
zero: (a) one of the pairs, 1/2’, 3’4’,1"2”, 34”, is two identical points; (b) one 
of the 4-tuples, {1’, 2’, 3’,4’} and {1”,2”,3”,4”}, is four collinear points; (c) 
the four lines, 1/2’, 3’4’, 1”2”,3”4”, are concurrent; (d) point 1 is identical to 
one of 1/2’ 3/4! and 1”2”3"4”". 

In the following items, assume that py; is not trivially zero. 


(Inner intersection) If 1’, 2’,3’ are collinear, point 3’ is called an inner inter- 
section in przrr. The following is a factored expansion: 

[1(1'2' v 3'4’)(1"2”" v 3"4")] = [1'2'41)13' Vv 172" v 34". (A.2.10) 
If the meet product on the right side of (A.2.10) has a monomial expansion, 
then (A.2.10) produces a shortest expansion of prry; else, (A.2.10) leads to a 
shortest expansion of p77; under the additional condition that none of the points 
1’, 2’, 4’ is on two of the three lines 13’, 1/2”, 34”. 


(Outer intersection) If 1” = 1/2'N3’4’, it is called an outer intersection in prrr. 
Then 
[1(1/2' V 3/4/)(1"2” V 3”4")] — (112"|1'2’ V 3/4’ V 3/4" 
= —[13"4"]12” v 1/2’ v 3/4’. 
If one of the expressions on the right side of (A.2.11) can be expanded into 
a bracket monomial, then it leads to a shortest expansion of pryr; else, the 
shortest expansions of pryr are 2-termed if py77 has no inner intersection. 


(A.2.11) 


(Double line) If 1’, 2’, 1”, 2” are collinear, line 1'2’ is called a double line of prrr. 
The following are two factored expansions, and lead to at least one shortest 
expansion of pry; into a bracket polynomial: 

[1(1’2' V 3/4/)(1"2” V 3”4")] — 11/2'|1"2” V 3/4’ V 3/4" 

=e ay sia’ 87a", 
Recursion of 1) If 1,1’, 2’ are collinear, we say point 1 recurs. Then 
Y 

[1(a’2' v 3/4/)(1"2" v 3"4")] = [18/4J1/2! v.12" v 34", (A.2.13) 
If the meet product on the right side of (A.2.13) has a monomial expansion, 
then (A.2.13) leads to a shortest expansion of prrr; else, it leads to a shortest 
expansion of pry; under the additional condition that pyr; has no double line, 
and none of the points 1, 3’, 4’ is on two of the three lines 1’2’, 12”, 34”. 

Pp 9 ? ’ 


(A.2.12) 


If przz has neither inner intersection, nor outer intersection, nor double line, 
and point 1 does not recur, then any expansion of pr; has at least two terms. 
Under the hypotheses in the previous item, there are only three cases in which 
pri has factored expansions: 
(a) (Diagonal) If 1,1”,3” are collinear, we say 1 is on diagonal 1”3”. Then 
(1(1"4” V 3”4')(1"2”" V 3”4")] 
_ (134 (14’ V 12" V 374" = (12”3” (14’"4')) (A.2.14) 
= (134 ((114’] (234 + 12” V 1"4" V 3”4'). 
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(b) (Quadrilateral) If 1 = 1”3"” 4 2”4”, then 
[1(14""V3'4')(12"V3"4")] = (114""]([1"3'4") (273 4" +[12"3"| [43/4’]). 
(A.2.15) 
(c) (Complete quadrilateral) If 1 = 1”3"”2"4”, then 
(1(1"4” V 273") (1"2" V 3”4")| = 9) (114) (1723) (2”3"4"). (A.2.16) 


Proof. Item 1 is trivial. 


2. If prrr = 0, one of the two factors in (A.2.10) must be zero. Since (A.2.10) 
has at most two terms, we only need to prove that if (A.2.10) has only 2-termed 
expansions, then any other expansion of pz7; has at least two terms. This hypothesis 
indicates that (i) 1’,2’,4’ are not collinear, (ii) 1 4 3’, (iii) 1,3’ are not on lines 
12", 34", (iv) 1”,2”,3”,4” are not on line 13’, (v) 1”,2” are not on line 3’4”, 
(vi) 3”,4” are not on line 1/2”. 

By symmetry, the meet product expansion of pyr; also gives two other results: 

pir = (1'3/4')12’ v.12" v 34" — [2/3/4]11' Vv 1"2" v3"4" (A.2.17) 
== 12"4"\13" V 1/2’ v 3/4’ 4 1727314" V 1'2' Vv 3/4’. (A.2.18) 
The outer product expansion gives two more results: 
pr = (18/4’}1/2’ v 12" v 34" — [11/2"13/4' v.12" Vv 3"4” (A.2.19) 
= —[18"4"]1'2' v 3/4’ v.12" 4 [112"1'2' v 3/4 Vv 3"4". (A.2.20) 


(A.2.17): (a) If 3’ = 1’ or 2’, the expansion gives the same result as (A.2.10), 
so we can assume that 3’ # 1’,2’. Then [1'3’4’], [2’3'4’] 4 0. 

(b) If 1 = 2’, the expansion gives [2’3/4/]1'/2’ V1"2” V 34”, which has a mono- 
mial expansion if and only if 1’ is on either 1”2” or 3”4”. This is forbidden by the 
assumption in item 1, because at the same time 1’ is on line 13’. So we can assume 
that 1 4 2’. 

(c) In 12’V 1"2" V3"4", the three lines are pairwise distinct. By the assumption 
in item 1, 2! 4 1”2"3"4", so 12/ Vv 1"2" v 34" £0. Similarly, in (A.2.17), the 
other meet product 11’ V 1"2” v 34” 40. 

Based on the above arguments, any expansion of (A.2.17) into a bracket poly- 
nomial has at least two terms. Since 3’ 4 1,1”,2”,3”,4”, bracket [2’3’4’] cannot 
occur in any expansion of 12’ V 1"2” V 3”4”, so there are no intergroup like terms. 

(A.2.18): Since 13” V 1'2' v 3/4! = [133'][1/2/4'] £0, and 14” V 1/2’ v 3/4! = 
[143'][1'2’4’] # 0, (A.2.18) has at least two nonzero terms. We only need to prove 
that there are no intergroup like terms in the expansions. 

For [12”3”] to occur in an expansion of 13” V 1/2’ V 3/4’, there are only two 
possibilities: it is identical to either [1'2’4’] or [1'2/3”] up to sign. Since 3’ is not 
on line 1”2”, we have 1'2' 4 1”2”. Thus both are impossible. 

(A.2.19): (a) If [11’2’] = 0, then [13’4’] 4 0. Since 1’, 2’ cannot be on any of 
the lines 1”2”,3”4”, the meet product 1/2’ V 1”2” V 3”4” neither is zero nor has 
any monomial expansion. So we can assume that [11/2’], [13’4’] #4 0. 
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(b) Since 1’,2’,4’ 4 1”2” 7 3"4", the two meet products in (A.2.19) are both 
nonzero. 

(c) Since 1 is not on any of the lines 1/2’, 3’4’,1”2”,3”4”, (A.2.19) does not 
have any intergroup like terms when expanded into a bracket polynomial. 

Based on the above arguments, we conclude that any expansion of (A.2.19) into 
a bracket polynomial has at least two terms. 

(A.2.20): Since 1/2/V3/4'v1"2" = [1'2/4/][3/1"2"] 4 0, and 1/2/v3/4'v3"4" = 
[1/2'4’][3’3"4"| # 0, (A.2.17) has at least two nonzero terms. We only need to 
consider those expansions with intergroup like terms. 

For [11’2”] to occur in an expansion of 1’2’ Vv 3’4’ Vv 1”2”, there are three 
possibilities: 

(a) one of 1’, 2’, 4’ equals 1; 

(b) 1/2/1” or 1/2/2” equals 11/2"; 

(c) 1/2/4/ = 112". 

In (b), 2” or 1” equals one of 1’, 2’, and 13’ is just line 1'2’, so 13’N1"2” equals 
one of 1’, 2’, contradicting with the assumption of item 2. In (c), by symmetry we 
only need to consider the case where 1’ = 1, 2’ = 1” and 4’ = 2”. Then 13’ 
is just line 1’2’, whose intersection with 1”2” is 2’, again contradicting with the 
assumption of item 2. 

So there are only two cases to consider for (A.2.20): 

(al) 1=T1', 

(a2)1=4". 

In (al), after canceling a pair of like terms in the expansion result, we get 
(13/4’]((112""|[2'3"4"] — [2/1”2[13"4"]), which is a monomial only when 2’ is on 
lines 1”2” or 34”. This is forbidden by the assumption of item 2, because 2’ is 
at the same time on line 13’. In (a2), after canceling a pair of like terms in the 
expansion result, we get [11/2’]((11”2"][3’3”4”] — [13”4”][3’1"2"]), which has no 
more like terms and all brackets of which are nonzero. The conclusion is that all 
expansion results from (A.2.20) with intergroup like terms have at least two terms 
left after the like terms are combined. 


3 — 5. The proofs are similar. 


6. Let M’ = {1”,2”,3”,4"}. By symmetry we only need to consider the two 
expansions (A.2.1) and (A.2.2) of prry. If an expansion starting from (A.2.1) or 
(A.2.2) does not have intergroup like terms, then since the meet products in (A.2.1) 
and (A.2.2) are all nonzero, the expansion produces at least two terms. So we only 
need to consider those expansions having like terms. 

(A.2.1) does not have intergroup like terms, because 1 does not recur. In (A.2.2), 
if an expansion of 12/V1"2"V3"4" produces [2’3’4’], the bracket must be formed by 
three points in M’. Similarly, if an expansion of 11'V1"2"” V3"4” produces [1/3'4'], 
the bracket must also be formed by three points in M’. Thus 1’, 2’, 3’, 4’ must be 
a permutation of 1”,2”,3”,4”. There is only one pattern allowed: 1”, 2”,3”,4” = 
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1’, 3’, 2’, 4’ respectively. Expanding pry; by an initial meet product expansion and 
combining like terms, we get a bracket polynomial of three terms, which does not 
have any bracket factor. 


7. The only case in which an expansion of py;; has like terms is already consid- 
ered in the proof of the previous item. Below we simply assume that the expansions 
under consideration have no like terms. We establish the following conclusions: 

(a). Any two expansions of 1/2’V1"2"V3"4" and 3'4’V1"2" V3" 4" respectively 
do not have common bracket factors. 

(b). If two expansions of 13’ V 1"2” V 3”4” and 14’ V 1"2” V 34” respectively, 
have a common bracket factor, then 1 = 1”3” 7 2”4” and {3', 4} c M’. 

(c). If an expansion of 12’ V 1”2” Vv 3”4” produces a bracket factor [2’3’4’], 
then the bracket must be formed by three points in M’, and the fourth point in 
M’ must be collinear with 1, 2’. 

These conclusions can be proved by comparing all the expansion results of the 
meet product expressions. The proofs are omitted. By conclusion (a), (A.2.1) has no 
factored expansion. By conclusion (b), by symmetry we can assume that 1’ = 1”. 
Then 2’ = 4”. The factored expansion is given by (A.2.15). The polynomial 
factor in (A.2.15) has like terms if and only if 3’4’ = 2”3”, in which case the 
expansion is (A.2.16). By conclusion (c), without loss of generality, we assume 
that 2'3/4’ = 1”2"3”, and more specifically, assume 2’ = 1”, 3’ = 2”, and 4’ = 3”. 
Conclusion (c) requires that 4”,1,1” be collinear, i.e., 1 be on diagonal 14”. Then 
pri has only two factored expansions. They can be obtained from the two meet 


product expansions which separate 3”, 4’ and 1”, 2” respectively. L 
, Pp y 


A.3 Cayley expansions of pyy 


For expression pry = [(12 V 34)(1'2’ Vv 3’4’)(1"2” v 3”4”)], there are three initial 
outer product expansions. For example, the outer product expansion by distributing 
12, 34 is 


priv = (12 V 1'2' Vv 8'4/)(34 Vv 1"2" v 34") — (84V 1/2’ V 3/4‘)(12 Vv 1"2”" Vv 3"4"), 
(A.3.1) 
There are also six initial meet product expansions. For example, the meet product 
expansion by separating 1, 2 is 
prv = (184][2(1'2’ v 3’4')(1"2” v 3”4”)] — [23.4][1(1'2’ v 3’4')(12” v 34”). 
(A.3.2) 


Proposition A.3.3. If all points in pry are generic, then pry has 16847 different 
expansion results into bracket polynomials. 


Proof. Denote the initial meet product expansion separating i,j by hi. By 
(A.3.2), hig has 46? = 2116 different expansions into bracket polynomials. Simi- 
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larly, hg4 has 2116 expansion results, none of which occurs in hig. Starting from 
hi2, there are the following expansion results which are also the results of hy/2: 
[13.4][1/3/4']22' v 172” v 34" — [134][2’3/4’]21' v 12" v 3"4” 
—([234][1'3/4]12' v 172” v 34" + [234][2’3/4’)11’ Vv 12” vV 3"4", 
(A.3.3) has 34 = 81 different expansions into bracket polynomials. It has only one 
expansion producing both [173”4”] and [2”3"4”]. 
According to the above account, the initial meet product expansions of p;y lead 
to all together 6 x 2116-3 x 4x 814+2x4x 1 =117832 different expansions into 
bracket polynomials. 


(A.3.3) 


Next consider the initial outer product expansions of pry. As a corollary of 
Proposition 2.58, the number of different expansions of (A.3.1) into bracket poly- 
nomials is 45? = 2025. The following expansion of (A.3.1) also belongs to hava’: 

[123/][1'2'4']34 Vv 12” Vv 34" — [124'][1/2'3']34 V 12” Vv 34” 

—[343’][1'2'4]12 V 1"2”" Vv 34" + [344’][1'2/3)12 Vv 1"2” Vv 34". 

(A.3.4) contains 34 = 81 different expansions into bracket polynomials. It has only 
one expansion producing both [1’3”4”] and [2”3"4”]. 

There are three initial outer product expansions of pry. No expansion of pry 
into a bracket polynomial can start from two of the three initial outer product 
expansions. 

According to the above arguments, there are 3 x 4 x 81 = 972 expansions into 
bracket polynomials which belong to an outer product expansion and a meet product 
expansion of pry, and there are 3 x 4 = 12 different expansions which belong to 
an outer product expansion and two meet product expansions of pry. The three 
outer product expansions contribute 3 x 2025 — 972 + 12 = 5115 new expansions 
into bracket polynomials. The total sum of expansions is 11732 + 5115 = 16847. 


O 


(A.3.4) 


Proof of Theorem 2.62. For pry = [(12 V 34)(1'2’ Vv 3’4’)(1"2” V 3”4")], item 
1 is trivial. Item 5 will be proved at the end of the proof. 


2. 

We only need to prove that (2.5.26) leads to a shortest expansion of pry into a 
bracket polynomial if any expansion of factor prrrz = [1(1'2’ V 3/4’)(1"2” Vv 3”4”)| 
in (2.5.26) into a bracket polynomial produces at least three terms. 


e If pry has any double line, there are two possibilities: either 1/2’ = 1/2” or 
12 = 1'2’. In the former case, pyyy has a double line; in the latter case, 1 recurs. 
So prrr has an expansion into a bracket polynomial of at most two terms. 

e If pry has a second inner intersection, say 1’ = 3’, then pry; has an inner 
intersection, and has an expansion into a bracket polynomial of at most two 
terms. 

e If pry has a triangle, then 1 must be a vertex of the triangle. So 1 has to recur 
iM PIIt- 
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Based on the above observations, we can assume that pry has only one inner 
intersection, has neither double line nor triangle. The shortest expansions of p77 
into bracket polynomials have three or four terms if and only if M = {1’,...,47}/N 
{1”,...,4”} has one element or is empty, and 1 is not in {1’,...,4’,1”,...,4”}. By 
symmetry, there is only one kind of initial meet product expansion of pry producing 
a different result from (2.5.26): 

piv = [1'2'3'|[4’(12 v 14)(1"2” v 34”) — [1'2'4)[8/(12 v 14)(12" v 34”). 
(A.3.5) 
By symmetry, there are two kinds of initial outer product expansions producing 
different results from (2.5.26): 


priv = (12V14v3/4/)(1/2! v1"2" v 34") (A.3.6) 
—(12 Vv 14 v 1/2’)(3/4’ v.12" v 34") 

= (12V 1/2’ v3/4’)\(14 Vv 1"2" Vv 34") (A.3.7) 
—(14 Vv 1/2’ v 3/4')(12 Vv 12" v 3/4"). 


First assume that none of the above expansions has intergroup like terms. In 
(A.3.5), [4/(12V14)(1"2"V3"4")] = [124]4/1v 12" V3"4” is a shortest expansion, 
so is [3/(12 V 14)(1”2" v 3’4”)] = [124]3/1 v 1”2" v 34". They lead (A.3.5) 
to a shortest expansion of pry into a bracket polynomial. For the same reason, 
(A.3.6) is led to a shortest expansion of pry by 12 V 14 V 3/4’ = [124][13’4’] and 
12 V14V 1'2' = [124][11'2’]. In (A.3.7), If M has one element, the expansion 
can only lead to bracket polynomials of at least three terms, as the worst case is to 
let 2 be the element in M and let 4 be in {1’,...,4',1”,...,4”}. Likewise, if M 
is empty, then the expansion can only lead to bracket polynomials of at least four 
terms. 

Now we consider the expansions in (A.3.5)—(A.3.7) having intergroup like terms. 

(A.3.5): For [8’(12 V 14)(1”2” V 3”4”)] to produce [1'2’3’] by expansion, one 
of 2,4 must be 1’ or 2’, and the two meet products 12 V 14 and 1”2” Vv 3”4” must 
be expanded by meet product expansions. Since 12 V 14 = [124]1, bracket [1'2’3’| 
cannot occur in the expansion result. So (A.3.5) has no like terms. 


(A.3.6): If there are any like terms, the two meet products 12 V 14 V 1/2’ and 
12V14V3'4’ must have like terms when expanded. Comparing all their expansions, 
12V 14V 1/2! = [124][11’2'] = [121'][142" — [122'][141, 
12V 14 Vv 3/4! = [124][13/4'] = [123'][144’] — [123'][144”, 

we conclude that there cannot be any like terms between their expansion results. 


(A.3.7): By symmetry, we only need to consider the following outer product 
expansions which produce different results from the meet product expansions, where 
the four terms of each result are divided into two braced groups according to the 
two terms of (A.3.7) producing them: 

Case 2.1. {[11/2"[23/4’}14 v 12" v 34” — [13/4’][21/2114 v 12” v 3/4} 
—{(112"|[23"414 v 1/2! v 3/4! — [13421214 v 1/2’ v 3/4’}. 
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Case 2.2. {[11'2'][23’4)14 v 1"2” v 3”4” — [13/4'][21/2'}14 Vv 172” v 3”4"} 
{[122"][1"3"4"]14 v 1/2! v 3/4! — [1217234114 v 1/2! v 3/4}. 
Case 2.3. {[122’][1'3’4]14 Vv 1”2” v 34” — [121'][2'3/4.)14 V 1”2” Vv 374" 
—{[122][1"3"4J14 v 1/2! v 3/4! — [121"|[2”3"4"]14 v 1/2’ v 3/4'}. 
Case 2.4. {[11/2'][23'4}14 v 1”2” v 34” — [21'2'][13/4.)14 v 1”2” v 374" 
—{[11'2'][43’4}12 Vv 1"2” Vv 3”4" — [41/2'][13/4.)12 Vv 172” Vv 3"4"}. 


Case 2.5. {[11/2’][23’4’]14 v 1”2” v 34" — [21/2}[13/4J14 Vv 1”2” v 3"4"} 
—{[1/2/4'][143/]12 v 172” v 34" — [1/2/3/][144}12 v 12" v 3"4"}. 
Case 2.6. {[1/2/4’][123]14 v 1”2” v 34” — [1'2/3'][124}14 V 1”2” v 34} 
—{[1/3/4][142’]12 v 172” v 34" — [2'3/4’][141J12 v 12” Vv 3"4"}. 


Case 2.1: For [11/2"] to be produced from the second group, there are two cases: 
either 4 = 1’ or 4 = 2’. Similarly, for [23’4’] to occur in an expansion of the second 
group, there are two cases: either 2 = 1’ or 2 = 2’. By symmetry we consider 
only 4 = 2’ and 2 = 1’. Then the second group cannot produce the product 
[11'2’][23’4"] = [124][23’4’]. So there are no like terms. 


Case 2.2: For [23’4’] to occur in an expansion of the second group, there are two 
cases: either 2 = 1’ or 2 = 2’. By symmetry, assume 2 = 1’. For [11'2’] = [122’| 
to occur in an expansion of the second group, 2’ must equal 2”, which is the only 
element in M. The result of the expansion after canceling like terms is 

—[122"][141|[23'4'][2'3"4”) — [124][122'[2’3/4][13"4”"| 


+ [121”][2'3”4”]14 V 22’ Vv 3/4'. (A.3.8) 


Expanding (A.3.8) produces no like terms. Since 4 can be identified with an element 
of {1”, 2’, 3’, 4’}, any expansion of (A.3.8) has at least three terms. 


Case 2.3: By the symmetry of the expansion, we can assume that the first terms 
of the two groups have like terms when expanded. Then [1/3’4’] can only occur in 
an expansion result of 14V 1/2’ V 3’4’, and [1”3”4”] can only occur in an expansion 
result of 14 V 1"2” Vv 3”4”. As a consequence, [122’] must be identical to [122”]. 
So 2' = 2”, which is the only element in M. The result of the expansion after 


canceling like terms is 
—[122")[141"][1'3'4"][2'3”4”] — [121'][2'3'4]14 v 12! v 3”4” (A.3.9) 
+[122'][141][2’3'4][1"3"4")] + [121”][2’3" 414 Vv 12’ v 3/4’. ~~ 


Expanding (A.3.9) produces no like terms. By analyzing all possibilities of {2,4} C 
{1’,2’,3',4’, 1”,3”,4”}, we conclude that the shortest expansions of (A.3.9) all 
have three terms. 


Case 2.4: The second group produces neither [21’2’] nor [23’4’] by expansions, 
so there are no like terms. 
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Case 2.5: The second group cannot produce bracket [23’4’] by expansions. There 
are two cases for [21’2’] to occur in an expansion result of the second group: either 
2 = 3’ or 2 = 4’. By symmetry we consider only 2 = 4’. For like terms to 
occur between the second term in the first group and the first term in the second 
group when both are expanded, [13’4’] = —[123’] must be in an expansion result 
of 12 V 1"2” Vv 3”4”. Assume that 1” = 3’. This is the only element in M. The 
result of the expansion after canceling like terms is 

[21/2][3’3’4"]((123'][142”] — [143’][122”]) — [124][1'2’3']12 v 3/2” v 34". 

(A.3.10) 
(A.3.10) does not produce any like terms when expanded. The minimal number of 
terms in any expansion result of (A.3.10) is three, which can be reached by setting 
4= 2" or 3’. 

Case 2.6: The second group cannot produce any of the brackets [1/2’3’], [1'2’4’ 
by expansions, so there are no like terms. 

This finishes the proof of item 2. 


3. 
(i) When the shortest expansions of the right side of (2.5.27) are 2-termed, they 
are obviously the shortest. 


(ii) When the shortest expansions of the right side of (2.5.27) are 3-termed, 
then the two meet products must be identical. By symmetry we can assume that 
34 = 1"2" and 3'4’ = 3”4”. Then pry has three double lines. By symmetry there 
is only one kind of meet product expansion: 

[(12 V 34)(12 v 3/4’)(34 V 3/4’)] = [134][2(12 v 3/4’)(34 V 3/4’) 


—[234][1(12 v 3’4’)(34 v 3/4), (A.3.11) 


and there is only one kind of outer product expansion, which is just (2.5.27). 
(A.3.11) has no expansion producing intergroup like terms. By [2(12V3’4’)(34V 
3/4/)| = [23'4']12 v 34 V 3/4! and [1(12 v 3/4')(34 V 3/4’)] = [13/4]12 v 34 V 3/4, 
(2.5.27) leads to a shortest expansion of the right side of (A.3.11). 
(iii) When there is another double line, say 34 = 1”2”, by symmetry we only 
need to consider the following meet product expansions: 
prv = [134][2(12 v 34’)(34 v 3’4”)]| — [234][1(12 v 3/4’)(34V 3"4”)] (A.3.12) 
= [13’4’][2(34 v 34”) (12 v 34)] — [23’4'][1(34 v 3”4”)(12 Vv 34)] (A.3.13) 
= [124'][3’(34 v 34”) (12 v 34)] — [123'][4(34 v 3’4”)(12 V 34)]. (A.3.14) 
Assume that prrr = (12 V 34 V 3’4’)(12 V 34V 34”) has only 4-termed expansions. 
Then {3’,4’} 9 {3”, 4} has at most one element. 
When none of the expansions (A.3.12)—(A.3.14) produces intergroup like terms 
when further expanded into bracket polynomials, then (2.5.27) leads to the shortest 


bracket polynomial among all these expansions. So we only need to consider those 
expansions with like terms. For (A.3.12), the result from the expansion with like 
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terms is ([134][23”4”] — [234][13”4”])12 Vv 34 Vv 3’4’, which is a special expansion 
of the right side of (2.5.27). For (A.3.13) and (A.3.14), there are no intergroup like 
terms. 

(iv) Below we assume that pry has only one double line, and the right side of 
(2.5.27) has only 4-termed expansions. Then NV = {3,4,3’,4’}.9 {1”,2”,3”,4”} 
has at most three elements. By symmetry, there are three kinds of meet product 
expansions: 


piv = [184][2(12 v 3’4’)(1”2” v 34”) (A.3.15) 
—([234][1(12 v 3’4’)(1"2” v 3"4") 
= [124][3(12 v 3’4')(1"2”" v 34”) (A.3.16) 
—[123][4(12 v 3/4’)(1”2” v 3”4”) 
= [1"2"4")[3"(12 v 34)(12 v 3’4’) (A.3.17) 
—[1/2"3"][4" (12 Vv 34)(12 v 3’4’)], 


and there is one outer product expansion leading to different results from (2.5.27): 
prv = (12V34V1"2")(12V3'4'V3"4")—(12V34V3" 4") (12V3'/4'V1"2"). (A.3.18) 
First we assume that none of the above expansions has intergroup like terms. 
(A.3.15) and (A.3.17): (2.5.27) leads to a shortest bracket polynomial among 
the expansions of (A.3.15) and (A.3.17). 
(A.3.16): [3(12 Vv 3/4/)(1”2" v 3"4”)] and [4(12 V 3/4’)(1”2” V 34”)] are not 
trivially zero, have neither inner intersection nor double line. 


Case 3.4.1. If none of 3,4 occurs in {1”,2”,3”,4”}, then expanding (A.3.16) 
leads to bracket polynomials of at least four terms. 


Case 3.4.2. If both 3 and 4 occur in {1”,2”,3”,4”}, by symmetry we can 
assume that 3 = 1” and 4 = 3”. Then (A.3.16) has the following expansion whose 
further expansion into a bracket polynomial is the shortest among all the expansions 
of (A.3.16): 


—([124][344"]12 v 3/4’ v 32” 4+ [123][342"]12 v 3/4’ v 44”. (A.3.19) 


If either 4’ = 4” or 3’ = 2”, then expanding (A.3.19) leads to at least three terms; 
if none is satisfied, then expanding (A.3.19) leads to four terms. 


Case 3.4.3. If 3 = 1” but 4 4 2”,3”,4”, then (A.3.16) has the following 
expansion whose further expansion into a bracket polynomial is the shortest among 
all the expansions of (A.3.16): 


—(124][33"4"]12 v 3/4’ v 32” — [123][4(12 v 3/4’)(32” vv 3"4”)]. —(A.3.20) 


If M = {3,4’} 9 {2”,3”,4”} is empty, then (A.3.20) has at least six terms when 
expanded into a bracket polynomial. If M has two elements, by symmetry there is 
only one case: 3’ = 2” and 4’ = 3”. Then (A.3.20) has a 3-termed expansion. If 
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M has one element, any expansion of (A.3.20) leads to a bracket polynomial of at 
least four terms. 

(A.3.18): 12V34V1"2” has a monomial expansion if and only if {3, 4}N{1”, 2”} 
has one element. It is obvious that the shortest expansions of (A.3.18) have three 
or at least four terms if and only if {3,4,3’,4’} 9 {1”,2”,3”,4”} has three or at 
most two elements. 

Now we consider expansions producing intergroup like terms. 

(A.3.15): There are no like terms, because [234] cannot occur in any expansion 
result of [2(12 V 3/4')(1"2”" v 3"4")]. 

(A.3.16): The only expansion with like terms is by means of 
[3(12 V 3’4’)(1"2” Vv 3”4")] = [33/4’]12 V 1"2” Vv 34” — [123]3’4' Vv 1"2”" v 34", 
[4(12 v 3/4’)(1”2” V 34”) = [43/4']12 v 1"2" v 34" — [124]3/4' v 1"2" v 34", 
and the result is ([124][33’4’] — [123][43’4’])12 Vv 1”2” Vv 34”, a special expansion 
of the right side of (2.5.27). 

(A.3.17): For [1”2”3”] to occur in an expansion result of [3”(12V34)(12V3/4’)], 
points 1” and 2” must belong to {3,4} and {3’,4’} separately. Without loss of 
generality, assume that 1” = 3 and 2” = 3’. The result of the expansion after 
canceling like terms is 

—[124][123'][33'4”][34’3”] — [123][33'4”]12 v 3/4’ v 34 (A.3.21) 
+(124][123][33'/3"|[34'4”] + [123][33/3”]12 v 3/4’ v 4/4. - 
Expanding (A.3.21) produces no like terms. If £ = {3”,4”} 7 {4,4’} is empty, 
then expanding (A.3.21) produces at least six terms; else, £ has one element, and 
expanding (A.3.21) produces at least four terms. 


(A.3.18): By symmetry, there are the following expansions which are not covered 
by the meet product expansions: 


Case 3.4.4. {[134][21"2"]12 v 3’4’ v 3”4” — [234][11”2"]12 v 3’4/ v 3”4"} 
—{[124][33”4"12 Vv 3/4’ V 1"2”" — [123][43”4"]12 v 3/4’ Vv 1"2"}. 


Case 3.4.5. {[134][21”2”]12 Vv 3’4’ Vv 34” — [234][11"2"]12 v 3’4’ v 3”4"} 
—{[123"][344”12 Vv 3/4’ V 1"2”" — [124"1[343”]12 v 3/4’ Vv 1"2"}. 


Case 3.4.6. {[124][31’2"]12 Vv 3’4’ Vv 34” — [123][41”2"]12 v 3’4’ v 34”} 
—{[123"][34412 Vv 3/4’ V 1"2”" — [124"1[343”]12 v 3/4’ Vv 1"2"}. 


Case 3.4.7. {[121"][342”]12 Vv 3’4’ Vv 34” — [122”[341”]12 v 3’4’ Vv 34”} 
—{[123"][344"12 Vv 3/4’ V 1"2” — [124"1[343”]12 v 3/4’ Vv 1"2"}. 


In cases 3.4.4 and 3.4.5, [134], [234] cannot occur in the second group. In cases 
3.4.6 and 3.4.7, [343”], [344”] cannot occur in the first group. So there are no like 
terms. This finishes the proof of item 3. 
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4. 

(2.5.28) can be obtained by any outer product expansion. Now assume that 
prv has neither inner intersection nor double line. The two terms of the bracket 
binomial factor in the result of (2.5.28) have a bracket in common if and only if 
the pattern is a quadrilateral one. The two terms of the bracket binomial factor 
in (2.5.30) are like terms if and only if the pattern is a complete quadrilateral one. 
(2.5.31) can be obtained by any outer product expansion. The meet product in 
(2.5.31) has no monomial expansion. 

That there are only three further factorizable subpatterns is based on item 5. 
Since there is no more factored pattern except for the triangle one, if pry has two 
triangles, then if the two triangles share a common side, the subpattern is the 
quadrilateral; if there is no common side, the subpattern is the triangle pair. If pry 
has three triangles, the pattern has to be the complete quadrilateral, in which case 
there are four triangles. There cannot be more than four triangles in pry. 

In the following, assume that pry is not trivially zero, and has neither inner 
intersection, nor double line, nor triangle. Then pry cannot have more than two 
triple points. 


6. 
There are only two patterns of pry: 


(1) [(12 V 34)(12’ v 34’)(12” Vv 34”), where 1,3 are triple points and the others 
are either double or single points; 

(2) [(12 Vv 34)(12’ Vv 24’)(12” v 24”)|, where 1,2 are triple points and the others 
are either double or single points. 


They have the following binomial outer product expansions: 
[((12 V 34)(12’ Vv 34’)(12” Vv 34”)] = [123][134”][12’2”](344’] 
+[122'][134][132”][34’4’), 
[122’][122”)[134][24’4”) 
—[124'|[124"][12'2”][234]. 


[(12 V 34) (12’ v 24’)(12” v 24”)] = 


This finishes the proof of item 6. The two patterns of pry in this item can be 
further classified as follows, which will be used in the proof of item 5: 


Case 6.1. If there is no double point, then pry is of the following patterns, where 
the asterisks represent independent generic points in the plane: 


[((12 V *x)(1 * V2x)(1 * V2«)],  [(1 * V3«)(1 * V3x«)(1 * V3«)]. (A.3.22) 
Case 6.2. If there is one double point, then pry is of the following patterns: 

[((12 V 3x)(13 V 2«)(1 * V2x«)], [(12 V 3*)(1 * V32)(1 * V3x)]. (A.3.23) 
Case 6.3. If there are two double points, then pry is of the following patterns: 


[(12 V 34)(13 V 24)(1* V2«)],  [(12 Vv 34)(13 Vv 2«)(1 « V24)}, 


[(12 V 34)(14 V 32)(1 * V3x)],  [(12 V 34)(1 * V32)(14 Vv 3x)]. pee!) 
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Case 6.4. If there are three double points, then pry is of the following pattern: 


[(12 V 34) (14 V 35)(15 Vv 32)}. (A.3.25) 


7. 
Assume that py has only one triple point 1. 
(i) If pry has no double point, then it has only one pattern: 


[(1 * Vex) (1 * Voe%) (1 & Vex), (A.3.26) 


whose shortest expansions have four terms. If pry has one double point, there are 
two patterns: 


[((12 V xx)(1 * V2«)(1 * Vex)], [(1 * V2«)(1 * V2«)(L * Vex). (A.3.27) 


Their shortest expansions have three terms. 
(ii) If pry has two double points 2,3, there are the following six patterns: 


[(1 * V23)(1 * V2«)(1 * V3x)],  [(1 * V23)(12 V **)(1 * V3«)], 
[(12 V 3«)(1 * V2*)(13 V *x*)],  [(12 V 3*)(1 * V2«)(1 * V3x«)], (A.3.28) 
[((12 V 3x)(13 V 2*)(L* Vxx)],  [(12 V 3x)(1 * V23)(1 * Vex). 


It can be proved that for the last four patterns, the shortest expansions have three 
terms. For the first two patterns, there are the following binomial expansions: 


[(12 v 34)(12’ v 34’)(12” v 44”)] = [122'][134'}[142’][344” 


—([122/)[132’][144”][344'], 
[(12 Vv 34)(12’ v 34/)(14 v 3”4”)] = —[122/[134][134][43”4”| 
—(124][132][13"4”][344’]. 


(A.3.29) 


(iii) If pry has three double points 2,3, 4, there are the following eight patterns: 


[(12 Vv 34)(13 V 24)(1 * Vxx)], [(12 V 34)(13 V 4«)(1 * V2«)], 

[(12 V 8x)(13 V 4*)(14 V 2x)],  [(12 V 34)(13 V 2«)(1 « V4x)], (4.3.30) 
[(12 Vv 34)(1 * V23)(14 V x«)],  [(12 V 34)(1 * V23)(1 « V4«)], we 
[(12 V 3x)(1 * V24)(1 * V34)], [(12 V 3x)(14 V 2*)(1 * V34)]. 


The shortest expansions of the first three patterns each have three terms. The other 
five patterns belong to the patterns on the left side of (A.3.29). 
(iv) If prv has four double points 2, 3, 4,5, there are the following three patterns: 


[(12 V 3)(14 Vv 25)(13 V 45)],  [(1 * V23)(14 V 25) (13 v 45)), 


A.3.31 
[(1 * V28)(14 Vv 25)(15 V 34)]. eee") 
They all belong to the patterns on the left side of (A.3.29). 


8. 
Let 1,2, 3,4 be four double points. The 4-2-2 pattern has the following binomial 
expansions by distributing 12 and 34: 
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[(12 Vv 34)(13 v 3/4’)(24 VV 34")] = [124][134][23”4”][33/4/ 
—[123][13'4'][234][43"4”), 

[(12 v 34)(13 v 3/4)(22” v 44”)] = [123][13’4'][242”)[3.44” (4.3.32) 
4+(122”][134][244"|[33/4’, “ce 

[(12 Vv 34)(12’ v 34’)(22” v 44”)] = [122'][134'][234][42”4” 
—([122”][132'][244”|[344’]. 


The 3-3-2 pattern has the following binomial expansion by separating 1, 2: 


[((12 V 56)(13 Vv 46’)(24 Vv 36”)] = [134][156]/236”][246’] — [136”][146’][234][256). 

(A.3.33) 

If 1,2,3,4 are the only double points in pry, then there are all together thirteen 
patterns for pry: 


(12 V 34)(13 V **)(24 V «x)],  [(12 V 34)(13 V **)(2 * V4«)], 

(12 V 34)(1 * V3x)(2 * V4x)], [(12 V **)(13 V 4%) (24 V 3%)], 

(12 V 34)(1 * V2«)(3 * V4x)],  [(12 V 34)(13 V 24) (xx V x)], 

(12 V 34)(13 V 2x)(4* Vex], [(12 V 3x)(24 V 3x)(1 * V4e)], (A.3.34) 
(12 V 3x)(23 V 4x)(14 V #«)], [(12 V 3%)(23 V 4x)(1 * V4), 

(12 V 3x)(384 V 2«)(1 * V4x«)],  [(12 V 3x)(14 V 2«)(34 V «x)], 

(12 V 3x)(14 V 2«)(3 * V4x«)). 


It can be proved that the shortest expansions of the above patterns have at least 
three terms. 
If there are five double points 1,...,5, they form six patterns of pry: 


[(12 V 34)(13 V 25)(4* V5*)], [(12 Vv 34)(1 *« V25)(3 « V45)), 
[(12 Vv 34)(13 V 25)(45 V *«)], [(12 V 34)(13 V 5*)(24 V 5*)], (A.3.35) 
[(12 V 34)(1 * V35)(25 V 4x)],  [(12 V 34) (1 * V35)(24 V 5x). 


The last three patterns belong to the 4-2-2 pattern, and the third pattern belongs to 
the 3-3-2 pattern. By analyzing all the meet product and outer product expansions, 
we find that the shortest expansions of the first two patterns have three terms. 

If there are six double points 1,...,6, they form three patterns of pry: 


[(12 V 34)(15 Vv 36)(26 V 45)], [(12 V 34)(15 Vv 26)(35 Vv 46)], 


[(12 V 34) (13 V 56)(25 Vv 46)]. (A.3.36) 


The first can be called the Pascal pattern, as it corresponds to Pascal’s Conic The- 
orem. The three patterns all belong to the 4-2-2 pattern. 
If there are three double points 1, 2,3, they form seven patterns of pry: 


(12 V 3x)(13 V 2*)(** V ««)],  [(12 V 3*)(13 V **)(2 * V«x)], 


[ | 
[((12 V 3x)(1 * V2«)(3 * Vex)],  [(12 V 3x) (1 * V3) (2 * Vex)], A337 
[((1 * V2«)(1 * VBx)(2 * V3«)],  [(12 V *x)(1 * V3«)(2 * V3x)], 7) 
[((12 V **)(13 V **)(2 * V3«)). 
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These patterns include respectively the following patterns formed by four double 
points 1,2,3,4, by specifying two of the six generic points (asterisks) in each pattern 
as point 4: 


[((12 V 34)(13 V 24)(*x* V ««)], [(12 V 34)(13 V 4«)(2 * V«x)], 
(12 V 34)(14 V 2«)(3 * Vex), [(12 V 34)(14 V 3x) (2 « Vex), 
[((1 * V24)(14 V 3x)(2 * V3x)], [(12 V 4«)(14 V 3*)(2 * V3x«)], 
[((12 V 4*)(13 V 4x)(2 * V3x«)]. 


(A.3.38) 


Since none of the patterns in (A.3.38) has binomial expansions, nor does any of the 
patterns in (A.3.37). 
If there are two double points 1,2, they form four patterns of py: 


[(12 V xx)(1 * V2«)(** Vwx)],  [(12 V xx) (L * Vex) (2 % Vex)], 


[(1 * V2) (1 V2e) (4% V ex)], [(L * V2")(1 # Vex) (2 V8). (A.3.39) 


For the first three patterns, the shortest expansions have four terms; for the fourth 
pattern, the shortest expansions have five terms. 
If there is one double point 1, there is only one pattern of pry: 


[(1 * Vex) (1% Vor) (4% V oek)]. (A.3.40) 


The shortest expansions of (A.3.40) have six terms. 
If there is no double point, any expansion of pry has eight terms. 


5. 

If all points in pry are single, then there is no factored expansion. Below we 
pick out all the patterns in the proofs of items 6, 7, 8, and verify that none of them 
has any factored expansion. 

(1) Both patterns in (A.3.22) can be specified as patterns in (A.3.23), 7.e., they 
become patterns in (A.3.23) when some of their generic points (denoted by asterisks) 
are specified. So if the patterns in (A.3.23) have no factored expansion, neither do 
the patterns in (A.3.22). 

(2) The two patterns in (A.3.23) can be specified as the following patterns in 
(A.3.24): 


[(12 V 34)(13 V 24)(1 * V2«)], [(12 V 34)(1 * V32)(14 V 3«)]. 


(3) The last pattern in (A.3.24) can be specified as the pattern (A.3.25). 
(4) The six patterns in (A.3.28) can be specified as the following patterns in 
(A.3.23): 


[(1 * V23)(1 * V2«)(12 V 3x)],  [(1 * V23)(12 V 3«)(1 * V3«)], 
[((12 V 3x)(1 * V2*)(13 V 2x)],  [(12 V 3*)(1 * V2«)(1 * V32)], 
[((12 V 3*)(13 V 2*)(1* V2«)],  [(1 * V23)(12 V 3x) (1 * V3x)]. 


(5) The third patterns in (A.3.30) can be specified as the first pattern in (A.3.31). 
The other seven patterns in (A.3.30) can be specified as the following patterns in 
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(A.3.24): 
[(12 V 34)(13 V 24)(1 * V2«)], [(12 V 34)(13 Vv 42) (1 * V2«)], 
[(12 V 34) (13 V 2«)(1 * V42)], 
[(12 V 34)(1 * V23)(14 V 3%)],  [(12 V 34)(14 Vv 23) (1 * V45)], 
[ 


(12 V 3x)(13 V 24)(1 « V34)], [(12 V 3*)(14 v 23)(1 *« V34)). 

(6) The first pattern in (A.3.31) can be specified as the pattern (A.3.25). 

(7) The first four patterns in (A.3.34) can be specified as the following patterns 
in (A.3.35): 
(12 V 34)(13 V 5+)(24V 5x)],  [(12 V 34)(13 V 5*)(25 V 4x)], 
(12 V 34)(1 * V35)(25 V 4%)], [(12 V *«)(13 V 45)(24 V 35)]. 
The last nine patterns in (A.3.34) can be specified as the following patterns in 
(A.3.30): 


(12 V 34)(1 * V2x)(31V 4«)], [(12 V 34)(13 V 24)(1 « Vxx)], 
(12 V 34)(13 V 2x)(4* V1x)], [(12 V 3*)(24 V 31)(1 * V4«)], 
(12 V 3x)(23 V 4x)(14V 3x], [(12 V 34)(23 V 4x)(1 * v42)], 
(12 V 3x)(34 V 2*)(1 * V4«)],  [(12 V 3*)(14 V 2«)(34 V 1x)], 
(12 V 3x)(14 V 2«)(31 V 4%)]. 
(8) The first five patterns in (A.3.35) can be specified as the following patterns 


in (A.3.31): 
(12 V 34)(13 V 25)(42 V 5x)],  [(12 V 34) (13 V 25)(3 * V45)], 
(12 V 34)(13 V 25)(45 V 3%)], [(12 V 34)(13 V 52)(24 V 5s), 
[(12 V 34)(14 V 35)(25 v 4«)]. 
The last pattern in (A.3.35) can be specified as [(12 V 34)(16 V 35)(24 V 56)| in 
(A.3.36). 
(9) The seven patterns in (A.3.37) can be specified as patterns in (A.3.34), which 
is already used in the proof of item 8. 
(10) The four patterns in (A.3.39) can be specified as the following patterns in 
(A.3.27): 
[((12 V «x)(1 * V2«)(1 * Vex)],  [(12 V **)(1 * V«x)(2 * V1«)], 
[(1 * V2«)(1 * V2%)(1 * Vex)],  [(1 * V2%)(1 * V«x)(2 * V1«)]. 
(11) The pattern in (A.3.40) can be specified as the pattern (A.3.26). 
Thus, we only need to consider the pattern (A.3.25), the first three patterns in 
(A.3.24), the three patterns in (A.3.36), and the last two patterns in (A.3.31). By 
analyzing all their expansions up to symmetry, we conclude that none of the nine 


patterns has any factored expansion. L 


When there are collinear constraints among the points in pry, the complete 
classification of factored expansions and binomial expansions of pry is extremely 
difficult. Below are some typical but not exhaustive patterns having factored ex- 
pansions. 


Proposition A.3.4. Some factored semifree expansions of pry = [(12 V 34)(1/2’ Vv 
3/4’)(1"2” V 3”4")): 
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(1) (Inner intersection) If 1,2,3 are collinear, then 
piv = (124][3(1'2’ v 3/4’)(1"2" v 3"4")). (A.3.41) 

(2) (Outer intersection) If 1’ = 121 34, then 
piv = (12 V 34 3'4')(1/2! Vv 1"2" v 34") 


= —[1/3'4'][2/(12 v 34)(1”2" v 34")]. ee) 
(3) (Double line) If 1,2, 1’, 2’ are collinear, then 
— 1Al Ip/ Noll Uy, 
piv = (12 V 34 Vv 3'4/)(1/2! v.1"2" v 34") (A.3.43) 


= (1/2’ v 34 Vv 3/4')(12 V 1"2" Vv 3"4"). 
(4) (Generalized triangle) If 1,1’,2’,1” are collinear, and 2,1”,2” are collinear, 
then 
pry = [1'2'2"}((134][23"4”][3/4/1”) — [13/4][234][1"3"4”]). — (A.3.44) 
The following are some further factorizable generalized triangle patterns: 
g gS & 


(a) (Generalized complete quadrilateral) If 1,3,1’, 2’ are collinear, and 2,3, 2” 
are collinear, then 


(12 Vv 34)(1/2’ v 24)(32” Vv 14)] = —2[1'2'2”"][124][134][234]. (A.3.45) 
(b) (Generalized quadrilateral) If 1,1’,2’,1” are collinear, and 2,1”,2” are 
collinear, then 


[(12 Vv 34) (1’2' v 24’)(1”2” v 14’)] 


= (1/2/2""][124']((134][24/1”] + [14/1][234)). (A.3.46) 


(c) (Generalized triangle pair) If 1,1’,2’,1” are collinear, and 2,1”,2” are 
collinear, then 
[(12. V34) (1/2! v34')(1"2" v.44')] = [1/2/2"|[344]13V24V4‘1". (A.3.47) 
(d) (Perspective triangle) If 1,3,2” are collinear, then 
(12 v 34)(13 v 24’)(22” v 14’)] 


= [123][124']((12’4'][234] + [134][22’4’]). ee) 
(5) (Perspective pattern) If 1,3,2” are collinear, then 
lal ds IT All 
[(12 v 34) (13 V 3/4’)(22” v 3/4”)| ies.dey 


= [123] ({134][23’4"][2"3'4’] — [13/4’][234][2”34”"]). 
(6) (Double perspective pattern) If 2,3,1” are collinear, and 1, 2,2” are collinear, 
then 
[(12 V 34)(13 V 24’)(12" v 3"4”)] = [123]([124'][1"34][2"3.4] 
—[124][1"34/][2”3"4" (A.3.50) 
+(234"J13 v 24’ v 14). 
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Remark: The equality (A.3.47) can only be realized by a binomial expansion 
followed by a degree-3 Cayley factorization. It indicates that if 13 V 24 Vv 4/1” 
has a monomial expansion, then this result cannot be obtained from any Cayley 
expansion of the left side of (A.3.47). However, the result can always be obtained 
with the aid of collinearity transformations and Cayley factorizations. 


Proof of Proposition A.3.4. We only prove items 4-6. 
4. 
[134][2(1'2’ v 3’4’)(1"2” v 3”4”)] — [234][1(1/2’ v 3/4’)(1"2” v 3”4”)| 
= —(134][23”4"|1/2' v 3/4’ v 12” — [234][13’4’]1/2’ Vv 1"2” Vv 3”4” 
[1/2’2”| ([134][23”4"][3’4’1”] — [13'4'][234][1”3"4"]). 


PIV 


(A.3.45) and (A.3.46) are special cases of (A.3.44). (A.3.47) can be proved as 
follows: by (A.3.44), 


[(12V34)(1/2’v34’)(1"2"v44')| = [1'2/2"|((134][244][34/1”|—[13.4’][234][44/1]). 


][244'][34/1) — [134’][234][44'1” — [844/13 v 24 4/1” 
][244'][34/1”) — [134'][234][44/1”] — [844’]((134][24/1) + [123][44’1”)) 
= [134]((244’][34/1”| — [344’][24/1”}) — [44’1”] ([134’][234] + [344’][123]) 
][234'][44/1”) — [44/1”][13.4][23.4'] 


0 
(A.3.48) is obtained as follows: 


[(12 V 34) (13 v 24’)(22” v 14’) 
= (12 V 34 Vv 24’)(13 V 22” v 14’) — (12 v 34 Vv 13)(24’ v 22” V 14’) 
= [123][124']((12”4'][234] + [134][22’4’). 


5. 
[(12 V 34) (13 v 3/4’) (22” v 34”) 
= [23/4”)[2”(12 v 34)(13 v 3/4’)] — [2”3"4”][2(12 v 34)(13 v 3/4’)| 
= —([23/4”][2"3/4/]13 v 12 V 34 — [234][2”34]12 v 13 v 3/4’ 
= [123]((134][23”4”|[2”3/4’] — [13/4’][234][2”3"4”}). 
6. 


[(12 V 34) (13 v 24’)(1”2” Vv 3”4”)] 
= [13"4'][2” (12 V 34) (13 v 24’)] — [2”3"4][1” (12 V 34)(13 v 24’)] 
= [1/3 4"][2"34][123][124'] — [2”3”4”]((124]13 v 13 v 24’ 
—[123]14 Vv 13 v 24’) 
= [123] ((124/][13"4”][2”34] — [124][134'][2"34”) + [23413 v 24’ Vv 14). 


O 
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A.4 Cayley expansions of qg7,qrr and qrrr 


The Cayley expansions of 
qr = [1(1'2’ V 3'4’) Asn] 
are those of 
—\gr 15" V 1'2' Vv 8'4! — A516" V 12’ v 3/4’. (A.4.1) 
Their classification is similar to that of prr7, so the proof of the following proposition 
is omitted. 
Proposition A.4.5. Generic expansions of q7;: 


(1) (Trivially zero) qr; is trivially zero if either (a) one of the pairs, 1'2’, 3'4’, is two 
identical points, or (b) {1/,2’} = {3’, 4’}. 


Below we assume that q; is not trivially zero. 
(2) (Inner intersection) If 1’ = 3’, the following is the unique shortest expansion: 
(1(1'2’ V 1/4’) Asie = 1/2'4")[11/ Ase]. (A.4.2) 


(3) (Double line) If {1’, 2’} = {5”,6”}, the following is the unique shortest expan- 
sion: 


[1(1/2' V 3’4') Ayo] = [11/2][3'4' Aya]. (A.4.3) 
(4) (Recursion of 1) If 1 = 1’, the following is the unique shortest expansion: 


(1(12’ V 3/4’) Asie] = 13/4'][12'Asy6]. (A.4.4) 


If 1 = 5”, the following is the unique expansion leading to the shortest expansion 
of qr into a bracket polynomial: 
[1(1’2! v 3/4") Aig] = —\116” V 1'2' v3'4’. (A.4.5) 


(5) (Other cases) If gy is not trivially zero, and has neither inner intersection nor 
double line, and 1 does not recur, then it has no factored expansion. Its shortest 
expansions have two, three, or four terms if and only if {5”,6”} N{1', 2’, 3’, 4’} 
has two, one, or no element. 


The Cayley expansions of 
qil = [(12 V 34)As5/6Bs6”| 


are those of 


ro Le 12 V 34 V 5/5” + Ae! U5 12 V 384 V 5/6” 
+A5) Le” 12V 34V 6'5" + As! U5! 12 V 34V 6'6”. 


(A.4.6) 


The classification is similar to that of pry. 


Proposition A.4.6. Generic expansions of qyr: 
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(1) (Trivially zero) grr is trivially zero if one of the following conditions is satisfied: 
(a) one of the pairs, 12, 34, is two identical points; (b) {1,2} = {3,4}. 


Below we assume that q7r is not trivially zero. 


(2) (Inner intersection) If 1 = 3, the following is a shortest expansion: 


[((12 V 14)A56 Bs 6”] = [124] [1A56 Bs6”]. (A.4.7) 
(3) (Double line) If {5’,6’} = {5”,6”}, the following is the unique expansion: 
[((12 V 34) Ase Bse’] = (Ae Us — Aste )12 V 34 V 5’6’. (A.4.8) 
If {1,2} = {5’, 6’}, the following is a shortest expansion: 
[((12 V 34) Ay2Bs6"] = [12B56][34A12]. (A.4.9) 


(4) (Triangle) If 5’ = 1 and {5”,6”} = {2,6’}, then 126’ is called a triangle in qrr. 
The following is a shortest expansion: 


(12 V 34) Ai6Boe’| = [1267] (Aa Le [234] = Ae’ 2[134]). (A.4.10) 


(5) (Other cases) If gr; is not trivially zero, and has neither inner intersection, nor 
double line, nor triangle, then it has no factored expansion. gr; has a binomial 
expansion if and only if it is of the form [(12V34)A13Baa]. The unique binomial 
expansion is 


[(12 V 34) Az3Baa] = [12A13][34Bz4] — [12Bo4][34A43]. (A.4.11) 


The Cayley expansions of 
qiil = (12 V 34)(1'/2’ V 3/4’) Asng| 
are those of 
Ae [5” (12 V 34)(1/2' V 3’4’)] + As [6” (12 V 34)(1'2’ v 3’4’)]. (A.4.12) 
Proposition A.4.7. Generic expansions of qyrr: 


(1) (Trivially zero) grrr is trivially zero if one of the following conditions is satisfied: 
(a) one of the pairs, 12,34, is a pair of identical points; (b) {1,2} = {3,4} or 
{1',2/} = {3',4"}; (c) {12,34} = {1'2', 3/4’). 

Below we assume that qyry is not trivially zero. 
2) (Inner intersection) If 1 = 3, the following leads to a shortest expansion of qyrr: 
g 
[(12 V 14) (1/2! Vv 3/4) Ase] = —[124]1Asvev V1/2'V 3/4’. (A.4.13) 
3) (Double line) If {1,2} = {1’, 2’}, the following leads to a shortest expansion of 
g 
qiit: 
[(12 V 34)(12 V 3/4’) Ase] = [12A576”]12 V 34 V 3/4’. (A.4.14) 
If {1,2} = {5”,6”}, the following leads to a shortest expansion of qyrr: 
(12 V 34)(1/2! v 3/4’) Ayo] = [384A 42/12 v 1/2’ v 3/4’. (A.4.15) 
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(4) (Triangle) If 1‘ = 1 and {5”,6”} = {2,2’}, then 122’ is called a triangle in 
qriz- The following is a shortest expansion: 


[(12V34)(12’V3'4") Ago] = [122’](Ag/ [13/4'][234]+ A2[134][2’3’4’]). (A.4.16) 


The triangle pattern has one further factorizable subpattern: 


(Quadrilateral) (1234, 14) is called a quadrilateral in [(12 V 34)(13 V 24)Aj4]. 
The following is a shortest expansion: 


[(12 V 34) (13 V 24) Aga] = [124][134](A4[123] — A1[234)). (A.4.17) 


(5) If grrr is not trivially zero, and has neither inner intersection, nor double line, 
nor triangle, then it has no factored expansion. 


In the following, the above hypothesis is always assumed. 

(6) (Two triple points) If grrr has two triple points, then it has a binomial expan- 
sion. 

(7) (One triple point and two double points) If grrr has only one triple point 1, 
then it has a binomial expansion if and only if there are two double points 2,3 


such that qrrr is of the form [(14 V 23)(15 V 36)Aj2], where 4,5,6 are either 
double or single points. 


(8) (Four double points) If grrr has no triple point, then it has a binomial expansion 
if and only if there are four double points 1,2,3,4 such that qr; is in one of 
the following forms, where 5,6 are either single or double points: 


(a) (4-2-2 pattern) [(12 V 34)(24 V 56)A43]. 
(b) (3-3-2 pattern) [(12 V 45) (24 V 36) Ais]. 


A.5 Cayley expansions of ry and ry; 


The expression 

reSiI2V12s Vv 1"2"3" 
has three different Cayley expansions. 
Proposition A.5.8. Generic expansions of r;: 


(1) (Trivially zero) ry is trivially zero if one of the following conditions is satisfied: 
(a) one of the tuples, 12, 1'2’3’, 1”2”3”, contains two identical points; (b) the 
two 3-tuples are identical; (c) the 2-tuple is in one of the 3-tuples; (d) the three 
tuples have a point in common. 


In the following, assume that r; is not trivially zero. 
(2) (Recursion of 1) If 1 = 1’, then 
12 v 12'3' Vv 1"2"3" = [122’3'[11"2"3"]. (A.5.1) 
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(3) (Double line) If {1/,2’} = {1”,2”}, then 
12 v 1'2'3' v 1/2/83” = [1'2'3/3)[121'2’). (A.5.2) 


(4) If ry has neither a point that recurs, nor a double line, then it has no factored 
expansion. 


The expression 
t= 123 V 12 38 V1'2"3" VA" 2" 3" (A.5.3) 
has twelve different initial Cayley expansions. The initial meet product expansion 
Y 
which distributes 1, 2,3 towards 1/2’3’ is 
Trr= [11'2’3'|23 V 1”2"3" V Vgitgl! = (21/2’3']13 V 1”2"3" V 12""3!"" 
+4 [31/2’3'|12 V 1”2"3" V 12'"3""" 
(A.5.4) 


Proposition A.5.9. Generic expansions of ryy: 


(1) (Trivially zero) If one of the following conditions is satisfied, ry is trivially zero: 
(a) one of the 3-tuples, 123, 1/23’, 1”2"3”",1/"2'"3"", contains two identical 
points; (b) two of the four 3-tuples are identical; (c) three of the four 3-tuples 
have two points in common; (d) the four 3-tuples have a point in common. 


In the following, assume that rz; is not trivially zero. 
(2) (Triple point) If 1 = 1’ = 1”, then 1 is called a triple point in rr. Then 
138) 12'9' 198" yi" 23)” = 9” 98 yo! v4 2's! (5) 


is the unique factored expansion of ryzy. It also leads to the unique shortest 
expansion of rz; into a bracket polynomial. 


(3) (Double line) If {1,2} = {1’,2’}, then 12 is called a double line in rrr. The 
following is the unique factored expansion, and also leads to the unique shortest 
expansion of ry: 


128) 1298" y1"2"8" y1'"2"'s”" = [aes 12 ya" o"s" yi"o"e". (45.8) 


(4) (Other cases) If ryy is not trivially zero, and has neither triple point 
nor double line, then it has no factored expansion. The shortest expan- 
sions of ry; are 2-termed if and only if among the four 3-tuples of points 
{123, 1/2/3’, 1”2"3",1/"2'"3'"} in rrr, there is a 3-tuple whose intersections 
with the other three 3-tuples are respectively the three elements of the 3-tuple. 
A corresponding binomial expansion is 


123 V 12’3’ V 223” Vv 32'”3"” 


A.5. 
— [122/37] [132/73] (232”3”] _ [122”3”| [132’3’] (232/”3"”"] : ( 5 7) 
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inner-product 
bracket algebra, 15, 235 
Grassmann algebra, 231 
Grassmann-Plticker syzygy, 234 
Laplace expansion syzygy, 235 
space, 219 
van der Waerden syzygy, 235 
intergroup like term, 63 
intersecting 
planar, 379 
spherical, 379 
intersection, 203, 216 
explicit, 119 
inner, 66, 67, 473, 487, 490 
line and conic, 157, 162, 165, 169 
outer, 473, 487 
product, 52, 54 
two conics, 158, 173 
invariant, 3, 5 
advanced, 15, 81 
affine, 343 
basic, 233 
classical, 27 
Euclidean, 344 
ratio, 116 
rational, 116 
relative, 32 
sphere of inversion, 350 
Turnbull- Young, 209 
inverse, 222 
inverse dual, 228 
inversion, 350, 419 
antipodal, 415 


inversive product, 352 
invertible monomial, 411 
invertible point, 293 
involution, 229 

dual, 443 

grade, 240 

linear, 229 

main, 240 
IS, 235 
isometry, 220 
IVW, 235 


joint 
relative covariant, 32 
relative invariant, 32 
juxtaposition, 39, 84, 210, 237 


knotted, 377 
Kronecker symbol, 220 


Laguerre 
geometry, 390 
transformation, 390 
Laplace 
expansion, 50, 223, 225, 234 
pairing, 50 
layer, 60 
Leisening’s Theorem, 98 
letter-place notation, 50, 222 
level of GP transformation, 104 
lexicographic 
lowest part, 52 
order, 51 
Lie 
algebra, 280, 426 
model, 11, 387 
sphere, 386 
sphere geometry, 11, 390 
Lie pencil, 386, 393 
degenerate, 402, 407 
Euclidean, 402, 407 
intersecting, 393 
Minkowski, 402, 407 
orthogonal, 393 
punctual, 394 
sandwiching, 394 
separating, 397 
spherical, 394 
stretching, 397 
like term, 63 
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line form, 100 
linear form, 32 
Liouville Theorem, 417 
Lipschitz Theorem, 434 
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Poincaré’s half-space, 462 

universal conformal, 466 
moment, 343 
moment-direction, 343, 365 


long monomial 
bracket, 18 expansion, 61 
geometric product, 20 invertible, 411 
line, 97 positive, 411 

Lorentz proof, 21 
group, 418 simplification, 276 
transformation, 418 multivector, 38 
versor, 418 equation solving, 127 


homogeneous, 39 
Mobius transformation, 11 
magnitude, 222 near, 360 
main involution, 240 Nehring’s Theorem, 129 
matrix nilpotent, 248 
Clifford, 440 Nine-point Conic Theorem, 197 
Gram, 220 nonassociative product, 445 
inner-product, 220 nondegeneracy condition, 127, 166, 362 
representation, 251 additional, 132 
twisted Clifford, 436 associated, 131 


twisted Vahlen, 437 normal 

Vahlen, 441 direction, 456 

Young, 29 distance, 449, 454 
maximal form, 422 

grade, 315 north pole, 451, 460 

grade conjecture, 316 null, 11 

oriented distance, 395 bracket algebra, 18 
meet cone, 351 

coproduct, 56 point, 293 

coproduct expansion, 57 space, 220 

product, 6, 44, 375, 447 vector, 351 


Menelaus’ Theorem, 119, 120 
middle expression swell, 13 
minimal 

grade, 315 

grade conjecture, 316 

oriented distance, 395 
Minkowski space, 221 
mirror reflection, 421 

glide, 422, 425 


obstruction, 302 
orientation, 229 
inward, 385 

negative, 385 
outward, 385 
positive, 385 
oriented 
contact, 387 


model real vector space, 229 
Cartesian, 344 orthogonal, 220, 225 
conformal, 349, 450, 459, 466 basis, 220 


homogeneous, 353, 451, 460, 463 
homogeneous coordinates, 346 
hyperboloid, 453 

Lie, 387 

Poincaré’s disk, 460 


completely, 225 
projection, 232 
rejection, 232 

right inverse, 6 
transformation, 220 
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outer 
coproduct, 49 
coproduct expansion, 57 
exponential, 433 
product, 3, 5, 38 
product operator, 42 
outer tangent, 389 


Pappus Theorem, 111 
parabolic 
pencil, 401 
rotor, 304 
parallel, 341, 380 
projection, 341 
parent construction, 128 
parents-children diagram, 128 
parity, 239 
partial basis, 79 
partition, 30 
of extensor, 46 
of tensor, 46 
sign, 265 
Pascal pattern, 485 
Pascal’s Conic Theorem, 67, 149, 152, 485 
Pauli spin matrices, 252 
pencil, 355 
concentric, 356 
concurrent, 355 
Lie, 386, 393 
parabolic, 401 
parallel, 355 
Poncelet, 356 
secant, 355 
tangent, 355 
periodicity, 251 
perpendicularity of spheres, 358 
perspective 
center, 42 
pattern, 134, 487 
projection, 42, 126 
Pfaffian, 257 
expansion, 289 
Pliicker 
coordinates, 74, 257 
Theorem, 74 
planar 
intersecting, 379 
separated, 379 
tangent, 379 
plane 


supporting, 357 
plane of rotation, 413 
Poincaré’s 

disk model, 460 

half-space model, 462 

hyperboloid model, 453 
point 

affine, 340 

at infinity, 340, 454 

constrained, 128 

double, 66, 152 

essential, 166 

hyperbolic, 453 

ideal, 456 

imaginary, 456 

implicit, 102 

incidence, 166 

inner, 64 

invertible, 293 

null, 293 

pair, 210 

Poncelet, 356 

projective, 25 

quadratic, 210 

semifree, 128 

single, 66 

triple, 66 
point-conic, 152 
polar, 154, 170, 199 
polarization, 154, 163 
pole, 154, 156, 170, 199 
Poncelet 

circle, 356 

pencil, 356 

point, 356 
positive 

monomial, 411 

side, 456 

versor, 411 
principle bundle, 254 
product, 38 

Cayley, 84 

Clifford, 237 

cross, 158, 247, 275 

deficit meet, 55 

extension, 52, 54 

exterior, 38 


geometric, 3, 7, 237, 244 


Grassmann, 38 
inner, 3, 219, 224, 247 
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Hodge, 224 
interior 
Hodge, 224 
reverse, 224 
intersection, 52, 54 
inversive, 352 
meet, 6, 44, 46, 51, 231 
nonassociative, 445 
outer, 3, 5, 38 
quadratic extension, 215 
reduced meet, 55 
scalar, 219 
Hodge, 222 
reverse, 222 
symmetric tensor, 210 
total meet, 51, 54, 380 
vector, 247 
projection 
orthogonal, 232 
parallel, 341 
perspective, 42, 126 
stereographic, 451, 460 
projective 
geometry, 5 
null cone, 349 
point, 25 
space, 25 
pseudo-coefficient, 113 
pseudoconic transformation, 181 
pseudodivision, 113 
pseudoscalar, 39 
pseudovector, 39 
Ptolemy’s Theorem, 367, 406 


quadratic 
Grassmann-Cayley algebra, 19 
bracket algebra, 210 
extension product, 215 
form, 32 
Grassmann space, 210 
Grassmann-Cayley algebra, 210 
point, 210 
space, 220 

quadrilateral, 67, 473, 487, 492 


rad, 220, 242 
radical, 220 
rank, 71, 302 
ratio 

invariant, 116 
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separating, 397 
simple, 343 
rational 
Cayley factorizable, 83 
Cayley factorization, 83, 185 
Clifford expansion, 276 
invariant, 116 
antisymmetrization, 117 
completion, 117 
symmetrization, 123 
recursion, 66, 473, 490, 493 
reduced meet product, 55 
reflection, 415, 419 
glide axial, 422 
glide mirror, 422, 425 
mirror, 253, 421 
reflexive rotation, 424 
regular 
contraction, 103 
inversion, 419 
reflection, 419 
relative 
covariant, 32 
distance, 455 
invariant, 5, 32 
representation 
affine, 368 
fractional linear, 441 
matrix, 251 
twisted fractional linear, 440 
resultant, 145 
reversion, 240 
rewriting rules, 60 
Riesz Theorem, 425 
rigid, 291 
rigid body motion, 417 
rotation, 254, 413 
antipodal, 424 
reflexive, 424 
rotor, 253 
group, 253 
hyperbolic, 304, 308 
parabolic, 304, 305 


Saam’s Theorem, 133 
SB, 333 
screw motion, 422, 426 
Seidel’s identity, 328 
semifree 

expansion, 59 
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point, 128 
separated, 379 
planar, 379 
spherical, 379 
separating ratio, 397 
sequence 
exterior, 265 
interior, 265 
shape, 30 
shortest expansion, 61 
shuffle formula, 46, 57 
signature, 220 
simple ratio, 343 
simplification, 20, 194 
Simson’s 
Theorem, 382, 463 
triangle, 382 
simultaneous 
relative covariant, 32 
relative invariant, 32 
single-graded, 274 
Sixteen-Point Theorem, 136 
solid angle, 450 
space 
affine, 340 
at infinity, 340 
Cayley, 56 
Clifford, 237 
double-hyperbolic, 453 
Euclidean, 344 
geometric, 466 
graded Clifford, 274 
Grassmann, 5, 38 
hyperbolic, 453 
inner-product, 219, 220 
Minkowski, 221 
null, 220 
of displacements, 341 
oriented real, 229 
projective, 25 
quadratic, 220 
quadratic Grassmann, 210 
tangent, 369, 454 
totally isotropic, 220 
span, 71 
specification, 486 
sphere, 357 
at infinity, 455 
extensive, 357 
great, 352, 449 


hyperbolic, 457 
Lie, 386 
oriented, 385 
spherical 
conformal coordinates, 466 
conformal frame, 465 
distance, 448 
geometry, 448 
intersecting, 379 
separated, 379 
tangent, 379 
Spin, 253 
spiral displacement, 422 
square bracket, 18, 333 
Steiner’s Theorem, 189 
step, 39 
stereo angle, 450 
stereographic 
distance, 449, 454 
projection, 451, 460 
straight, 29 
straightening, 14, 29 
transformation, 82 
summation by part, 319 
supporting plane, 357 
Sweedler’s notation, 30, 265 
Sylvester’s Theorem, 220 


symbolic geometric computing, 19 


symmetric tensor product, 210 
symmetrization, 123, 209, 241 
syzygy, 14, 28 

AB, 333 

AGP, 343 

B1, 33, 235 

B2, 33, 235 

BL, 234 

coordinatization, 35 

GI, 237 

GIL, 237 

GP, 28 

IGP, 234 

IL, 235 

IS, 235 

IVW, 235 

SB, 333 

VW, 30 


tangency, 154 
tangent, 154, 170, 199 
1234(45), 161 
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5, 1234, 155 
12(24)3(35), 164 
direction, 369 
inner, 389 
outer, 389 
planar, 379 
space, 369 
spherical, 379 
tangent-point conic, 159 
tangential distance, 389, 406, 454 
tensor 
algebra, 38 
coalgebra, 49 
coproduct, 49 
decomposable, 46 
symmetric, 210 
tensor product 
graded, 40 
of Clifford algebras, 252 
of Grassmann algebras, 40 
twisted, 40, 252 
total 
meet product, 51, 54 
order, 128 


totally orthogonal decomposition, 426 


transformation 
affine, 343 
antipodal, 415 
coefficient, 153, 171 
collinearity, 97, 100 
collinearity-like, 140 
concurrency, 97, 102 
conformal, 350 
conic, 178 
contact, 390 
coplanarity, 101 
Euclidean, 344, 417 
GP, 82 
Grassmann-Pliicker, 82 
Laguerre, 390 
Lorentz, 418 
Mobius, 350 
orthogonal, 220 
positive orthogonal, 418 
pseudoconic, 181 
pure orientation reversing, 398 
similarity, 417 
special orthogonal, 229 
straightening, 82 
van der Waerden, 110 
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VW, 110 
transformation rule 
bitangent-point conic, 164 
point-conic, 153 
tangent-point conic, 161 
translation, 414, 421 
translational, 341 
transversion, 417 
triangle, 67, 487, 491 
pair, 67, 487 
triangular form, 127 
triangulation, 127 
Turnbull- Young invariant, 209 
twisted 
adjoint representation, 253 
Clifford matrix algebra, 436 
fractional linear representation, 440 
multiplication, 436 
outer product, 40 
tensor product, 40, 252 
Vahlen matrix, 437 


UFD, 28 
ungrading, 8, 275, 285 
unique 
expansion, 61 
factorization domain, 28 
unit map, 38 
universal property, 238 


Vahlen’s 
matrix, 441 
Theorem, 439, 441 
Vahlen’s Theorem, 441 
van der Waerden 
identity, 224, 225 
relation, 30 
syzygy, 30 
transformation, 110 
vector 
3-compressed, 290 
atomic, 27 
Cayley, 86 
characteristic, 309 
displacement, 341 
dummy, 37 
effective, 276 
generating, 27 
gliding, 422 
graded, 39 
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negative, 220, 352, 393 

null, 220, 351 

of transversion, 417 

positive, 220, 351, 391 

product, 247 

tangent, 454 

translational, 341 
versor, 253 

compression, 289 

compression algorithm, 301 

group, 253 

Lorentz, 418 

positive, 411 


VW, 30 


weight, 32 

Witt 
basis, 221 
pair, 221 
Theorem, 221 


Young matrix, 29 
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